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Frequency Dependence of Backscatter Coefficient 
Versus Scatterer Volume Fraction 

Jian-Feng Chen and James A. Zagzebski 

Abstract- Various groups are using the frequency depen- 
dence of backscattering to characterize tissue. In most cases, 
sparse scatterer concentrations are assumed in relating scattering 
parameters to tissue properties. This study addresses the rela- 
tionship between backscatter frequency dependence and scatterer 
volume fraction. Backscatter coefficients (BSC) in the 2.5 to 9.0 
MHz frequency range were measured for agar-gel phantoms 
containing Sephadex scatterers (mean diameter 42 pm) at volume 
fractions ranging from 5 to 50%. The BSC increased with scat- 
terer volume fraction at low scatterer concentrations; at higher 
concentrations, the BSC reached a maximum with concentration 
and then decreased with yet increasing scatterer concentrations, 
as has been noted by previous authors. In addition, the volume 
fraction for the maximum backscatter coefficient varied with fre- 
quency, generally being greater at higher frequencies than lower 
frequencies, and the frequency dependence of the backscatter 
coefficient was greater for the higher scatterer concentrations 
than for the lower concentrations. These results are predicted 
by continuum models, where the spatial autocorrelation function 
depends on scatterer volume fraction. 

I. INTRODUCTION 
HE frequency dependence of the backscatter coefficient T is an important parameter for ultrasonic tissue character- 

ization because it is related to the tissue microstructure [l]. 
For a medium containing a sparse concentration of scatterers 
which are spatially randomly distributed, the magnitude of 
the backscatter coefficient is proportional to the scatterer 
concentration and to fractional changes in compressibility 
and mass density at scattering sites. The frequency depen- 
dence of the backscatter coefficient depends primarily on 
the size distribution of the scatterers [2]. The variation of 
the backscatter signal intensity with ultrasound frequency has 
been used, for example, to identify dependence of dominant 
scatterers on ultrasound frequency in kidney examinations 
[3], to differentiate normal from cirrhotic liver [4], and to 
differentiate malignant from benign tumors in the eye [5] 

Scatterers are usually grouped into one of three categories 
according to their size [2]. First are those referred to as spec- 
ular reflectors, which have effective radii that are much larger 
than the acoustic wavelength. Scattering from these objects 
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is essentially frequency independent. The second category is 
one for which the scattering particles are much smaller than 
the acoustic wavelength. These are referred to as Rayleigh 
scatterers. The scattered intensity from these particles varies 
with the fourth power of the frequency. The third case, which 
is between these limiting cases, is where the particle size is 
on the order of magnitude of the wavelength. These particles 
are referred to as intermediate-sized scatterers. The frequency 
dependence of the backscatter coefficient from these particles 
lies between f o  and f 4 .  

When the scatterer volume fraction is high, the assumption 
of a random distribution of scatterers fails due to the correla- 
tion among the scatterers. The first consequence of this is that 
there is no longer a proportionality between the backscatter 
coefficient and the scatterer concentration. With red blood 
cells, for example, the backscatter coefficient at 7.5 MHz 
peaks at a hematocrit of 20%, above which it decreases with 
increasing hematocrit [6]. Secondly, as will be demonstrated 
in this paper, the frequency dependence of the backscatter 
coefficient changes from that for a low scatterer concentration 
limit, no longer depending only on scatterer size. 

The topic of a backscatter frequency dependence for dense 
media has been treated briefly by several researchers. Morse 
and Ingard used a modified Gaussian spatial autocorrelation 
function to describe isotropic dense random scattering [7]. 
They found a backscatter coefficient proportional to the sixth 
power of the frequency for the simulated conditions. Campbell 
and Waag measured the backscatter coefficient versus the 
frequency for a medium consisting of a dense concentration 
of Sephadex spheres in water and found it proportional to f '  
[8]. These results are quite different from those expected (and 
generated experimentally) for sparse scatterer concentrations. 

In this paper, the frequency dependent backscatter coeffi- 
cient as a function of scatterer volume fraction is considered 
using continuum scattering models [9], [lo]. Two models 
are reviewed, in which the spatial autocorrelation function 
describing mass density and compressibility fluctuations in the 
scattering medium have characteristic lengths that depend on 
the scatterer concentration as well as the scatterer size. These 
models predict a backscatter frequency dependence that varies 
with scatterer volume fraction. Qualitative agreement between 
the model predictions and experimental results are seen for 
Sephadex-in-agar phantoms. 

11. CONTINUUM SCATTERING MODELS 
Scattering interactions in tissue may be characterized by 

the appropriate scattering cross section. When a transducer 
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operating in a pulse-echo mode is placed far from a scattering 
volume, a fraction of the total scattered power is received 
by this transducer. The relevant measure is the backscatter 
coefficient, which is defined as the differential scattering cross 
section per unit volume per unit solid angle at an angle of 180". 
For a continuum scattering model, the backscatter coefficient, 
~ ( k ) ,  may be expressed as [2] 

where k = w / c  is the wavenumber, w is the angular frequency, 
and c is the speed of sound in the medium. (r2)  is the mean- 
square fluctuation of the parameter ?, which is related to the 
scattering strength of the random medium (see below), and 
b(Ar') is the normalized spatial autocorrelation function for 
the medium. We will assume that the medium is isotropic 
so that we need consider only the magnitude of A? in the 
spatial autocorrelation function, i.e., we can replace b(Ar') 
with b(Ar) .  

The medium parameter y ( F )  depends on the fluctuations 
in mass density and compressibility in the medium. It is 
expressed as [2] 

where m ( F )  and yp(?) are given by 

and 

The quantities &(.') and p(?) are, respectively, the compress- 
ibility and the density of the medium at location ?. (&) and 
( p )  are the corresponding mean values. 

Let us assume the scattering medium is a mixture of two 
materials, such as scattering particles in a gel background. If 
H represents the scatterer volume fraction in the medium, we 
have 

( 3 )  

(4) 

where A, = r;l - K , ~ ,  A,, = p1 - po and 0 and 1 refer to the 
background material and the scatterers, respectively. Then, the 
variance of y(r ' )  is given by [9] 

(5  1 

In general, the spatial autocorrelation function, b( Ar),  de- 
scribes the similarity of the mass density and compress- 
ibility at two positions in the scattering volume separated 
by the distance AI-. It was shown by Debye that for the 
case of a distribution of scatterers with random sizes and 
shapes, the scattering can be approximately characterized by 

an exponential autocorrelation function. For a simple two- 
component medium, Debye's spatial autocorrelation function 
can be written as (see the Appendix) 

where r d  is the characteristic radius of the scatterers in Debye's 
model. 

A more complete model for the spatial autocorrelation 
function was proposed by Yagi [lo]. In Yagi's model, the 
spatial autocorrelation function for a two-component medium 
is represented by the sum of two exponential terms (see (A-21) 
in the Appendix) 

where I - ~  is the characteristic radius of scatterers in Yagi's 
model. 

The backscatter coefficient is determined by taking the 
Fourier transform of the spatial autocorrelation function, 
b(Ar )  [2]. For example, for Yagi's model, the backscatter 
coefficient is given by [lo] 

This is identical to MO and Cobbold's results [12]. A sim- 
ilar expression is obtained when the Debye autocorrelation 
function and correlation length are applied. Note, r d  and ry 
are generally not the same value; this phenomenon is also 
discussed in 121. 

As an example, calculations of the backscatter coefficient 
were performed for a simple mixture of Sephadex spheres in 
gel, analogous to Campbell and Waag' s experimental condi- 
tions [8]. In these calculations, we assumed ry = 21 pm. The 
term in (8) in brackets involving ( & / K  - A, / p )  was set to a 
constant for each calculation. Figs. 1 and 2 illustrate the results 
of Yagi's model, both for the relative backscatter coefficient 
versus scatterer volume fract;on and for the relative backscat- 
ter coefficient versus frequency. In Fig. 1, the results for 
each frequency are normalized to the maximum value of the 
backscatter coefficient. In Fig. 2, the backscatter coefficients 
at that frequency for each scatterer volume fraction are relative 
to the values at 2.1 MHz. At low scatterer volume fractions, 
the model predicts the backscatter coefficient is proportional 
to the scatterer volume fraction. The backscatter coefficient 
reaches a peak value, typically near a scatterer volume fraction 
of 20%, above which it decreases with increasing scatterer 
concentration. The interesting facet of these model predictions 
is that the volume fraction for the peak value should increase 
with increasing ultrasonic frequency. At 7.5 MHz, the peak 
backscatter occurs at a concentration of 25-28%, whereas the 
peak backscatter at 2.5 MEz occurs around a volume fraction 
of 18%. 
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Fig. 1. Theoretical results of the backscatter coefficient as a function of 
scatterer volume fraction at specific ultrasound frequencies, calculated using 
(8). The effective scatterer diameter is assumed to be 42 pm. The results show 
that the peak of the backscatter coefficient moves to higher scatterer volume 
fractions when the ultrasound frequency is increased. 

1 7  

42 pm Sephadex in gel 
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Frequency (MHz) 

Fig. 2. Theoretical results of the backscatter coefficient as a function of 
ultrasound frequency, calculated using (8). The effective diameter assumed 
is 42 pm. 

Fig. 2 shows the results of relative backscatter coefficient 
versus the ultrasonic frequency. The model predicts that the 
backscatter coefficient increases with increasing frequency 
faster for a medium with a high scatterer volume fraction than 
for a medium with a low scatterer volume fraction. 

111. EXPERIMENTAL METHODS 

Several tissue mimicking phantoms were used to measure 
the backscatter coefficient versus the ultrasound frequency for 
different scatterer volume fractions and to probe further the 
predictions suggested by these continuum scattering models. 
The phantoms have identical scatterers but have different 
scatterer concentrations, the scatterer volume fractions ranging 
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Fig. 3. 
cles in the test phantoms. The mean diameter is 42 pm. 

Histogram showing the diameter distribution of the Sephadex parti- 

from 5 to 50%. Scatterers in the phantoms are Sephadex 
spheres immersed in gel. The gel was congealed in 3-cm 
long cylinders. The two parallel surfaces of the phantoms were 
covered with 50-pm-thick Saran Wrap “windows” that allowed 
for transmission of acoustic waves. The cylinders were filled 
through a 2.0-cm diameter syringe epoxied into the plastic 
wall. After the gel solidified, the syringe was removed and the 
cylinder sealed. 

The contents of the syringe were then extracted and sliced 
into 1-mm sections. An optical microscope was used to 
measure the diameters of scatterer in the sliced sections. The 
diameter distribution, shown in Fig. 3, is strongly peaked at 
42.0 pm; the standard deviation of the diameter distribution 
is 11 pm. 

The attenuation coefficients in these phantoms were mea- 
sured using a narrow-band substitution method at multiple 
frequencies [13]. Results are shown in Fig. 4. The experi- 
mentally determined attenuation coefficients were fit using a 
polynomial curve of the form a( f )  E a0 + alf  + azf’, 
where a( f )  is the curve fit attenuation, ao, a l ,  and a2 are 
polynomial fitting constants, and f is the frequency in MHz. 
The polynomial fitting constants and the speeds of sound in 
all six phantoms are given in Table 1. 

Backscatter coefficients in the samples were measured using 
a broad-band as well as a narrow-band method. In both 
methods, echo signals from a planar reference reflector are 
used to derive system dependent parameters [14], [15]. For the 
broad-band method, a 3.5-MHz center frequency transducer 
was used to measure backscatter coefficients from 2 to 5 MHz. 
Several transducers were used to span the 2-9 MHz frequency 
range for the narrow-band method. Geometric parameters for 
these transducers are given in Table 11. 

Samples were placed in water in the focal region of the 
transducer. Broad-band excitation consisted of applying a 
one-cycle 3 S-MHz center frequency truncated sine wave; 
narrow-band excitation used an eight-cycle truncated sine 
wave at the frequency of interest. Time domain echo signals 
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Fig. 4. Attenuation coefficients versus frequency in the test phantoms. 
Solid lines are the result of polynomial curve fits to the function 
n( f )  = CYO + alf + m 2 f 2 ,  where CVO, el, and m2 are the fitting constants 
and f is the ultrasonic frequency in MHz. 

TABLE I 
ULTRASONIC PROPERTIES OF THE PHANTOMS USED TO STUDY 

BACKSCATTER COEFFICIENT VERSUS SCATTERER VOLUME FRACTION. THE 
ATTENUATION COEFFICIENT IS DESCRIBED IN TERMS OF CONSTANTS 

NO cy1, AND ~ 2 ,  CORRESPONDING TO A SECOND-ORDER POLYNOMIAL 
CURVE FITTING TO EXPERIMENTAL VALUES, ASSUMING THE FORM 

N ( f )  = N o  + N l f  + Q 2 f 2 ,  WHERE f IS THE FREQUENCY IN MHz 

I I I I 

were truncated using a 10.0-ps rectangular gate for the broad- 
band method and a 5.0-ps rectangular gate for the narrow-band 
method, recorded on a digital oscilloscope (LeCroy 9400) 
and stored in a PC for off-line analysis. For each transducer 
and phantom, echo signals were recorded for 98 statisti- 
cally independent locations, realized by translating the sample 
perpendicularly to the transducer axis. The translation steps 
were larger than the full width at half-maximum (FWHM) 
of the ultrasonic beam, assuring statistically independent echo 
signals. Discrete Fourier transforms of each echo signal wave- 
form were computed. Then, the backscatter coefficients were 
determined using previously described methods [ 141, [ 151. 

IV. RESULTS 
Figs. 5 and 6 present backscatter versus frequency results 

for three different scatterer volume fractions, for the broad- 

1 9.0 I 6.44+0.05 I 14.4* 0.2 11 

Fig. 5. Experimental results of the backscatter coefficient versus frequency 
for different scatterer volume fractions using the broad-band method. Dashed 
lines are measurement results, while the solid lines are power law fits to the 
measurement results. Here, the scatterer volume fraction increases from 5 to 
50%. 

band and narrow-band measurements. Results are shown for 
scatterer volume fractions of 5% (middle curve in both fig- 
ures), 20% (upper curves), and 50%. As both figures indicate, 
the backscatter coefficient for the 50% scatterer volume frac- 
tion is actually lower than at 5%. 

These data exhibit a change in the frequency dependence of 
the backscatter for the different concentrations. For the results 
in Fig. 5, over the 2.5-5.0 MHz frequency range, the backscat- 
ter coefficient vanes as f(3.8*0.1) for the sparse (5%) scatterer 
concentration sample, while for the dense (50%) sample the 
backscatter coefficient exhibits a f(4.6*0.1) dependence, where 
f is the frequency in MHz. For the narrow-band results 
presented in Fig. 6, over the 2.5-7.5 MHz frequency range, 
there is an f(3.7*0.1) dependence and f(4.5*0.1) for these two 
samples, respectively. (The uncertainties for the power law fit 
were determined using (A-24), derived in the Appendix.) The 
backscatter coefficients appear to exhibit a greater frequency 
dependence for the higher scatterer concentrations over these 
frequency ranges, as predicted by the continuum models. 

Table I11 presents results for narrow-band measurements at 
each frequency. Column 1 gives the scatterer volume fraction, 
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Fig. 6. Experimental results of the backscatter coefficient versus frequency 
for different scatterer volume fractions using the narrow-band method. Lines 
are power law fits to the data for the various scatterer volume fractions. Here, 
the scatterer volume fraction increases from 5 to 50%. 

TABLE 111 
EXPERIMENTAL RESULTS OF THE BACKSCATTER COEFFICIENT (BSC) VERSUS 
SCATTERER VOLUME FRACTION AT DIFFERENT ULTRASONIC FREQUENCIES. 

HERE, THE BACKSCATTER COEFFICIENT IS IN UNITS OF x ~ ~ - ~ ( c m - '  . Sr-l  1 

expressed as a percentage. Columns 2 through 7 are the 
backscatter data for various frequencies. Errors represent =IC 1 
standard deviation of the data from the 98 measurements on 
each sample. 

These data, along with third-order polynomial curve fits 
to the backscatter coefficients, are plotted in Fig. 7. A third- 
order polynomial was used because it is capable of following 
the anticipated dependencies of backscatter on concentration, 
yet it does not restrict the curve to any particular model, 
including those in Section 11. The suitability of the curve fits 
was analyzed by computing regression coefficients for the plots 
using commercially available software (Delta Graph Version 
3.5, Delta Point Inc., Monterey, CA). Regression coefficients, 
R2, are presented in Table IV for the narrow-band data [16]. 
The fitting parameters are listed in Table V for each frequency. 
Also listed is a peak value obtained from differentiating these 
curves with respect to the scatterer concentration. 

The fitted curves were normalized to their peak values and 
replotted in Fig. 8. The original backscatter coefficient data, 
also normalized to the peak values of the fitted data at each 
frequency, are included with these curves. The normalized 
curves qualitatively follow the expected backscatter versus 

TABLE IV 

POLYNOMIAL CURVE-FIT TO THE BACKSCATTER VERSUS SCATTERER VOLUME 
THE SQUARE OF THE REGRESSION COEFFICIENT R2 FOR THE THIRD-ORDER 

FRACTION DATA. R2 IS SHOWN FOR EACH FREQUENCY. REGRESSION 
COEFFICIENTS ARE ALSO SHOWN WHEN YAGI'S MODEL IS APPLIED TO 

THE DATA (SECOND ROW) AND WHEN A THIRD-ORDER POLYNOMIAL 
IS USED TO FIT YAGI'S MODEL. WHEN R2 = 1, 100% OF 
THE SAMPLE DATA ARE EXPLAINED BY THE FITTING-CURVE 

TABLE V 

B S C ,  q ( H )  M 00 + ,&H + p z H 2  + O H 3 ,  ARE LISTED 
THE THIRD-ORDER POLYNOMIAL FITTING CONSTANTS FOR THE 

FOR EACH FREQUENCY, WHERE H = 5,  10, 20, 30, 40, AND 50%. 
ALSO LISTED IS A PEAK VALUE OBTAINED FROM DIFFERENTIATING 
THESE CURVES WITH RESPECT TO THE SCATTERER CONCENTRATION 

concentration data predicted using the Yagi model; that is, 
the scatterer volume fraction for the maximum backscatter 
coefficient increases with frequency. The only exception is 
for the 9 MHz data, which seem to exhibit a peak in the 
backscatter coefficient at a lower concentration than for 7.5 
MHz. At this time it is not known whether this is due to 
measurement uncertainties (both scatter data and attenuation 
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Fig. 8. Experimental results of the relative backscatter coefficient versus 
scatterer volume fraction. Dashed lines are third-order polynomial curve fits 
to the data for each of the four frequencies listed. Here, the backscatter 
coefficients were normalized based on their fitting curves. 

data are involved), to variations during the production of 
the test samples, or to possible differences in the different 
frequency dependence of the backscatter in different frequency 
ranges. 

V. DISCUSSION 

Generally, the maximum variation of backscatter with ul- 
trasonic frequency expected for a medium having scatterers 
much smaller than the wavelength is a fourth-power frequency 
dependence. For the 5% scatterer volume fraction, 42-pm 
Sephadex spheres exhibited approximately this behavior be- 
low 5 MHz, where an f3.s*0.1 frequency dependence was 
observed. However, the frequency dependence of scattering 
exceeded f 4  for a 50% scatterer volume fraction, agreeing 
qualitatively with Campbell and Waag’s results [8]. This result 
is also anticipated by MO and Cobbold [12]. As illustrated by 
our analysis using continuum scattering models, a greater than 
fourth-power frequency dependence of scattering for dense 
scattering media is an expected outcome when the spatial 
autocorrelation function in the medium has a characteristic 
length that is a function of the scatterer volume fraction. 

Application of continuum scattering models and the re- 
sultant scatterer spatial autocorrelation function for dense 
scattering media also indicate that the scatterer volume fraction 
at which the maximum backscatter occurs is dependent on the 
ultrasound frequency. Computations for 42 pm scatterers sug- 
gest that the peak value should increase with frequency in the 
2-9 MHz range. Measurement results generally agreed with 
this prediction, as shown in Table V, column 8. An exception is 
the 9 MHz frequency data, where the apparent peak backscatter 
coefficient is at a volume fraction of around 24%, below the 
volume fraction for peak backscatter at 7.5 MHz. We believe 
this is due to experimental uncertainties, either occurring in the 
construction of the phantom or in measuring the backscatter 
coefficient. Measurement uncertainties are highest at 9 MHz, 

Fig. 9. For a two-component scattering medium, we consider AT the length 
of a rod thrown arbitrarily into the medium. We define Pab as the probability 
that with one end of the rod in environment a,  the other end will be in 
environment b. Thus, four probabilities, POO, Pol, 2‘10, PI 1 exist, where 
the subscript 0 stands for background material and 1 for a scatterer. 

where errors in attenuation and in specifying the geometric 
properties of the transducer would manifest most significantly. 

Results of this study may provide additional insight into 
the nature of ultrasonic scattering from tissues. Generally, 
sparse scattering media are implicitly assumed in relating 
acoustic scattering properties to tissue microstructure [3] ,  
[ 5 ] ,  [17]. However, most tissues would appear to be better 
characterized as dense scattering media rather than sparsely 
distributed scatterers. We cannot speculate on the biomedical 
implications of this finding, as it is difficult at the present time 
to measure ultrasonic scattering in tissues accurately enough 
so volume fraction dependencies would have a major effect on 
the outcome. Nevertheless, as theoretical models for scattering 
in soft tissue are more fully developed, this dependency will 
have to be included. 

APPENDIX 

A. Debye’s Spatial Autocorrelation Function [9/ 

As shown in (l), the spatial autocorrelation function, b(Ar),  
describes the similarity of the mass density and compressibility 
at two positions in the scattering volume separated by the 
distance Ar . For a two-component medium, the development 
by Debye proceeds as follows [9]. We consider Ar the length 
of a rod thrown arbitrarily into the scattering medium as shown 
in Fig. 9. We define Pab as the probability that with one end of 
the rod in environment a, the other end will be in environment 
b. Thus, four probabilities, POO, Pol, PI,, PI,, exist, where 
the subscript “0” stands for background material and “1” for a 
scatterer. Between these four probabilities, three relations are 
immediately clear 

Po0 + Po1 = 1 
P l 0  + Pll = 1 

(A-1) 
(A-2) 

(‘4-3) 

and 

HPiJl = (1 - H)PlO 

where (A-3) represents the two ways, equally probable, in 
which the rod may have its ends in different environments. 
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change only if the addition of 6r will allow Ar to cross the surface of a 
scatterer into the background medium or vice versa. If 0 is the angle which 
A r  makes with respect to the normal to this surface, the free end of AT must 
lie within a sheet of thickness 6r cos 8 to allow Ar + br to cross into the 
background medium. 

The three relations among the four probabilities allow us to 
express them in terms of a single arbitrary function R(Ar) 
that depends on Ar. Thus, let 

Po1 = HI?(&). (A-4) 

Notice that Pol = 0 when A r  = 0, requiring R(Ar)  = 0 
when Ar = 0. Then 

64-51 
(A-@ 

(A-7) 

According to the definition of the spatial autocorrelation 
function for a random medium, this function, Bd(Ar) ,  can be 
expressed as 

PI0 = (1 - H ) R ( A r )  
PI1 = 1 - (1 - H ) R ( A r )  

Po0 = 1 - H R ( A r ) .  
and 

B d ( A T )  = PlOYlYO + PllYlY1 
= pooYoYo + POlYOYl 

The normalized spatial autocorrelation function, b d (  Ar),  can 
be expressed as 

= 1 - R(Ar).  ( A 4  

Let us take one point fixed in a scatterer and study how the 
probability function of two points that are in the same or 
different scatterers is affected by a change Sr in Ar. For a very 
small Ar, the value of the probability function Pl1 will change 
only if the addition of Sr will allow Ar to cross the surface of 

a scatterer into the background medium or vice versa. If B is 
the angle which Ar makes with the normal to this surface, the 
free end of Ar must lie within a sheet of thickness SrcosB 
to allow Ar + 6r to cross into the background medium, as 
shown in Fig. 10. The average value of &cos0 is given by 
the integral (over all possible orientations) 

Sr 
4 cos B sin Od0 = -. 

Then, we may write the change in P11, SP~I, when A r  is 
changed by Sr, as 

SSr 
4vs 

SP1, = --PI1 (-4-9) 

where Vs = the total volume of the scatterers, S = the total 
surface area of the scatterers, and SSr/4 is the volume in 
which the free end of A r  must lie for the orientation favorable 
to a crossing of the scatterer-background interface. However, 
since it is possible that the free end of A r  is already in the 
background from the start, we add a second term to (A-9) 
for SP11 to account for the positive contribution that would 
be made to Pl1 by the growth Ar toward and into another 
scatterer. Then, the change in the value of the probability 
function P11, when Ar is changed by Sr, is given by 

SSr SSr 
(A-10) 

where Vv = the volume of the background medium. Replacing 
6r and SP11 by their differentials in the limit, we obtain 

(A-1 1) 

According to (A-4)-(A-7), we have P11 = 1 - (1 - H ) ( 1  - 
b d ( A r ) )  and P ~ o  = (1 - H ) ( 1  - &(AT)). Upon substitution 
into (A-ll), we find 

where V = Vv + VS. The normalized solution of this equation 
is given by 

- S A r / [ 4 V H ( I -  H ) ]  bd(Ar) = e 

where r d  is the characteristic radius of the scatterers. If the 
scatterers are spherical, S = (N)4xrd and VS = (N)4xr;/3 
where ( N )  is the scatterer concentration. 

B. Yagi’s Spatial Autocorrelation Function [IO] 
Concerning the results of Debye’s model, Frisch noted that 

there were two potential problems [ 111. One problem relates 
the incremental volume SV of (A-9) to the “sheet” of points 
in which the end of the rod of length Ar must lie such that if 
this length is increased by Sr, it will cross a phase boundary. 
The second problem is that (A-10) neglects the possibility 
that more than one phase boundary may be crossed by the rod 
when its length is increased by 6r. 
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In general, the spatial autocorrelation function can be ap- 
proximated as the sum of N terms of the exponential functions 
[lo1 

N 
b,(Ar) “N cne-(Arla-)n (A-14) 

n= 1 

where c, and a, are constants. 

polynomial function based on a Taylor series expansion 
When Ar is small, b, (AT) can be represented as a 

Alternatively for small Ar,  based on the theory of differen- 
tial geometry [ll], Fritsch shows that the spatial autocorrela- 
tion function can be approximated as 

where the assumption is made that scatterers are spherical with 
a mean radius of T,. Retaining only the first two terms in 
(A-15) and comparing with (A-16), we can write 

e1 + c2 = 1 (A-17) 

and 
‘=?(!L) 2 

a2 

(A-18) 

(A-19) 

For very low frequency conditions ( k  + 0) and low 
scatterer concentrations ( H  4 0), we have [lo] 

where FT stands for the Fourier transform. Using the repre- 
sentation of by(AT) from (A-14) along with the coefficients, 
this works out to 

From (A-17)-(A-20), we obtain [7] 

CL M 0.40 
c2 zz 0.60 

= O.53( 1 - H ) T ,  
a2 = 0.92(1 - H ) r g .  

This yields a normalized spatial autocorrelation function given 
by 

AT 
by(Ar) M 0.40ep0 53(1-H)7‘y + 0.60e- [O.Qz(fzH)ry 1 2 .  

(A-21) 

C. Uncertainty Analysis on the Frequency 
Dependence of the Backscatter Coeficient 

The power law curves were used to fit our experimental 
results of the frequency dependence of the backscatter coef- 
ficient, y ( f )  = a f m ,  where f is the ultrasound frequency in 
MHz, a is a constant, and m is an index parameter for the 
power law. 

The square of the difference between the fitting curve and 
the experimental data is denoted by 

N 
(A-22) 

i=l 

where N is number of the measured values of the backscatter 
coefficient yio at different fi, and yi = af%m. 

Under the condition of the minimum square of the difference 
between the values of the fitting curve and the measured values 

1 dL(m)  
2 d m  

F ( m )  = - x ~ 

we have 
N 

F ( m )  = (afy - y io )a f r  lnfi  = 0. (A-23) 
i=l 

Therefore the uncertainty of the index rn is given by 

where Syj, ,/ yjo is the relative uncertainty of the measurement 
result for the backscatter coefficient and 
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