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S.1 Derivation of Result 1

Straightforward algebra can be used to verify that

CT R−1
BLUP

C + DBLUP = BT B and CT R−1
BLUP

y = BT b

where B and b have sparse forms (2.9) with non-zero sub-blocks equal to

bi ≡


σ−1

ε yi

0

0

0

 , Bi ≡


σ−1

ε Xi σ−1
ε Zgbl,i

O m−1/2σ−1
gbl IKgbl

O O

O O

 and
•

Bi ≡


σ−1

ε Xi σ−1
ε Zgrp,i

O O

Σ−1/2 O

O σ−1
grp IKgrp

 .

Therefore, in view of (2.6),[
β̂
û

]
= (BT B)−1BT b and Cov

([
β̂

û− u

])
= (BT B)−1.

The sub-blocks of

Cov
([

β̂
û− u

])
listed in (2.7) correspond to the non-× sub-blocks of A−1 = (BT B)−1 where A−1 is given by
(2.10). The result follows immediately.

S.2 Derivation of Algorithm 1

Algorithm 1 is simply a proceduralization of Result 1.

S.3 The Inverse G-Wishart and Inverse χ2 Distributions

The Inverse G-Wishart corresponds to the matrix inverses of random matrices that have a G-
Wishart distribution (e.g. Atay-Kayis & Massam, 2005). For any positive integer d, let G be an
undirected graph with d nodes labeled 1, . . . , d and set E consisting of sets of pairs of nodes
that are connected by an edge. We say that the symmetric d× d matrix M respects G if

M ij = 0 for all {i, j} /∈ E.

A d× d random matrix X has an Inverse G-Wishart distribution with graph G and parameters
ξ > 0 and symmetric d× d matrix Λ, written

X ∼ Inverse-G-Wishart(G, ξ,Λ)
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if and only if the density function of X satisfies

p(X) ∝ |X|−(ξ+2)/2 exp{−1
2 tr(ΛX−1)}

over arguments X such that X is symmetric and positive definite and X−1 respects G. Two
important special cases are

G = Gfull ≡ totally connected d-node graph,

for which the Inverse G-Wishart distribution coincides with the ordinary Inverse Wishart dis-
tribution, and

G = Gdiag ≡ totally disconnected d-node graph,

for which the Inverse G-Wishart distribution coincides with a product of independent Inverse
Chi-Squared random variables. The subscripts of Gfull and Gdiag reflect the fact that X−1 is a full
matrix and X−1 is a diagonal matrix in each special case.

The G = Gfull case corresponds to the ordinary Inverse Wishart distribution. However,
with message passing in mind, we will work with the more general Inverse G-Wishart family
throughout this article.

In the d = 1 special case the graph G = Gfull = Gdiag and the Inverse G-Wishart distribution
reduces to the Inverse Chi-Squared distributions. We write

x ∼ Inverse-χ2(ξ, λ)

for this Inverse-G-Wishart(Gdiag, ξ, λ) special case with d = 1 and λ > 0 scalar.

S.4 Derivation of Result 2

It is straightforward to verify that the µq(β,u) and Σq(β,u) updates, given at (2.12), may be
written as

µq(β,u) ←− (BT B)−1BT b and Σq(β,u) ←− (BT B)−1

where B and b have the forms (2.9) with

bi ≡



µ
1/2
q(1/σ2

ε)
yi

m−1/2Σ−1/2
β µβ

0

0

0


, Bi ≡



µ
1/2
q(1/σ2

ε)
Xi µ

1/2
q(1/σ2

ε)
Zgbl,i

m−1/2Σ−1/2
β O

O m−1/2µ
1/2

q(1/σ2
gbl)

IKgbl

O O

O O


and

•

Bi ≡



µ
1/2
q(1/σ2

ε)
Xi µ

1/2
q(1/σ2

ε)
Zgrp,i

O O

O O

M
1/2

q(Σ−1)
O

O µ
1/2
q(1/σ2

grp)
IKgrp


.

Result 2 immediately follows from Theorem 2 of Nolan & Wand (2018).
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S.5 Derivation of Algorithm 2

We provide expressions for the q-densities for mean field variational Bayesian inference for the
parameters in (2.10), with product density restriction (2.11). Arguments analogous to those
given in, for example, Appendix C of Wand & Ormerod (2011) lead to:

q(β,u) is a N(µq(β,u),Σq(β,u)) density function

where

Σq(β,u) = (CT R−1
MFVB

C + DMFVB)−1 and µq(β,u) = Σq(β,u)(C
T R−1

MFVB
y + oMFVB)

with RMFVB, DMFVB and oMFVB defined via (2.13),

q(σ2
ε) is an Inverse-χ2

(
ξq(σ2

ε), λq(σ2
ε)

)
density function

where ξq(σ2
ε) = νε +

∑m
i=1 ni and

λq(σ2
ε) = µq(1/aε) +

m∑
i=1

Eq


∥∥∥∥∥yi −Cgbl,i

[
β

ugbl

]
−Cgrp,i

[
ulin,i

ugrp,i

]∥∥∥∥∥
2


= µq(1/aε) +
m∑

i=1

∥∥∥∥∥Eq

(
yi −Cgbl,i

[
β

ugbl

]
−Cgrp,i

[
ulin,i

ugrp,i

])∥∥∥∥∥
2

+tr

{
Covq

(
Cgbl,i

[
β

ugbl,i

]
+ Cgrp,i

[
ulin,i

ugrp,i

])}]

= µq(1/aε) +
m∑

i=1


∥∥∥∥∥Eq

(
yi −Cgbl,i

[
β

ugbl

]
−Cgrp,i

[
ulin,i

ugrp,i

])∥∥∥∥∥
2

+tr(CT
gbl,iCgbl,iΣq(β,ugbl)) + tr(CT

grp,iCgrp,iΣq(ulin,i,ugrp,i))

+2 tr
[
CT

grp,iCgbl,i Eq

{([
β

ugbl

]
− µq(β,ugbl)

)
×

([
ulin,i

ugrp,i

]
− µq(ulin,i,ugrp,i)

)T
}]}

where Cgbl,i ≡ [Xi Zgbl,i], Cgrp,i ≡ [Xi Zgrp,i], and with reciprocal moment µq(1/σ2
ε) = ξq(σ2

ε)/λq(σ2
ε),

q(σ2
gbl) is an Inverse-χ2

(
ξq(σ2

gbl)
, λq(σ2

gbl)

)
density function

where ξq(σ2
gbl)

= νgbl + Kgbl and

λq(σ2
gbl)

= µq(1/agbl) + ‖µq(ugbl)
‖2 + tr

(
Σq(ugbl)

)
,

with reciprocal moment µq(1/σ2
gbl)

= ξq(σ2
gbl)

/λq(σ2
gbl)

,

q(σ2
grp) is an Inverse-χ2

(
ξq(σ2

grp), λq(σ2
grp)

)
density function

where ξq(σ2
grp) = νgrp + mKgrp and

λq(σ2
grp) = µq(1/agrp) +

m∑
i=1

{
‖µq(ugrp,i)‖

2 + tr
(
Σq(ugrp,i)

)}
,
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with reciprocal moment µq(1/σ2
grp) = ξq(σ2

grp)/λq(σ2
grp),

q(Σ) is an Inverse-G-Wishart
(
Gfull, ξq(Σ),Λq(Σ)

)
density function

where ξq(Σ) = νΣ + 2 + m

Λq(Σ) = M q(A−1
Σ ) +

m∑
i=1

(
µq(ulin,i)

µT
q(ulin,i)

+ Σq(ulin,i)

)
,

with inverse moment M q(Σ−1) = (ξq(Σ) − 1)Λ−1
q(Σ),

q(aε) is an Inverse-χ2(ξq(aε), λq(aε)) density function

where ξq(aε) = νε + 1,
λq(aε) = µq(1/σ2

ε) + 1/(νεs
2
ε)

with reciprocal moment µq(1/aε) = ξq(aε)/λq(aε),

q(agbl) is an Inverse-χ2(ξq(agbl), λq(agbl)) density function

where ξq(agbl) = νgbl + 1,
λq(agbl) = µq(1/σ2

gbl)
+ 1/(νgbls

2
gbl)

with reciprocal moment µq(1/agbl) = ξq(agbl)/λq(agbl),

q(agrp) is an Inverse-χ2(ξq(agrp), λq(agrp)) density function

where ξq(agrp) = νgrp + 1,
λq(agrp) = µq(1/σ2

grp) + 1/(νgrps
2
grp)

with reciprocal moment µq(1/agrp) = ξq(agrp)/λq(agrp) and

q(AΣ) is an Inverse-G-Wishart
(
Gdiag, ξq(AΣ),Λq(AΣ)

)
density function

where ξq(AΣ) = νΣ + 2,

Λq(AΣ) = diag
{

diagonal
(
M q(Σ−1)

)}
+ ΛAΣ

with inverse moment M q(A−1
Σ ) = ξq(AΣ)Λ

−1
q(AΣ).
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S.6 Approximate Marginal Log-Likelihood for Two-Level Models

The expression for the lower bound on the marginal log-likelihood for Algorithm 2 is

log p(y; q) =

−1
2 log(π)

m∑
i=1

ni − 1
2 log |Σβ| − 1

2 tr
(
Σ−1

β

{(
µq(β) − µβ

)(
µq(β) − µβ

)T
+ Σq(β)

})
−1

2 tr

(
M q(Σ−1)

{
m∑

i=1

(
µq(ulin,i

µT
q(ulin,i)

+ Σq(ulin,i)

)})
+ 1

2{2 + Kgbl + m(2 + Kgrp)}

−1
2µq(1/σ2

gbl)

{
‖µq(ugbl)

‖2 + tr(Σq(ugbl))
}
− 1

2µq(1/σ2
grp)

m∑
i=1

{
‖µq(ugrp,i))‖

2 + tr(Σq(ugrp,i))
}

+1
2 log |Σβ|+ {νΣ + m + 1 + 1

2(νε + νgbl + Kgbl + νgrp + mKgrp)} log(2)− log Γ(νε
2 )

−1
2µq(1/aε)µq(1/σ2

ε) − 1
2ξq(σ2

ε) log(λq(σ2
ε)) + log{Γ(1

2ξq(σ2
ε))}+ 1

2λq(σ2
ε)µq(1/σ2

ε) − 1
2 log(νεs

2
ε)

−3 log{Γ(1
2)} − 1

2νεs2
ε
µq(1/aε) −

1
2ξq(aε) log(λq(aε)) + log{Γ(1

2ξq(aε))}+ 1
2λq(aε)µq(1/aε)

− log Γ(
νgbl
2 )− 1

2µq(1/agbl)µq(1/σ2
gbl)
− 1

2ξq(σ2
gbl)

log(λq(σ2
gbl)

) + log{Γ(1
2ξq(σ2

gbl)
)} − 1

2 log(νgbls
2
gbl)

+1
2λq(σ2

gbl)
µq(1/σ2

gbl)
− {1/(2νgbls

2
gbl)}µq(1/agbl) −

1
2ξq(agbl) log(λq(agbl))−

1
2µq(1/agrp)µq(1/σ2

grp)

+ log{Γ(1
2ξq(agbl))}+ 1

2λq(agbl)µq(1/agbl) − log Γ(νgrp
2 ) + log{Γ(1

2ξq(σ2
grp))} − 1

2 log(νgrps
2
grp)

−1
2ξq(σ2

grp) log(λq(σ2
grp)) + 1

2λq(σ2
grp)µq(1/σ2

grp) − {1/(2νgrps
2
grp)}µq(1/agrp) − 1

2ξq(agrp) log(λq(agrp))

+ log{Γ(1
2ξq(agrp))}+ 1

2λq(agrp)µq(1/agrp) − 1
2 tr(M q(A−1

Σ )M q(Σ−1)) + 1
2 tr(Λq(Σ)M q(Σ−1))

+
2∑

j=1

log Γ(1
2(ξq(AΣ) + 2− j))−

2∑
j=1

log Γ(1
2(νΣ + 4− j))− 1

2(ξq(Σ) − 1) log |Λq(Σ)|

+
2∑

j=1

log Γ(1
2(ξq(Σ) + 2− j))− 1

2

2∑
j=1

1/(νΣs2
Σ, j)

(
M q(A−1

Σ )

)
jj
−

2∑
j=1

log Γ(1
2(3− j))

−1
2(ξq(AΣ) − 1) log |Λq(AΣ)|+ 1

2 tr(Λq(AΣ)M q(A−1
Σ ))

−1
2µq(1/σ2

ε)

m∑
i=1


∥∥∥∥∥Eq

(
yi −Cgbl,i

[
β

ugbl,i

]
−Cgrp,i

[
ulin,i

ugrp,i

])∥∥∥∥∥
2

+tr(CT
gbl,iCgbl,iΣq(β,ugbl)) + tr(CT

grp,iCgrp,iΣq(ulin,i,ugrp,i))

+2 tr
[
CT

grp,iCgbl,i Eq

{([
β

ugbl

]
− µq(β,ugbl)

)
×([

ulin,i

ugrp,i

]
− µq(ulin,i,ugrp,i))

)T
}]}

.

(S.1)

Derivation: The lower-bound on the marginal log-likelihood is achieved through the following
expression:

log p(y; q) = Eq{log p(y,β,u, σ2
ε , aε, σ

2
gbl, agbl, σ

2
grp, agrp,Σ,AΣ)

− log q∗(β,u, σ2
ε , aε, σ

2
gbl, agbl, σ

2
grp, agrp,Σ,AΣ)}
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= Eq{log p(y |β,u, σ2
ε)}

+Eq{log p(β,u |σ2
gbl, σ

2
grp,Σ)} − Eq{log q∗(β,u)}

+Eq{log p(σ2
ε | aε)} − Eq{log q∗(σ2

ε)}+ Eq{log p(aε)} − Eq{log q∗(aε)}

+Eq{log p(σ2
gbl | agbl)} − Eq{log q∗(σ2

gbl)}+ Eq{log p(agbl)} − Eq{log q∗(agbl)}

+Eq{log p(σ2
grp | agrp)} − Eq{log q∗(σ2

grp)}+ Eq{log p(agrp)} − Eq{log q∗(agrp)}

+Eq{log p(Σ |AΣ)} − Eq{log q∗(Σ)}+ Eq{log p(AΣ)} − Eq{log q∗(AΣ)}.
First we note that

log p(y |β,u, σ2
ε) = −1

2
log(2π)

m∑
i=1

ni −
1
2

log(σ2
ε)

m∑
i=1

ni −
1

2σ2
ε

m∑
i=1

‖y −Xβ −Zu‖2

where

‖y −Xβ −Zu‖2

=

∥∥∥∥∥∥∥∥
 y1

...
ym

−
 X1

...
Xm

β −

 Zgbl,1

...
Zgbl,m

ugbl − blockdiag
1≤i≤m

([Xi Zgrp,i])
[

ulin,i

ugrp,i

]
1≤i≤m

∥∥∥∥∥∥∥∥
2

=
m∑

i=1

‖yi −Xiβ −Zgbl,iugbl,i −Xiulin,i −Zgrp,iugrp,i‖2

=
m∑

i=1

∥∥∥∥∥yi −Cgbl,i

[
β

ugbl,i

]
−Cgrp,i

[
ulin,i

ugrp,i

]∥∥∥∥∥
2

and
Cgbl,i ≡ [Xi Zgbl,i], Cgrp,i ≡ [Xi Zgrp,i].

Therefore,

Eq{log p(y |β,u, σ2
ε)}

= −1
2 log(2π)

m∑
i=1

ni −
1
2
Eq{log(σ2

ε)}
m∑

i=1

ni

−1
2µq(1/σ2

ε)

m∑
i=1


∥∥∥∥∥Eq

(
yi −Cgbl,i

[
β

ugbl,i

]
−Cgrp,i

[
ulin,i

ugrp,i

])∥∥∥∥∥
2

+tr(CT
gbl,iCgbl,iΣq(β,ugbl)) + tr(CT

grp,iCgrp,iΣq(ulin,i,ugrp,i))

+2 tr

[
CT

grp,iCgbl,i Eq

{([
β

ugbl

]
− µq(β,ugbl)

)([
ulin,i

ugrp,i

]
− µq(ulin,i,ugrp,i))

)T
}]}

The remainder of the expectations in (S.4) are expressed as:

Eq{log p(β,u |σ2
gbl, σ

2
grp,Σ)} = −1

2{2 + Kgbl + m(2 + Kgrp)} log(2π)− 1
2 log |Σβ|

−Kgbl
2 Eq{log(σ2

gbl)} − m
2 Eq{log |Σ|} − mKgrp

2 Eq{log(σ2
grp)}

−1
2 tr
(
Σ−1

β

{(
µq(β) − µβ

)(
µq(β) − µβ

)T
+ Σq(β)

})
−1

2µq(1/σ2
gbl)

{
‖µq(ugbl)

‖2 + tr(Σq(ugbl))
}

−1
2 tr

(
M q(Σ−1)

{
m∑

i=1

(
µq(ulin,i

µT
q(ulin,i)

+ Σq(ulin,i)

)})

−1
2µq(1/σ2

grp)

m∑
i=1

{
‖µq(ugrp,i))‖

2 + tr(Σq(ugrp,i))
}
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Eq{log q∗(β,u)} = −1
2{2 + Kgbl + m(2 + Kgrp)} − 1

2{2 + Kgbl + m(2 + Kgrp)} log(2π)

−1
2 log |Σβ|

Eq{log p(σ2
ε | aε)} = −1

2νεEq{log(2aε)} − log Γ(νε/2)− (1
2νε + 1)Eq{log(σ2

ε)}

−1
2µq(1/aε)µq(1/σ2

ε)

Eq{log q∗(σ2
ε)} = 1

2ξq(σ2
ε) log(λq(σ2

ε)/2)− log{Γ(1
2ξq(σ2

ε))} − (1
2ξq(σ2

ε) + 1)Eq{log(σ2
ε)}

−1
2λq(σ2

ε)µq(1/σ2
ε)

Eq{log p(aε)} = −1
2 log(2νεs

2
ε)− log{Γ(1

2)} − (1
2 + 1)Eq{log(aε)}

−{1/(2νεs
2
ε)}µq(1/aε)

Eq{log q∗(aε)} = 1
2ξq(aε) log(λq(aε)/2)− log{Γ(1

2ξq(aε))} − (1
2ξq(aε) + 1)Eq{log(aε)}

−1
2λq(aε)µq(1/aε)

Eq{log p(σ2
gbl | agbl)} = −1

2νgblEq{log(2agbl)} − log Γ(νgbl/2)− (1
2νgbl + 1)Eq{log(σ2

gbl)}

−1
2µq(1/agbl)µq(1/σ2

gbl)

Eq{log q∗(σ2
gbl)} = 1

2ξq(σ2
gbl)

log(λq(σ2
gbl)

/2)− log{Γ(1
2ξq(σ2

gbl)
)} − (1

2ξq(σ2
gbl)

+ 1)Eq{log(σ2
gbl)}

−1
2λq(σ2

gbl)
µq(1/σ2

gbl)

Eq{log p(agbl)} = −1
2 log(2νgbls

2
gbl)− log{Γ(1

2)} − (1
2 + 1)Eq{log(agbl)}

−{1/(2νgbls
2
gbl)}µq(1/agbl)

Eq{log q∗(agbl)} = 1
2ξq(agbl) log(λq(agbl)/2)− log{Γ(1

2ξq(agbl))} − (1
2ξq(agbl) + 1)Eq{log(agbl)}

−1
2λq(agbl)µq(1/agbl)

Eq{log p(σ2
grp | agrp)} = −1

2νgrpEq{log(2agrp)} − log Γ(νgrp/2)− (1
2νgrp + 1)Eq{log(σ2

grp)}

−1
2µq(1/agrp)µq(1/σ2

grp)

Eq{log q∗(σ2
grp)} = 1

2ξq(σ2
grp) log(λq(σ2

grp)/2)− log{Γ(1
2ξq(σ2

grp))} − (1
2ξq(σ2

grp) + 1)Eq{log(σ2
grp)}

−1
2λq(σ2

grp)µq(1/σ2
grp)

Eq{log p(agrp)} = −1
2 log(2νgrps

2
grp)− log{Γ(1

2)} − (1
2 + 1)Eq{log(agrp)}

−{1/(2νgrps
2
grp)}µq(1/agrp)

Eq{log q∗(agrp)} = 1
2ξq(agrp) log(λq(agrp)/2)− log{Γ(1

2ξq(agrp))} − (1
2ξq(agrp) + 1)Eq{log(agrp)}

−1
2λq(agrp)µq(1/agrp)

Eq[log{p(Σ|AΣ)}] = −1
2(νΣ + 1)Eq{log |AΣ|} − 1

2(νΣ + 4)Eq{log |Σ|} − 1
2 log(π)

−1
2 tr(M q(A−1

Σ )M q(Σ−1))− (νΣ + 3) log(2)−
∑2

j=1 log Γ(1
2(νΣ + 4− j))

Eq[log{q(Σ)}] = 1
2(ξq(Σ) − 1) log |Λq(Σ)| − 1

2(ξq(Σ) + 2)Eq{log |Σ|} − 1
2 tr(Λq(Σ)M q(Σ−1))

−(ξq(Σ) + 1) log(2)− 1
2 log(π)−

∑2
j=1 log Γ(1

2(ξq(Σ) + 2− j))

Eq[log{p(AΣ)}] = −3
2Eq{log |AΣ|} − 1

2

∑2
j=1 1/(νΣs2

Σ, j)
(
M q(A−1

Σ )

)
jj
− 2 log(2)− 1

2 log(π)

−
∑2

j=1 log Γ(1
2(3− j))

Eq[log{q(AΣ)}] = 1
2(ξq(AΣ) − 1) log |Λq(AΣ)| − 1

2(ξq(AΣ) + 2)Eq{log |AΣ|} − 1
2 tr(Λq(AΣ)M q(A−1

Σ ))

−(ξq(AΣ) + 1) log(2)− 1
2 log(π)−

∑2
j=1 log Γ(1

2(ξq(AΣ) + 2− j))

In the summation of each of these log p(y; q) terms, note that the coefficient of Eq{log(σ2
ε)} is

−1
2

m∑
i=1

ni − 1
2νε − 1 + 1

2ξq(σ2
ε) + 1 = −1

2

m∑
i=1

ni − 1
2νε − 1 + 1

2(νε +
m∑

i=1

ni) + 1 = 0.
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The coefficient of Eq{log(σ2
gbl)} is

−1
2Kgbl − 1

2νgbl − 1 + 1
2ξq(σ2

gbl)
+ 1 = −1

2Kgbl − 1
2νgbl − 1 + 1

2(νgbl + Kgbl) + 1 = 0.

The coefficient of Eq{log(σ2
grp)} is

−1
2mKgrp − 1

2νgrp − 1 + 1
2ξq(σ2

grp) + 1 = −1
2mKgrp − 1

2νgrp − 1 + 1
2(νgrp + mKgrp) + 1 = 0.

The coefficient of Eq{log |Σ|} is

−m

2
− 1

2(νΣ + 4) + 1
2(ξq(Σ) + 2) = −1

2(m + νΣ + 4) + 1
2(m + νΣ + 4) = 0.

The coefficient of Eq{log(aε)} is

−1
2νε − 1

2 − 1 + 1
2ξq(aε) + 1 = −1

2νε − 1
2 − 1 + 1

2(νε + 1) + 1 = 0.

The coefficient of Eq{log(agbl)} is

−1
2νgbl − 1

2 − 1 + 1
2ξq(agbl) + 1 = −1

2νgbl − 1
2 − 1 + 1

2(νgbl + 1) + 1 = 0.

The coefficient of Eq{log(agrp)} is

−1
2νgrp − 1

2 − 1 + 1
2ξq(agrp) + 1 = −1

2νgrp − 1
2 − 1 + 1

2(νgrp + 1) + 1 = 0.

The coefficient of Eq{log |AΣ|} is

−1
2(νΣ + 1)− 3

2
+ 1

2(ξq(AΣ) + 2) = −1
2(νΣ + 2) + 1

2(νΣ + 2) = 0.

Therefore, these terms can be dropped and the approximate marginal log-likelihood expression
in (S.1) results.

S.7 Derivation of Result 3

If B and b have the same forms given by equation (7) in Nolan & Wand (2018) with

bij ≡



σ−1
ε yij

0

0

0

0

0


, Bij ≡



σ−1
ε Xij σ−1

ε Zgbl,ij

O (
∑m

i=1 ni)
−1/2 σ−1

gbl IKgbl

O O

O O

O O

O O


,

•

Bij ≡



σ−1
ε Xij σ−1

ε Zg
grp,ij

O O

n
−1/2
i Σ−1/2

g O

O n
−1/2
i σ−1

grp,gIKg
grp

O O

O O


and

••

Bij ≡



σ−1
ε Xij σ−1

ε Zh
grp,ij

O O

O O

O O

Σ−1/2
h O

O σ−1
grp,hIKh

grp


,

then straightforward algebra leads to

BT B = CT R−1
BLUP

C + DBLUP and BT b = CT R−1
BLUP

y

8



where

C ≡ [X Z], DBLUP ≡

[
O O

O G−1

]
and RBLUP ≡ σ2

εI, (S.2)

and G as defined in (3.3). The remainder of the derivation of Result 3 is analogous to that of
Result 1.

S.8 Derivation of Algorithm 3

Algorithm 3 is simply a proceduralization of Result 3.

S.9 Derivation of Result 4

It is straightforward to verify that the µq(β,u) and Σq(β,u) updates, given at (2.12) but with DMFVB

as given in (3.6), may be written as

µq(β,u) ←− (BT B)−1BT b and Σq(β,u) ←− (BT B)−1

where B and b have the forms given by equation (7) in Nolan & Wand (2018) with

bij ≡



µ
1/2
q(1/σ2

ε)
yij

(
∑m

i=1 ni)
−1/2 Σ−1/2

β µβ

0

0

0

0

0


, Bij ≡



µ
1/2
q(1/σ2

ε)
Xij µ

1/2
q(1/σ2

ε)
Zgbl,ij

(
∑m

i=1 ni)
−1/2 Σ−1/2

β O

O (
∑m

i=1 ni)
−1/2 µ

1/2

q(1/σ2
gbl)

IKgbl

O O

O O

O O

O O


,

•

Bij ≡



µ
1/2
q(1/σ2

ε)
Xij µ

1/2
q(1/σ2

ε)
Zg

grp,ij

O O

O O

n
−1/2
i M

1/2

q(Σ−1
g )

O

O n
−1/2
i µ

1/2
q(1/σ2

grp,g)
IKg

grp

O O

O O


and

••

Bij ≡



µ
1/2
q(1/σ2

ε)
Xij µ

1/2
q(1/σ2

ε)
Zh

grp,ij

O O

O O

O O

O O

M
1/2

q(Σ−1
h )

O

O µ
1/2

q(1/σ2
grp,h)

IKh
grp


.

Result 4 immediately follows from Theorem 4 of Nolan & Wand (2018).

S.10 Derivation of Algorithm 4

Algorithm 4 relies on expressions for the q-densities for mean field variational Bayesian infer-
ence for the parameters in (3.4) with product density restriction (3.5). We have

q(β,u) is a N(µq(β,u),Σq(β,u)) density function

where

Σq(β,u) = (CT R−1
MFVB

C + DMFVB)−1 and µq(β,u) = Σq(β,u)(C
T R−1

MFVB
y + oMFVB)

9



with RMFVB ≡ µ−1
q(1/σ2

ε)
I , oMFVB ≡

[
Σ−1

β µβ

0

]
and DMFVB as given in (3.3),

q(σ2
ε) is an Inverse-χ2

(
ξq(σ2

ε), λq(σ2
ε)

)
density function

where ξq(σ2
ε) = νε +

∑m
i=1

∑ni
j=1 oij and

λq(σ2
ε) = µq(1/aε) +

m∑
i=1

ni∑
j=1

Eq


∥∥∥∥∥yij −Cgbl,ij

[
β

ugbl

]
−Cg

grp,ij

[
ug

lin,i

ug
grp,i

]
−Ch

grp,ij

[
uh

lin,ij

uh
grp,ij

]∥∥∥∥∥
2


= µq(1/aε) +
m∑

i=1

ni∑
j=1

∥∥∥∥∥Eq

(
yij −Cgbl,ij

[
β

ugbl

]
−Cg

grp,ij

[
ug

lin,i

ug
grp,i

]
−Ch

grp,ij

[
uh

lin,ij

uh
grp,ij

])∥∥∥∥∥
2

+tr

{
Covq

(
Cgbl,ij

[
β

ugbl

]
+ Cg

grp,ij

[
ug

lin,i

ug
grp,i

]
+ Ch

grp,ij

[
uh

lin,ij

uh
grp,ij

])}]

= µq(1/aε) +
m∑

i=1

ni∑
j=1


∥∥∥∥∥Eq

(
yij −Cgbl,ij

[
β

ugbl

]
−Cg

grp,ij

[
ug

lin,i

ug
grp,i

]
−Ch

grp,ij

[
uh

lin,ij

uh
grp,ij

])∥∥∥∥∥
2

+tr(CT
gbl,ijCgbl,ijΣq(β,ugbl)) + tr((Cg

grp,ij)
T Cg

grp,ijΣq(ug
lin,i,u

g
grp,i)

) + tr((Ch
grp,ij)

T Ch
grp,ijΣq(uh

lin,ij ,uh
grp,ij)

)

+2 tr

[
(Cg

grp,ij)
T Cgbl,ij Eq

{([
β

ugbl

]
− µq(β,ugbl)

)([
ug

lin,i

ug
grp,i

]
− µq(ug

lin,i,u
g
grp,i)

)T
}]

+2 tr

[
(Ch

grp,ij)
T Cgbl,ij Eq

{([
β

ugbl

]
− µq(β,ugbl)

)([
uh

lin,ij

uh
grp,ij

]
− µq(uh

lin,ij ,uh
grp,ij)

)T
}]

+2 tr

[
(Cg

grp,ij)
T Ch

grp,ij Eq

{([
ug

lin,i

ug
grp,i

]
− µq(ug

lin,i,u
g
grp,i)

)([
uh

lin,ij

uh
grp,ij

]
− µq(uh

lin,ij ,uh
grp,ij)

)T
}]}

where Cgbl,ij ≡ [Xij Zgbl,ij], Cg
grp,ij ≡ [Xij Zg

grp,ij], Ch
grp,ij ≡ [Xij Zh

grp,ij] and with reciprocal mo-
ment µq(1/σ2

ε) = ξq(σ2
ε)/λq(σ2

ε),

q(σ2
gbl) is an Inverse-χ2

(
ξq(σ2

gbl)
, λq(σ2

gbl)

)
density function

where ξq(σ2
gbl)

= νgbl + Kgbl and

λq(σ2
gbl)

= µq(1/agbl) + ‖µq(ugbl)
‖2 + tr

(
Σq(ugbl)

)
,

with reciprocal moment µq(1/σ2
gbl)

= ξq(σ2
gbl)

/λq(σ2
gbl)

,

q(σ2
grp,g) is an Inverse-χ2

(
ξq(σ2

grp,g), λq(σ2
grp,g)

)
density function

where ξq(σ2
grp,g) = νgrp, g + mKg

grp and

λq(σ2
grp,g) = µq(1/agrp, g) +

m∑
i=1

{
‖µq(ug

grp,i)
‖2 + tr

(
Σq(ug

grp,i)

)}
,
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with reciprocal moment µq(1/σ2
grp,g) = ξq(σ2

grp,g)/λq(σ2
grp,g),

q(Σg) is an Inverse-G-Wishart
(
Gfull, ξq(Σg),Λq(Σg)

)
density function

where ξq(Σg) = νΣg + 2 + m and

Λq(Σg) = M q(A−1
Σg

) +
m∑

i=1

(
µq(ug

lin,i)
µT

q(ug
lin,i)

+ Σq(ug
lin,i)

)
,

with inverse moment M q(Σ−1
g ) = (ξq(Σg) − 1)Λ−1

q(Σg),

q(σ2
grp,h) is an Inverse-χ2

(
ξq(σ2

grp,h), λq(σ2
grp,h)

)
density function

where ξq(σ2
grp,h) = νgrp, h + Kh

grp

∑m
i=1 ni and

λq(σ2
grp,h) = µq(1/agrp, h) +

m∑
i=1

ni∑
j=1

{
‖µq(uh

grp,ij)
‖2 + tr

(
Σq(uh

grp,ij)

)}
,

with reciprocal moment µq(1/σ2
grp,h) = ξq(σ2

grp,h)/λq(σ2
grp,h),

q(Σh) is an Inverse-G-Wishart
(
Gfull, ξq(Σh),Λq(Σh)

)
density function

where ξq(Σh) = νΣh
+ 2 +

∑m
i=1 ni and

Λq(Σh) = M q(A−1
Σh

) +
m∑

i=1

ni∑
j=1

(
µq(uh

lin,ij)
µT

q(uh
lin,ij)

+ Σq(uh
lin,ij)

)
,

with inverse moment M q(Σ−1
h ) = (ξq(Σh) − 1)Λ−1

q(Σh),

q(aε) is an Inverse-χ2(ξq(aε), λq(aε)) density function

where ξq(aε) = νε + 1,
λq(aε) = µq(1/σ2

ε) + 1/(νεs
2
ε)

with reciprocal moment µq(1/aε) = ξq(aε)/λq(aε),

q(agbl) is an Inverse-χ2(ξq(agbl), λq(agbl)) density function

where ξq(agbl) = νgbl + 1,
λq(agbl) = µq(1/σ2

gbl)
+ 1/(νgbls

2
gbl)

with reciprocal moment µq(1/agbl) = ξq(agbl)/λq(agbl),

q(agrp, g) is an Inverse-χ2(ξq(agrp, g), λq(agrp, g)) density function

where ξq(agrp, g) = νgrp, g + 1,

λq(agrp, g) = µq(1/σ2
grp,g) + 1/(νgrp, gs

2
grp, g)

with reciprocal moment µq(1/agrp, g) = ξq(agrp, g)/λq(agrp, g) and

q(AΣg) is an Inverse-G-Wishart
(
Gdiag, ξq(AΣg ),Λq(AΣg )

)
density function

where ξq(AΣg ) = νΣg + 2,

Λq(AΣg ) = diag
{

diagonal
(
M q(Σ−1

g )

)}
+ ΛAΣg

11



with inverse moment M q(A−1
Σg

) = ξq(AΣg )Λ
−1
q(AΣg ),

q(agrp, h) is an Inverse-χ2(ξq(agrp, h), λq(agrp, h)) density function

where ξq(agrp, h) = νgrp, h + 1,

λq(agrp, h) = µq(1/σ2
grp,h) + 1/(νgrp, hs

2
grp, h)

with reciprocal moment µq(1/agrp, h) = ξq(agrp, h)/λq(agrp, h) and

q(AΣh
) is an Inverse-G-Wishart

(
Gdiag, ξq(AΣh

),Λq(AΣh
)

)
density function

where ξq(AΣh
) = νΣh

+ 2

Λq(AΣh
) = diag

{
diagonal

(
M q(Σ−1

h )

)}
+ ΛAΣh

with inverse moment M q(A−1
Σh

) = ξq(AΣh
)Λ

−1
q(AΣh

).
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S.11 Approximate Marginal Log-Likelihood for Three-Level Models

log p(y; q) =

−1
2


m∑

i=1

ni∑
j=1

oij + 4

 log(π) + 1
2

{
2 + Kgbl + m(2 + Kg

grp) +
m∑

i=1

ni(2 + Kh
grp)

}

−1
2

 m∑
i=1

ni∑
j=1

oij + νε + νgbl + νgrp, g + νgrp, h

 log(2) +

(
2 + m +

m∑
i=1

ni + νΣg + νΣh

)
log(2)

−1
2 tr
(
Σ−1

β

{(
µq(β) − µβ

)(
µq(β) − µβ

)T
+ Σq(β)

})
− 1

2 log |Σβ|+ 1
2 log |Σq(β,u)|

−1
2 tr

(
M q(Σ−1

g )

m∑
i=1

(
µq(ug

lin,i
µT

q(ug
lin,i)

+ Σq(ug
lin,i)

))
− 1

2µq(1/σ2
grp,h)

m∑
i=1

ni∑
j=1

{
‖µq(uh

grp,ij))
‖2 + tr(Σq(uh

grp,ij)
)
}

−1
2 tr

M q(Σ−1
h )

m∑
i=1

ni∑
j=1

(
µq(uh

lin,ij
µT

q(uh
lin,ij)

+ Σq(uh
lin,ij)

)− 1
2µq(1/σ2

gbl)

{
‖µq(ugbl)

‖2 + tr(Σq(ugbl))
}

−1
2µq(1/σ2

grp,g)

m∑
i=1

{
‖µq(ug

grp,i))
‖2 + tr(Σq(ug

grp,i)
)
}
− log Γ(

νε

2
)− 1

2µq(1/aε)µq(1/σ2
ε)

−1
2ξq(σ2

ε) log(λq(σ2
ε)) + log{Γ(1

2ξq(σ2
ε))}+ 1

2λq(σ2
ε)µq(1/σ2

ε) − 1
2 log(νεs

2
ε)− 1

2νεs2
ε
µq(1/aε) −

1
2ξq(aε) log(λq(aε))

+ log{Γ(1
2ξq(aε))}+ 1

2λq(aε)µq(1/aε) − log Γ(
νgbl
2 )− 1

2µq(1/agbl)µq(1/σ2
gbl)
− 1

2ξq(σ2
gbl)

log(λq(σ2
gbl)

)

+ log{Γ(1
2ξq(σ2

gbl)
)} − 1

2 log(νgbls
2
gbl) + 1

2λq(σ2
gbl)

µq(1/σ2
gbl)
− {1/(2νgbls

2
gbl)}µq(1/agbl) −

1
2ξq(agbl) log(λq(agbl))

+ log{Γ(1
2ξq(agbl))}+ 1

2λq(agbl)µq(1/agbl) −
1
2µq(1/agrp, g)µq(1/σ2

grp,g) − log Γ(νgrp, g

2 ) + log{Γ(1
2ξq(σ2

grp,g))}

−1
2 log(νgrp, gs

2
grp, g)− 1

2ξq(σ2
grp,g) log(λq(σ2

grp,g)) + 1
2λq(σ2

grp,g)µq(1/σ2
grp,g) − {1/(2νgrp, gs

2
grp, g)}µq(1/agrp, g)

−1
2ξq(agrp, g) log(λq(agrp, g)) + log{Γ(1

2ξq(agrp, g))}+ 1
2λq(agrp, g)µq(1/agrp, g) − 1

2µq(1/agrp, h)µq(1/σ2
grp,h)

− log Γ(νgrp, h

2 ) + log{Γ(1
2ξq(σ2

grp,h))} − 1
2 log(νgrp, hs

2
grp, h)− 1

2ξq(σ2
grp,h) log(λq(σ2

grp,h)) + 1
2λq(σ2

grp,h)µq(1/σ2
grp,h)

−{1/(2νgrp, hs
2
grp, h)}µq(1/agrp, h) − 1

2ξq(agrp, h) log(λq(agrp, h)) + log{Γ(1
2ξq(agrp, h))}+ 1

2λq(agrp, h)µq(1/agrp, h)

−1
2 tr(M q(A−1

Σg
)M q(Σ−1

g )) + 1
2 tr(Λq(Σg)M q(Σ−1

g ))− 1
2 tr(M q(A−1

Σh
)M q(Σ−1

h )) + 1
2 tr(Λq(Σh)M q(Σ−1

h ))

+
2∑

j=1

log Γ(1
2(ξq(AΣg ) + 2− j))−

2∑
j=1

log Γ(1
2(νΣg + 4− j))− 1

2(ξq(Σg) − 1) log |Λq(Σg)|

+
2∑

j=1

log Γ(1
2(ξq(Σg) + 2− j))− 1

2

2∑
j=1

1/(νΣgs
2
Σg, j)

(
M q(A−1

Σg
)

)
jj

−
2∑

j=1

log Γ(1
2(3− j))

−1
2(ξq(AΣg ) − 1) log |Λq(AΣg )|+ 1

2 tr(Λq(AΣg )M q(A−1
Σg

))

+
2∑

j=1

log Γ(1
2(ξq(AΣh

) + 2− j))−
2∑

j=1

log Γ(1
2(νΣh

+ 4− j))− 1
2(ξq(Σh) − 1) log |Λq(Σh)|

+
2∑

j=1

log Γ(1
2(ξq(Σh) + 2− j))− 1

2

2∑
j=1

1/(νΣh
s2
Σh, j)

(
M q(A−1

Σh
)

)
jj

−
2∑

j=1

log Γ(1
2(3− j)

(S.3)
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−1
2(ξq(AΣh

) − 1) log |Λq(AΣh
)|+ 1

2 tr(Λq(AΣh
)M q(A−1

Σh
))

−1
2µq(1/σ2

ε)

m∑
i=1

ni∑
j=1


∥∥∥∥∥Eq

(
yij −Cgbl,ij

[
β

ugbl,i

]
−Cg

grp,ij

[
ug

lin,i

ug
grp,i

]
−Ch

grp,ij

[
uh

lin,ij

uh
grp,ij

])∥∥∥∥∥
2

+tr
(
CT

gbl,ijCgbl,ijΣq(β,ugbl)

)
+ tr

(
Cg

grp,ij
T Cg

grp,ijΣq(ug
lin,i,u

g
grp,i)

)
+tr

(
Ch

grp,ij
T Ch

grp,ijΣq(uh
lin,ij ,uh

grp,ij)

)
+2 tr

[
Cg

grp,ij
T Cgbl,ij Eq

{([
β

ugbl

]
− µq(β,ugbl)

)([
ug

lin,i

ug
grp

]
− µq(ug

lin,i,u
g
grp,i))

)T
}]

+2 tr

[
Ch

grp,ij
T Cgbl,ij Eq

{([
β

ugbl

]
− µq(β,ugbl)

)([
uh

lin,ij

uh
grp

]
− µq(uh

lin,ij ,uh
grp,ij))

)T
}]

+2 tr

[
Cg

grp,ij
T Ch

grp,ij Eq

{([
ug

lin,i

ug
grp

]
− µq(ug

lin,i,u
g
grp,i)

)([
uh

lin,ij

uh
grp

]
− µq(uh

lin,ij ,uh
grp,ij))

)T
}]}

.

Derivation: The lower bound on the marginal log-likelihood is achieved through the following
expression:

log p(y; q) = Eq{log p(y,β,u, σ2
ε , aε, σ

2
gbl, agbl, σ

2
grp,g,Σg, agrp, g,AΣg , σ

2
grp,h,Σh, agrp, h,AΣh

)

− log q∗(β,u, σ2
ε , aε, σ

2
gbl, agbl, σ

2
grp,g,Σg, agrp, g,AΣg , σ

2
grp,h,Σh, agrp, h,AΣh

)}

= Eq{log p(y |β,u, σ2
ε)}

+Eq{log p(β,u |σ2
gbl, σ

2
grp,g,Σg, σ

2
grp,h,Σh)} − Eq{log q∗(β,u)}

+Eq{log p(σ2
ε | aε)} − Eq{log q∗(σ2

ε)}+ Eq{log p(aε)} − Eq{log q∗(aε)}

+Eq{log p(σ2
gbl | agbl)} − Eq{log q∗(σ2

gbl)}+ Eq{log p(agbl)} − Eq{log q∗(agbl)}

+Eq{log p(σ2
grp,g | agrp, g)} − Eq{log q∗(σ2

grp,g)}+ Eq{log p(agrp, g)} − Eq{log q∗(agrp, g)}

+Eq{log p(Σg |AΣg)} − Eq{log q∗(Σg)}+ Eq{log p(AΣg)} − Eq{log q∗(AΣg)}

+Eq{log p(σ2
grp,h | agrp, g)} − Eq{log q∗(σ2

grp,h)}+ Eq{log p(agrp, h)} − Eq{log q∗(agrp, h)}

+Eq{log p(Σh |AΣh
)} − Eq{log q∗(Σh)}+ Eq{log p(AΣh

)} − Eq{log q∗(AΣh
)}.

(S.4)
First we note that

log p(y |β,u, σ2
ε) = −1

2
log(2π)

m∑
i=1

ni∑
j=1

oij −
1
2

log(σ2
ε)

m∑
i=1

ni∑
j=1

oij −
1

2σ2
ε

‖y −Xβ −Zu‖2

where

‖y −Xβ −Zu‖2

=
m∑

i=1

ni∑
j=1

‖yij −Xijβ −Zgbl,ijugbl,i −Xiju
g
lin,i −Zg

grp,iju
g
grp −Xiju

h
lin,ij −Zh

grp,iju
h
grp,ij‖2

=
m∑

i=1

ni∑
j=1

∥∥∥∥∥yij −Cgbl,ij

[
β

ugbl,i

]
−Cg

grp,ij

[
ug

lin,i

ug
grp,i

]
−Ch

grp,ij

[
uh

lin,ij

uh
grp,ij

]∥∥∥∥∥
2

and
Cgbl,ij ≡ [Xij Zgbl,ij], Cg

grp,ij ≡ [Xij Zg
grp,ij], Ch

grp,ij ≡ [Xij Zh
grp,ij].
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Therefore,

Eq{log p(y |β,u, σ2
ε)}

= −1
2 log(2π)

m∑
i=1

ni∑
j=1

oij −
1
2
Eq{log(σ2

ε)}
m∑

i=1

ni∑
j=1

oij

−1
2µq(1/σ2

ε)

m∑
i=1

ni∑
j=1


∥∥∥∥∥Eq

(
yij −Cgbl,ij

[
β

ugbl,i

]
−Cg

grp,ij

[
ug

lin,i

ug
grp,i

]
−Ch

grp,ij

[
uh

lin,ij

uh
grp,ij

])∥∥∥∥∥
2

+tr
(
CT

gbl,ijCgbl,ijΣq(β,ugbl)

)
+ tr

(
Cg

grp,ij
T Cg

grp,ijΣq(ug
lin,i,u

g
grp,i)

)
+tr

(
Ch

grp,ij
T Ch

grp,ijΣq(uh
lin,ij ,uh

grp,ij)

)
+2 tr

[
Cg

grp,ij
T Cgbl,ij Eq

{([
β

ugbl

]
− µq(β,ugbl)

)([
ug

lin,i

ug
grp

]
− µq(ug

lin,i,u
g
grp,i))

)T
}]

+2 tr

[
Ch

grp,ij
T Cgbl,ij Eq

{([
β

ugbl

]
− µq(β,ugbl)

)([
uh

lin,ij

uh
grp

]
− µq(uh

lin,ij ,uh
grp,ij))

)T
}]

+2 tr

[
Cg

grp,ij
T Ch

grp,ij Eq

{([
ug

lin,i

ug
grp

]
− µq(ug

lin,i,u
g
grp,i)

)([
uh

lin,ij

uh
grp

]
− µq(uh

lin,ij ,uh
grp,ij))

)T
}]}

The remainder of the expectations in (S.4) are expressed as:

Eq{log p(β,u |σ2
gbl, σ

2
grp,g,Σg, σ

2
grp,h,Σh)}

= −1
2{2 + Kgbl + m(2 + Kg

grp) + (2 + Kh
grp)

m∑
i=1

ni} log(2π)− 1
2 log |Σβ| − 1

2KgblEq{log(σ2
gbl)}

−1
2m
(
Eq{log |Σg|} −Kg

grpEq{log(σ2
grp,g)}

)
− 1

2

(
Eq{log |Σh|} −Kh

grpEq{log(σ2
grp,h)}

) m∑
i=1

ni

−1
2µq(1/σ2

gbl)

{
‖µq(ugbl)

‖2 + tr(Σq(ugbl))
}
− 1

2µq(1/σ2
grp,g)

m∑
i=1

{
‖µq(ug

grp,i))
‖2 + tr(Σq(ug

grp,i)
)
}

−1
2µq(1/σ2

grp,h)

m∑
i=1

ni∑
j=1

{
‖µq(uh

grp,ij))
‖2 + tr(Σq(uh

grp,ij)
)
}

−1
2 tr
(
Σ−1

β

{(
µq(β) − µβ

)(
µq(β) − µβ

)T
+ Σq(β)

})

−1
2 tr

(
M q(Σ−1

g )

{
m∑

i=1

(
µq(ug

lin,i)
µT

q(ug
lin,i)

+ Σq(ug
lin,i)

)})

−1
2 tr

M q(Σ−1
h )


m∑

i=1

ni∑
j=1

(
µq(uh

lin,ij)
µT

q(uh
lin,ij)

+ Σq(uh
lin,ij)

)
 ,

Eq{log q∗(β,u)} = −1
2

{
2 + Kgbl + m(2 + Kg

grp) + (2 + Kh
grp)

m∑
i=1

ni

}
{1 + log(2π)}

−1
2 log |Σq(β,u)|,

Expressions for Eq{log p(σ2
ε | aε)}, Eq{log q∗(σ2

ε)}, Eq{log p(aε)}, Eq{log q∗(aε)}, Eq{log p(σ2
gbl | agbl)},

Eq{log q∗(σ2
gbl)}, Eq{log p(agbl)} and Eq{log q∗(agbl)} follow the same form as shown from the

derivations in the two-level case.
Following on, we have

Eq{log p(σ2
grp,g | agrp, g)} = −1

2νgrp, gEq{log(2agrp, g)} − log Γ(νgrp, g/2)− (1
2νgrp, g + 1)Eq{log(σ2

grp,g)}

−1
2µq(1/agrp, g)µq(1/σ2

grp,g),
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Eq{log q∗(σ2
grp,g)} = 1

2ξq(σ2
grp,g) log(λq(σ2

grp,g)/2)− log{Γ(1
2ξq(σ2

grp,g))} − (1
2ξq(σ2

grp,g) + 1)Eq{log(σ2
grp,g)}

−1
2λq(σ2

grp,g)µq(1/σ2
grp,g),

Eq{log p(agrp, g)} = −1
2 log(2νgrp, gs

2
grp, g)− log{Γ(1

2)} − (1
2 + 1)Eq{log(agrp, g)}

−{1/(2νgrp, gs
2
grp, g)}µq(1/agrp, g),

Eq{log q∗(agrp, g)} = 1
2ξq(agrp, g) log(λq(agrp, g)/2)− log{Γ(1

2ξq(agrp, g))} − (1
2ξq(agrp, g) + 1)Eq{log(agrp, g)}

−1
2λq(agrp, g)µq(1/agrp, g),

Eq[log{p(Σg|AΣg)}] = −1
2(νΣg + 1)Eq{log |AΣg |} − 1

2(νΣg + 4)Eq{log |Σg|} − 1
2 log(π)

−1
2 tr(M q(A−1

Σg
)M q(Σ−1

g ))− (νΣg + 3) log(2)−
∑2

j=1 log Γ(1
2(νΣg + 4− j)),

Eq[log{q∗(Σg)}] = 1
2(ξq(Σg) − 1) log |Λq(Σg)| − 1

2(ξq(Σg) + 2)Eq{log |Σg|} − 1
2 tr(Λq(Σg)M q(Σ−1

g ))
−(ξq(Σg) + 1) log(2)− 1

2 log(π)−
∑2

j=1 log Γ(1
2(ξq(Σg) + 2− j)),

Eq[log{p(AΣg)}] = −3
2Eq{log |AΣg |} − 1

2

∑2
j=1 1/(νΣgs

2
Σg, j)

(
M q(A−1

Σg
)

)
jj

− 2 log(2)

−1
2 log(π)−

∑2
j=1 log Γ(1

2(3− j)),

and

Eq[log{q∗(AΣg)}] = 1
2(ξq(AΣg ) − 1) log |Λq(AΣg )| − 1

2(ξq(AΣg ) + 2)Eq{log |AΣg |}
−1

2 tr(Λq(AΣg )M q(A−1
Σg

))− (ξq(AΣg ) + 1) log(2)− 1
2 log(π)

−
∑2

j=1 log Γ(1
2(ξq(AΣg ) + 2− j)).

In addition, the expressions for Eq{log p(σ2
grp,h | agrp, h)}, Eq{log q∗(σ2

grp,h)}, Eq{log p(agrp, h)}, Eq{log q∗(agrp, h)},
Eq[log{p(Σ|AΣh

)}], Eq[log{q(Σh)}], Eq[log{p(AΣh
)}], Eq[log{q(AΣh

)}], are similar to the ones
shown above.

In the summation of each of these log p(y; q) terms, note that the coefficient of Eq{log(σ2
ε)}

is

−1
2

m∑
i=1

ni∑
j=1

oij − 1
2νε − 1 + 1

2ξq(σ2
ε) + 1 = −1

2

m∑
i=1

ni∑
j=1

oij − 1
2νε − 1 + 1

2(νε +
m∑

i=1

ni∑
j=1

oij) + 1 = 0.

The coefficient of Eq{log(σ2
gbl)} is

−1
2Kgbl − 1

2νgbl − 1 + 1
2ξq(σ2

gbl)
+ 1 = −1

2Kgbl − 1
2νgbl − 1 + 1

2(νgbl + Kgbl) + 1 = 0.

The coefficient of Eq{log(σ2
grp,g)} is

−1
2mKg

grp − 1
2νgrp, g − 1 + 1

2ξq(σ2
grp,g) + 1 = −1

2mKg
grp − 1

2νgrp, g − 1 + 1
2(νgrp, g + mKg

grp) + 1 = 0.

The coefficient of Eq{log(σ2
grp,h)} is

−1
2Kh

grp

m∑
i=1

ni−1
2νgrp, h−1+1

2ξq(σ2
grp,h)+1 = −1

2Kh
grp

m∑
i=1

ni−1
2νgrp, h−1+1

2

(
νgrp, h + Kh

grp

m∑
i=1

ni

)
+1 = 0.

The coefficient of Eq{log |Σg|} is

−m

2
− 1

2(νΣg + 4) + 1
2(ξq(Σg) + 2) = −1

2(m + νΣg + 4) + 1
2(m + νΣg + 4) = 0.

The coefficient of Eq{log |Σh|} is

−1
2

m∑
i=1

ni − 1
2(νΣh

+ 4) + 1
2(ξq(Σh) + 2) = −1

2

(
m∑

i=1

ni + νΣh
+ 4

)
+ 1

2

(
m∑

i=1

ni + νΣh
+ 4

)
= 0.
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The coefficient of Eq{log(aε)} is

−1
2νε − 1

2 − 1 + 1
2ξq(aε) + 1 = −1

2νε − 1
2 − 1 + 1

2(νε + 1) + 1 = 0.

The coefficient of Eq{log(agbl)} is

−1
2νgbl − 1

2 − 1 + 1
2ξq(agbl) + 1 = −1

2νgbl − 1
2 − 1 + 1

2(νgbl + 1) + 1 = 0.

The coefficient of Eq{log(agrp, g)} is

−1
2νgrp, g − 1

2 − 1 + 1
2ξq(agrp, g) + 1 = −1

2νgrp, g − 1
2 − 1 + 1

2(νgrp, g + 1) + 1 = 0.

The coefficient of Eq{log(agrp, h)} is

−1
2νgrp, h − 1

2 − 1 + 1
2ξq(agrp, h) + 1 = −1

2νgrp, h − 1
2 − 1 + 1

2(νgrp, h + 1) + 1 = 0.

The coefficient of Eq{log |AΣg |} is

−1
2(νΣg + 1)− 3

2
+ 1

2(ξq(AΣg ) + 2) = −1
2(νΣg + 2) + 1

2(νΣg + 2) = 0.

The coefficient of Eq{log |AΣh
|} is

−1
2(νΣh

+ 1)− 3
2

+ 1
2(ξq(AΣh

) + 2) = −1
2(νΣh

+ 2) + 1
2(νΣh

+ 2) = 0.

Therefore these terms can be dropped and the cancellations led by the above expectations lead
to the lower bound expression in (S.3).

S.12 The SOLVETWOLEVELSPARSELEASTSQUARES Algorithm

The SOLVETWOLEVELSPARSELEASTSQUARES is listed in Nolan et al. (2018) and based on Theorem 2
of Nolan & Wand (2018). Given its centrality to Algorithms 1 and 2 we list it again here. The
algorithm solves a sparse version of the the least squares problem:

min
x
‖b−Bx‖2

which has solution x = A−1BT b where A = BT B where B and b have the following structure:

B ≡



B1

•

B1 O · · · O

B2 O
•

B2 · · · O

...
...

...
. . .

...

Bm O O · · ·
•

Bm


and b =



b1

b2

...

bm


. (S.5)

The sub-matrices corresponding to the non-zero blocks of x and A are labelled according to:

x ≡



x1

x2,1

x2,2

...

x2,m


and A−1 =



A11 A12,1 A12,2 · · · A12,m

A12,1 T A22,1 × · · · ×
A12,2 T × A22,2 · · · ×

...
...

...
. . .

...

A12,m T × × · · · A22,m


(S.6)

with× denoting sub-blocks that are not of interest. The SOLVETWOLEVELSPARSELEASTSQUARES

algorithm is given in Algorithm S.1.
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Algorithm S.1 SOLVETWOLEVELSPARSELEASTSQUARES for solving the two-level sparse matrix least
squares problem: minimise ‖b − B x‖2 in x and sub-blocks of A−1 corresponding to the non-zero
sub-blocks of A = BT B. The sub-block notation is given by (S.5) and (S.6).

Inputs:
{(

bi(ñi × 1), Bi(ñi × p),
•

Bi(ñi × q)
)

: 1 ≤ i ≤ m
}

ω3 ←− NULL ; Ω4 ←− NULL

For i = 1, . . . ,m:

Decompose
•

Bi = Qi

[
Ri

0

]
such that Q−1

i = QT
i and Ri is upper-triangular.

c0i ←− QT
i bi ; C0i ←− QT

i Bi

c1i ←− first q rows of c0i ; c2i ←− remaining rows of c0i ; ω3 ←−
[

ω3

c2i

]
C1i ←− first q rows of C0i ; C2i ←− remaining rows of C0i ; Ω4 ←−

[
Ω4

C2i

]
Decompose Ω4 = Q

[
R
0

]
such that Q−1 = QT and R is upper-triangular.

c←− first p rows of QT ω3 ; x1 ←− R−1c ; A11 ←− R−1R−T

For i = 1, . . . ,m:

x2,i ←− R−1
i (c1i −C1ix1) ; A12,i ←− −A11(R−1

i C1i)T

A22,i ←− R−1
i (R−T

i −C1iA
12,i)

Output:
(
x1,A

11,
{(

x2,i,A
22,i,A12,i) : 1 ≤ i ≤ m

})
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S.13 The SOLVETHREELEVELSPARSELEASTSQUARES Algorithm

The SOLVETHREELEVELSPARSELEASTSQUARES, listed in Nolan et al. (2018) is a proceduralization of
Theorem 4 of Nolan & Wand (2018). Since it is central to Algorithms 3 and 4 we list it here. The
SOLVETHREELEVELSPARSELEASTSQUARES algorithm is concerned with solving the sparse three-level
version of

min
x
‖b−Bx‖2

with the solution x = A−1BT b where A = BT B where B and b have the following structure:

B ≡
[

stack
1≤i≤m

{
stack
1≤j≤ni

(Bij)
} ∣∣∣ blockdiag

1≤i≤m

{[
stack
1≤j≤ni

(
•

Bij)
∣∣ blockdiag

1≤j≤ni

(
••

Bij)
]}]

(S.7)

and
b ≡ stack

1≤i≤m

{
stack
1≤j≤ni

(bij)
}

. (S.8)

The three-level sparse matrix inverse problem involves determination of all sub-blocks of x
and the sub-blocks of A−1 corresponding to the non-zero sub-blocks of A. Our notation for
these sub-blocks is illustrated by

x =



x1

x2,1

x2,11

x2,12

x2,2

x2,21

x2,22

x2,23



and A−1 =



A11 A12,1 A12,11 A12,12 A12,2 A12,21 A12,22 A12,23

A12,1 T A22,1 A12,1,1 A12,1,2 × × × ×
A12,11 T A12,1,1 T A22,11 × × × × ×
A12,12 T A12,1,2 T × A22,12 × × × ×
A12,2 T × × × A22,2 A12,2,1 A12,2,2 A12,2,3

A12,21 T × × × A12,2,1 T A22,21 × ×
A12,22 T × × × A12,2,2 T × A22,22 ×
A12,23 T × × × A12,2,3 T × × A22,23



(S.9)

for the m = 2, n1 = 2 and n2 = 3 case. The× symbol denotes sub-blocks that are not of
interest. The SOLVETHREELEVELSPARSELEASTSQUARES algorithm is given in Algorithm S.2.
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Algorithm S.2 SOLVETHREELEVELSPARSELEASTSQUARES for solving the three-level sparse matrix least
squares problem: minimise ‖b − B x‖2 in x and sub-blocks of A−1 corresponding to the non-zero
sub-blocks of A = BT B. The sub-block notation is given by (S.7), (S.8) and (S.9).

Inputs:
{(

bij(õij × 1), Bij(õij × p),
•

Bij(õij × q1),
••

Bij(õij × q2)
)

: 1 ≤ i ≤ m, 1 ≤ j ≤ ni

}
ω7 ←− NULL ; Ω8 ←− NULL

For i = 1, . . . ,m:

ω9 ←− NULL ; Ω10 ←− NULL ; Ω11 ←− NULL

For j = 1, . . . , ni:

Decompose
••

Bij = Qij

[
Rij

0

]
such that Q−1

ij = QT
ij and Rij is upper-triangular.

d0ij ←− QT
ijbij ; D0ij ←− QT

ijBij ;
•

D0ij ←− QT
ij

•

Bij

d1ij ←− 1st q2 rows of d0ij ; d2ij ←− remaining rows of d0ij ; ω9 ←−
[

ω9

d2ij

]
D1ij ←− 1st q2 rows of D0ij ; D2ij ←− remaining rows of D0ij ; Ω10 ←−

[
Ω10

D2ij

]
•

D1ij ←− 1st q2 rows of
•

D0ij ;
•

D2ij ←− remaining rows of
•

D0ij ; Ω11 ←−

[
Ω11
•

D2ij

]

Decompose Ω11 = Qi

[
Ri

0

]
such that Q−1

i = QT
i and Ri is upper-triangular.

c0i ←− QT
i ω9 ; C0i ←− QT

i Ω10

c1i ←− 1st q1 rows of c0i ; c2i ←− remaining rows of c0i ; ω7 ←−
[

ω7

c2i

]
C1i ←− 1st q1 rows of C0i ; C2i ←− remaining rows of C0i ; Ω8 ←−

[
Ω8

C2i

]
Decompose Ω8 = Q

[
R
0

]
so that Q−1 = QT and R is upper-triangular.

c←− first p rows of QT ω7 ; x1 ←− R−1c ; A11 ←− R−1R−T

For i = 1, . . . ,m:

x2,i ←− R−1
i (c1i −C1ix1) ; A12,i ←− −A11(R−1

i C1i)T

A22,i ←− R−1
i (R−T

i −C1iA
12,i)

For j = 1, . . . , ni:

x2,ij ← R−1
ij (d1ij −D1ijx1 −

•

D1ijx2,i)

A12,ij ← −
{

R−1
ij (D1ijA

11 +
•

D1ijA
12,i T )

}T

A12, i, j ← −
{

R−1
ij (D1ijA

12,i +
•

D1ijA
22,i)

}T

A22,ij ← R−1
ij

(
R−T

ij −D1ijA
12,ij −

•

D1ijA
12, i, j

)
Output:

(
x1,A

11,
{(

x2,i,A
22,i,A12,i) : 1 ≤ i ≤ m

})
{(

x2,ij ,A
22,ij ,A12,ij ,A12, i, j

)
: 1 ≤ i ≤ m, 1 ≤ j ≤ ni

})
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