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Abstract— We report parallel solutions of inverse multiple scattering problems with the Born
iterative method (BIM) and the distorted Born iterative method (DBIM). The large computational costs of the Born solvers are reduced using the multilevel fast multipole algorithm (MLFMA).
Furthermore, the solutions are obtained on supercomputing environments via parallelization of
the Born solvers. This is achieved by two ways; the ﬁrst way is to distribute independent scattering solutions within the Born iterations among parallel processes, and the latter is to parallelize
MLFMA solver itself. We propose following both of the ways for eﬃcient utilization of large
computational resources. Parallelization of several scenarios are considered, including the cases
where we have full-angle reconstruction at a single frequency and limited-angle reconstruction
at multiple frequencies. These cases appear in typical applications of inverse scattering methods
and results show that the parallelization scheme can obtain solutions with more than a thousand
time speedup. This paper reports solutions involving medium-size scatterers on 128 computing
nodes which are the largest-scale inversions so far according to our knowledge. Additional to the
synthetic solutions, reconstruction of a real object with ultrasonic waves is demonstrated, along
with pre-processing and calibration procedures of the measurement data.
1. INTRODUCTION

BIM and DBIM, as well as their variants, are designed deliberately for solving inverse multiple
scattering problems [1, 2]. These methods include all of the physical eﬀects of which traditional
tomographic reconstructions are devoid, i.e., traditional methods include only the ﬁrst-order scattering eﬀects [3]. Extensive research has been done in the past 25 years on the iterative Born
methods [4, 5]; however, reported results so far are limited to objects with sizes of only tens of
wavelengths. The main reason is that the Born solvers are computationally intensive. This burden
comes from the large and dense matrices that appear as a result of the method of moments discretization [6]. As a remedy, we employ MLFMA which solves Helmholtz-type problems of interest,
involving inhomogeneous volumes, in almost linear time [7]. This provides algorithmic speedup and
removes the dense matrices in the formulation of Born methods. When solving inverse multiple
scattering problems, the unknown object is illuminated with diﬀerent source conﬁgurations at diﬀerent frequencies in order to ﬁll out more area in the object Fourier space. This multiplies the
solution cost and makes the inverse problems challenging even with fast methods. Fortunately, the
iterative Born methods have a common inherent parallelism which can distribute the huge amount
of data processing for inverse solutions [8]. We exploit this parallelism in order to partition the
independent (forward) solutions among parallel processes in the numerical environment. Each of
the independent solutions employs multiple processing cores (when available) via shared-memory
threads. We propose this parallelization scheme in order to utilize supercomputer resources eﬃciently for solving large-scale inverse multiple scattering problems.
2. OVERVIEW OF BIM AND DBIM

A scattering equation can be written with Hilbert space operators as G = G0 + G0 OG, where G0
is the freespace Green’s function, O is the object function, and G is the Green’s function of the
system involving the unknown scatterer O. Under a perturbation O = Ob + δO, where Ob is the
background object and is known, the scattering equation becomes
G = Gb + Gb δOG.

(1)

Here G = Gb + δG, and Gb = G0 + G0 Ob Gb solves the scattering problem involving Ob . DBIM
approximates G ≈ Gb on the right-hand side of (1) by considering only the ﬁrst order variations. This
yields G ≈ Gb + Gb δOGb , and consequently δG ≈ Gb δOGb . When operating on a source distribution
s at the transmitter(s), ϕ = Gs is the total ﬁeld, and its variation under the perturbation is
δϕ ≈ Gb δOϕb ,
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where ϕb = Gb s is the ﬁeld in the presence of Ob and δϕ = δGs. BIM, however, approximates
G ≈ Gb in the original scattering equation and rewrites G ≈ G0 + G0 OGb , yielding
∆ϕ ≈ G0 Oϕb ,

(3)

where ∆ϕ = Gs − G0 s. One can measure the ﬁelds on the left-hand sides of the Equations (2)
and (3) only at the receiver locations. The Born solvers initiates Ob with traditional diﬀraction
tomography methods and then iteratively updates the background object according to (2) or (3),
respectively. Realizations of (2) and (3) with matrix operators can be written as

and

δϕ = ḠR · [Ī − Ḡ0 · Ōb ]−1 · δ Ō · [Ī − Ḡ0 · Ōb ]−1 · ḠT · s

(4)

∆ϕ = ḠR · Ō · [Ī − Ḡ0 · Ōb ]−1 · ḠT · s

(5)

via discretization with the method of moments. The operators ḠR , ḠT , and Ḡ0 are R × N , N × T ,
and N × N dense interaction matrices via free space Green’s function, respectively, whereas Ī, Ō,
Ōb , and δ Ō are diagonal matrices, where N is the number of basis (and testing) functions in the
imaging domain, R is the number of receivers and T is the number of transmitters.
3. FAST IMPLEMENTATION

In DBIM, the linear system in (4) can be reorganized into a general form as δϕ = F̄ · δO, where F̄ is
a mapping (referred as Fréchet derivative) from the object space to the measurement space [9]. In
most of the typical inverse problem conﬁgurations, F̄ is ill-conditioned. Therefore we solve normal
equations, i.e.,
[µĪ + F̄† · F̄] · δO = F̄† · δϕ.
(6)
Here, µ is a Tikhonov regularization parameter and F̄† is the Hermitian transpose of F̄. A similar
formulation can be obtained for BIM by reorganizing (5) as ∆ϕ = F̄ · O with a diﬀerent version
of F̄. The multiplication b = F̄† · F̄ · δO in (6) is performed in two steps in order to avoid high
complexity of the matrix-matrix multiplications, i.e., O(RN 2 ). First, y = F̄ · δO is found, and then
it is used for ﬁnding b = F̄† · y with some manipulations. These multiplications can be explicitly
written as
y = F̄ · δO = ḠR · [Ī − Ḡ0 · Ō]−1 · ϕ̄b · δO
(7)
and

∗ ∗
b = F̄† · y = [F̄T · y∗ ]∗ = [ϕ̄b · [Ī − Ōb · Ḡ0 ]−1 · ḠT
R·y ]

(8)

for DBIM, where superscripts T and ∗ stands for matrix transpose and complex conjugation, respectively. Here ϕb = [Ī − Ḡ0 · Ōb ]−1 · ḠT · s is the total ﬁeld in the presence of Ōb . With the BIM
version of F̄, (7) and (8) are collectively simpliﬁed to
∗ ∗
b = [ϕ̄b · ḠT
R · [ḠR · ϕ̄b · O] ] .

(9)

Note that each of the matrix inversions implies a (forward) scattering solution and therefore
evaluation of b is costly. When the dense interaction matrices are multiplied directly, each scattering
solution has O(N 2 ) and evaluations of the incident and scattered ﬁelds have O(N T ) and O(N R)
costs, respectively. This yields O(N 2 + N R + N T ) cost in total. We use MLFMA for reducing this
cost down to O(N + R + T ), without storing any dense matrix.
4. PARALLELIZATION OF BORN SOLVERS

When the unknown object is illuminated with I diﬀerent source conﬁgurations, a common object
satisfying (4) can be found by solving






F̄1
δϕ1
F̄2 
δϕ2 



δϕ = F̄ · δO = 
 ...  · δO =  ...  ,
δϕI
F̄I
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where and δϕi is the ﬁeld measured by the receivers under the ith illumination. Substituting the
stacked equations in (10) into (6), we get
µδO + F̄†1 · F̄1 · δO + F̄†2 · F̄2 · δO + . . . + F̄†I · F̄I · δO = F̄†1 · δϕ1 + F̄†2 · δϕ2 + . . . + F̄†I · δϕI , (11)
where the multiplications F̄†i · F̄i · δO and F̄†i · δϕi can be performed independently.
In a sequential implementation, the computational complexity of the Born solvers is written
as O(IN + IT + IR) with fast algorithms. In order to parallelize the solvers, the independent
multiplications in (11) are partitioned among I parallel processes. The corresponding scattering
solutions implied in these multiplications are naturally partitioned as well. This strategy employs
each process with an MLFMA solver. The MLFMA solvers are also parallelized on shared-memory
threads inside the processes. The same parallel formulation can be obtained for BIM easily.
As a result of this partitioning, the I terms in the complexity are dropped. However, after
a parallel multiplication, the resulting vectors (I vectors with N elements) are added together
as explicitly seen in (11). This addition introduces an O(IN ) overhead to the multiplication
complexity. Assuming that suﬃcient computational resources are available, the Born inversions are
achieved in O(IN + R + T ) time with the proposed parallelization scheme. In contrast, solutions
with a naive and sequential implementation would have O(IN 2 + IN R + IN T ) time.
5. NUMERICAL RESULTS

For demonstration of the proposed parallelization scheme, a medium-size monochromatic reconstruction with BIM is shown in Figure 1. The inverse solution is obtained on 128 computing nodes
with 32 processing cores in each. The object is illuminated by 128 transmitters and the corresponding scattering solutions are partitioned among 128 processes, where each process is employed
with an MLFMA solver parallelized over 32 threads. The processes are distributed evenly among
the nodes, i.e., each node employs a single process, and each process has 32 children threads for
utilizing all of the available processing cores in the nodes.
Born Iteration 1

Born Iteration 2

Born Iteration 5

Born Iteration 9

R/X
T/X

25.6 λ

8λ

Figure 1: Reconstruction of two square-shaped relative permittivities of 1.05 and 1.1. The reconstruction
domain has a size of 25.6λ × 25.6λ. There are 128 transmitters and 256 receivers which are placed around
the imaging domain in an alternating fashion as depicted on the left-hand side of the ﬁgure. The BIM
solver performs nine iterations for convergence and the execution takes 38 seconds from the beginning to
the termination. The shape of the ﬁrst guess (found by the ﬁrst-order scattering) can be hardly perceived
whereas edges and corners as well as their permittivity contrasts clearly appear after nine iterations.

In order to demonstrate the scaling trends of the parallelization scheme, the same problem in
Figure 1 is solved with less numbers of computing nodes, where each node is employed with a
single process handling multiple illuminations. For emulating two diﬀerent possible node types,
16 and 32 cores are employed within the nodes. Figure 2 shows the inversion times with various
numbers of nodes. The ﬁgure shows that the eﬃciency drops slightly when smaller numbers of
illuminations are handled per process. This ineﬃciency is a result of a poor load balancing among
the independent scattering solutions, i.e., some solutions converge in less number of iterations than
the others and the corresponding processes remain idle until all of the solutions are converged.
The diﬀerences in the number of MLFMA iterations are averaged out over the execution loops
when less numbers of processes are employed. The ﬁgure shows that the parallel Born solver on
128 computing nodes (with 4,096 threads) obtains the solution approximately 1,090 times faster
than the sequential implementation and 78 times faster than the solver on a single node (with 32
threads). In a single node, the Born method processes the illuminations one after another with
parallel MLFMA on shared memory.
Figure 3 shows three limited-angle reconstructions. The objects are illuminated with a single
pulse within 2.2 MHz–8.6 MHz frequency range and the pulse echo is recorded by a 128 element
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Figure 2: Solution times of the inverse scattering problem (solution is given in Figure 1) with various
numbers of computing nodes. The blue (marked with circles) and red curves (marked with triangles) show
the solution times with 16 and 32 threads per process, respectively. The black curve (without marking) is
included as a linear reference. The sequential execution time (marked with black circle) is projected based
on the parallelization eﬃciency of the MLFMA solver on a single node.
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linear array probe, as represented in the ﬁgure. Fourier transform of the pulse echo is evaluated at
128 frequency points, resulting in 128 independent scattering solutions in each of the Born iterations.
Unlike the previous (monochromatic) case, i.e., this parallelization partitions the problems at 128
distinct frequencies among the processes as opposed to partitioning distinct illumination angles.
As a result, each MLFMA solver operates at a distinct frequency. As well-known from diﬀraction
tomography, the limited-angle reconstructions can only detect edges of the scatterers which mainly
corresponds to the specular reﬂection surfaces. This is because the receiver locations prevent ﬁlling
out DC components in the object Fourier domain which full-angle reconstruction can capture in
the forward-scattering angle sector. As a result of this fact, the reconstructed permittivity proﬁle
is a band-pass ﬁltered version of the original proﬁle.

Figure 3: The numerical scatterers have a shape of UIUC logo (a) and circle (b). The scatterer in the middle
is a numerical replica of a physical scatterer on the right. The imaging domains has a size of 20λ, where λ is
the wavelength at the highest frequency (8.6 MHz) and wave propagation speed is 1,485 m/s. The receiver
and transmitter locations are placed in accordance with an ultrasonic array probe (L9-4).

6. APPLICATION: ULTRASOUND IMAGING

A real scatterer in a water tank is reconstructed with real ultrasound measurements. An incident
pulse is transmitted and its echo is collected with a medical ultrasound transducer, i.e., an L9-4
array connected to a SonixDAQ and SonixRP platform. The reconstruction of the physical scatterer
is shown in Figure 3(c) which is in a good agreement with the reconstruction of its numerical replica
Figure 3(b).
In order to clean the measurement from unwanted signal clutter, i.e., couplings from transducers
and reﬂections from walls, a time gating is performed. Then a Fourier transform of the received
signal is evaluated at desired frequency points. Finally, the measurement data is scaled with
α(ω) = M n (ω)/[M r (ω) + δ], where M r (ω) and M n (ω) are reference measurements (physical and
numerical, respectively) from a point target, and δ is a real positive parameter for regularization.
After the pre-processing (steps are depicted in Figure 4), the measurement data is fed to the inverse
solver for numerical reconstruction.
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Figure 4: Pre-processing and calibration schematic for the physical measurements. Time gating removes
the unwanted clutter form transmitter coupling and wall reﬂections. Band-pass ﬁlter is used to acquire the
signals between the desired reconstruction frequencies. Then the signal is scaled with calibration coeﬃcients
in order to match the physical experimental parameters with those of the numerical environment.
7. CONCLUSION

A parallelization strategy for inverse multiple scattering solutions is presented. The strategy partitions inherently independent scattering solutions within the Born iterations among distributedmemory processes. The proposed implementation employs MLFMA solvers on each of the processes
for algorithmic speedup and matrix-free ﬁeld evaluations. For utilizing further number of processing
cores, the MLFMA solvers operate in parallel as well via shared-memory threads inside the processes. The fast and parallel BIM solver is demonstrated with various synthetic reconstructions.
Parallelization schemes of limited-angle and full-angle reconstructions are demonstrated. Results
show that the strategy eﬃciently utilizes the computing nodes in a supercomputing framework.
Utilization of large amounts of computational resources is reported. A total of 128 computing
nodes are employed for the solutions 1,090 times faster than that of the sequential execution. Additionally, a tomographic reconstruction from a physical ultrasound measurement is demonstrated.
A pre-processing procedure of the measurement data is presented for calibration of the numerical
solution environment with the experimental setup.
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