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ABSTRACT
The spectrum of the backscattered response from ultrasonic scans of weakly
scattering media such as tissue can provide additional contrast compared to ultrasound Bmode images and, in the case of medical diagnosis, increased sensitivity and specificity
to disease conditions. A modeling approach that accounts for transducer beam diffraction
effects, predicts the response from a three-dimensional spatial map of acoustic properties
that is several wavelengths in size containing features that are on the order of the size of a
cell, and relates the structure of the medium to the spectrum of the response can be used
to predict and interpret this contrast. Currently, no modeling approach has been proposed
to accomplish this task which meets these criteria.
This dissertation presents a systematic approach to modeling the backscattered
spectrum of the response from weakly scattering random media consisting of discrete
scatterers located in the beam of a transducer. The approach builds on the concept of the
transducer spatial impulse response and extends the model to generate the frequencydomain response from collections of discrete scatterers with a specified size, shape, and
orientation. Single spherical and cylindrical scatterers were studied first, and the
backscattered response throughout the focal plane was related to the plane-wave response
or intensity form factor. The model predicted a response at the focus which closely
agreed over the bandwidth (1.5 to 3 MHz) of a weakly focused transducer with the
intensity form factor for scatterers with a diameter equal to half of a beamwidth. A bias
was predicted for the same scatterers with respect to the form factor for a more highly
focused transducer, where the scatterers were a full beamwidth in diameter. The bias was
quantified in terms of root mean squared error (RMSE) between predicted and plane-
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wave responses, and the response for the more focused transducer was found to
correspond closely (RMSE < 3 dB) to the response for a scatterer that was 2% smaller
that the true scatter size for both cylindrical and spherical scatterers.
Experimental measurements were conducted to validate model predictions. Single
fish eggs and water cylinders in agar were scanned throughout the focal plane of a singleelement transducer, and the response was compared to the model response for a weakly
scattering sphere or cylinder. A comparison of measurement scans of the same spherical
or cylindrical scatterer with two transducers having the same diameter and center
frequency but different focal lengths revealed a shift in the response due to diffraction
effects consistent with model predictions. The measured response for the more strongly
focused transducer corresponded closely (RMSE = 2.61 dB, 1.5 to 3 MHz) to the form
factor for a scatter that was 1.1% and 1.4% smaller (sphere and cylinder, respectively)
than the response for the more weakly focused transducer. The model response likewise
predicted 1.6% and 2.0% differences for spheres and cylinders, respectively. Plane-wave
models were evaluated using estimated acoustic properties for the fish egg and water
cylinder. The best-fit form factor for the predicted plane-wave response differed from the
actual scatter size by 2.4% for fish eggs and 0.4% for fluid cylinders.
Next, the model response for collections of identical scatterers was studied.
Scatterer positions were independent, and low number densities (<10%) were considered,
for which the average plane-wave response is known to be equal to the plane-wave
response for a single scatterer. The plane-wave response was accurately estimated
(RMSE < 3 dB) over the transducer bandwidth (1.5 to 3 MHz) from averages of
independent realizations of collections of spheres and cylinders with radii (500 µm) close
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to a wavelength (650 µm) in size. This response included a normalization function to
account for the transducer focal plane directivity. Containers of insufficient size (axial
size < 5λ) were found to produce a deterministic bias within the bandwidth (1.5 to 3
MHz) of the simulation transducer for the collections considered, which resulted in
deviations from the expected response of 15 dB.
Sphere and cylinder modeling parameters were used to evaluate a new scattering
model based on randomly oriented spheroids. The scattering model was considered as an
acoustic model for tissue and predicted a smooth response compared to collections of
spheres or cylinders, whose response contains nulls. An analytical expression was
derived as the form factor for the model, and the expression was compared to model
simulations of randomly oriented spheroids. The results agreed closely (RMSE < 1 dB,
1.5 to 3MHz) for three different spheroid size configurations ranging from nearly
spherical (B/A = 1.18, where B and A are major and minor axis radii) to strongly nonspherical (B/A = 5.2).
The modeling approach was found to consistently represent transducer scans of
weakly scattering single scatterers, and predicted important extensions for the class of
media for classification with spectral quantitative ultrasound as well as quantified the bias
that results for physically large scatterers compared to a transducer beamwidth. The
model was used to validate a new form factor model for scattering in tissues and predict
the response from a tissue sample based on its histology.
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CHAPTER 1
INTRODUCTION
1.1

Ultrasound imaging
Ultrasound has been a prevalent medical imaging modality for several decades.

Ultrasonic waves interact with acoustic inhomogenities in soft tissues to produce
backscattered energy that is detected by an ultrasound transducer and converted to a onedimensional (RF) voltage signal. A collection of spatially adjacent envelope-detected RF
signals, or A-lines, form a B-mode image. B-mode images are excellent for detecting
interfaces between organs and have been used to differentiate between normal and
pathological tissues for disease conditions such as liver disease1,2 and cancer.3,4
Enhancing ultrasound contrast in tissues using quantitative techniques has been and
studied extensively over the past few decades.5-10
An important limitation of conventional B-mode imaging is the relative nature of
the visible features. The amplitude of the response from a particular feature is determined
by instrumentation-dependent factors such as gain, time-gain compensation, and
transducer geometry and beamforming. Spectral analysis of backscattered ultrasound, as
originally formulated by Lizzi,11 represents a promising extension of B-mode imaging
which compensates for these factors. Ultrasound spectral analysis has been investigated
for characterization of tumors and cancerous tissues12-14 as well as for cancer therapy.
The application of spectrum-based approaches for assessing therapy was investigated by
Silverman and Lizzi15,16 and subsequently applied to the assessment of apoptosis17 and to
quantify the response of tumors to chemotherapy18 and radiation.19
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Throughout this dissertation, a model for the backscattered power spectrum of
weak scatterers in the beam of a transducer is developed. Several important developments
which extend the applicability of spectrum-based QUS are described.

1.2

Ultrasound backscatter coefficients
The ultrasound backscatter coefficient is defined as the differential scattering

cross section per unit volume in the backscatter direction. For a single scatterer insonified
by a plane-wave in an otherwise homogenous background, the differential scattering
cross section compares the power scattered into a unit solid angle in a particular direction
to the intensity of the incident plane-wave. The far-field scattered pressure wave can be
described by a spherical wave20 as:

pscat

e− jkR
=
f (k( iˆ − ô)),
R

(1.1)

where iˆ is the incident wave direction, ô is the scattered wave direction, and f is the
complex scattering amplitude. The differential scattering cross section is then:20
2

σ diff = f .

(1.2)

For an ensemble of randomly positioned scatterers, the (average) differential cross
section per unit volume V can be defined:

σd =

1
V

f

2

.

(1.3)

Under weak scattering conditions, the differential cross section per unit volume is related
to the spatial autocorrelation of the acoustic properties of the medium and has been
explored for characterization purposes. The backscatter coefficient is defined as the
differential scattering cross section per unit volume in the backscatter direction ( iˆ = − ô ).
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For a collection of identical weak fluid spherical scatterers,21 the backscatter
coefficient is:
2

nVS2γ 02 k 4 ⎛ 3 j1 (2ka) ⎞
σb =
,
16π 2 ⎜⎝ 2ka ⎟⎠

(1.4)

where j1 is the spherical Bessel function of the first kind and order one, n is the average
number density of scatterers, V is the sphere volume, and γ 02 is the mean-square variation
in acoustic impedance per particle. The intensity form factor is defined as the ratio of the
backscatter coefficient for a medium containing scatterers of finite size to a medium
containing point scatterers and encapsulates the frequency dependence of the backscatter
coefficient:
2

⎛ 3 j (2ka) ⎞
Fsph (ka) = ⎜ 1
.
⎝ 2ka ⎟⎠

(1.5)

Techniques for estimating ultrasound backscatter coefficients from scans of tissue
have been developed for both single-element22 and array transducers.23 For singleelement transducers, the backscatter coefficient can be estimated using a reference planar
reflector scan to remove system dependencies and account for transducer beam
diffraction effects. Important assumptions stated in the literature are that the scatterers are
weak and physically small compared to the transducer beam and that the medium under
interrogation is isotropic and weakly stationary.21 In practice, weakly stationary implies
that the backscatter coefficient, which is a statistical average quantity, can be estimated
from averages of spatially adjacent regions, and isotropy implies that sample orientation
is not important.
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1.3

Ultrasound backscatter coefficients for thermal therapy
assessment
Changes in ultrasonic backscatter with increasing temperature24-26 and after

thermal insult27-29 have been studied in tissues. In our previous work,30 ultrasound
backscatter coefficients were studied for assessment of high-intensity focused ultrasound
(HIFU) therapy of solid tumors in rats. Fischer 344 rats with subcutaneous mammary
adenocarcinoma (MAT) tumors were exposed to therapeutic ultrasound, and the average
backscatter coefficient (BSC) and the integrated backscatter coefficient (IBSC) were
estimated before and after therapeutic ultrasound exposure for each tumor. Changes in
the BSC with treatment were comparable in magnitude to inter-sample variation of
untreated tumors, but statistically significant differences were found between the change
in BSC with therapy and controls. Figure 1.1 shows B-mode images and parametric
quantitative ultrasound (QUS) images of subcutaneous MAT tumors. Figure 1.2 shows
the average BSC for the MAT tumors before and after treatment for the exposure group
producing the largest effect. Thermocouple data indicated that temperatures were in
excess of 60 ºC at the focus, but the contributions of thermal and mechanical effects
could not be distinguished. Also, as a spatial map of the treated regions of the tumor was
not available, the backscatter coefficients were averaged over the entire volume,
including portions which were not treated.
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Figure 1.1: B-mode images (top row) and parametric integrated backscatter coefficient
images (bottom row) of subcutaneous MAT tumors before treatment (left column) and
after treatment (right column).
In order to more fully interpret in vivo tumor assessment results, water bath
treatments were conducted for MAT tumors. Each tumor was treated in a scan bath at 60
ºC for 30 minutes to provide thermal treatment throughout the tumor volume. The tumors
were scanned before and after treatment in a water bath at 35 ºC, as well at 40, 45, and 50
ºC. Backscatter coefficients were estimated for each scan and were compensated for
attenuation using insertion loss measurements from the same tumors. The backscatter
coefficients were found to be elevated in the treated tumors (Figure 1.3(a)). The results of
the temperature bath experiment showed an increase in the average magnitude of the
backscatter coefficient with treatment, and provide additional evidence to suggest that the
backscatter coefficient was sensitive to changes induced in the tissue due to elevated
temperature.
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Figure 1.2: Backscatter coefficients for in vivo MAT tumors exposed to HIFU therapy
before (untreated) and after treatment (treated).
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Figure 1.3: Average backscatter coefficients for MAT tumors: (a) untreated versus treated
and (b) treated tumors at different scan bath temperatures.
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1.4

Dissertation goals and proposed research
Developing a link between morphological changes in tissue and the response to

backscattered ultrasound is an important scientific outcome. Models relating these two
phenomena could be used to predict whether the response from morphologically
dissimilar tissues, such as tissue before and after therapy, will produce sufficiently
distinct responses for ultrasonic discrimination and could help define the degree of
therapy-induced or pathological change in tissues required for detectable differences in
ultrasound RF under realistic scanning conditions. Experimental costs would therefore be
reduced, and a close association between tissue morphology and ultrasound data would
generalize findings from animal models to human disease conditions.
The goal of this dissertation was to create a modeling approach to predict the
spectral characteristics of transducer measurements of a discrete random medium.
Available and previously investigated computational modeling techniques for predicting
ultrasound scattering in tissues were found to have important limitations with respect to
transducer scans of tissue. First, several of the methods examined were limited to
computing the response for two-dimensional31,32 or small (compared to a wavelength for
diagnostic ultrasound) three-dimensional domains.33-37 As a transducer RF scan line is
composed of contributions from scatterers distributed throughout the transducer beam
which may not necessarily be small or spherical, these assumptions were considered to be
overly restrictive. Also, previously investigated modeling techniques assumed either
simple source configurations31 or plane-wave incidence,32-37 and as such did not directly
take into account the focusing and diffraction effects of a transducer.
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Several works have examined the effects of the beam shape when considering
simple scattering.38-43 However, these approaches often require the use of simplified
beam models or only consider single scatterers. An approach by Mast44 includes
diffraction effects and a physically large domain size, but only considers the time-domain
response for forming B-mode images. Likewise, the method of Jensen45,46 includes
diffraction effects, but has not been previously implemented considering weakly
scattering microstructure or the backscattered spectrum. Therefore, a new simulation and
modeling technique was developed based on the spatial impulse response to the compute
the transmitted field, which is an extension of work by Stepanishen47, and a model for the
received spectrum, which closely follows the model of Jensen. The simulation approach
was developed with an eye towards future direct simulation of tissue samples based on a
three-dimensional map of acoustic properties. The goals of the proposed research were:
1. To develop a modeling approach to predict the the frequency-domain
response for transducer scans from the morphology of the sample. An
ultrasound scattering simulation model was implemented based on the method of
Jensen. The method was expanded to consider sample microstructure directly and
to investigate the response for a transducer in the frequency domain. A spectral
normalization function was defined to compensate for transducer beam diffraction
effects and compare the average response from collections of scatterers to
intensity form factors.
2. To demonstrate the modeling approach with single scatterers and compare
the responses to measurement scans. Single spherical and cylindrical scatterers
were simulated throughout the transducer beam. The response was compared to
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intensity form factors at the focus. For larger scatterers, measurement scans of an
acoustic model for a sphere and a cylinder were compared to model predictions
throughout the focal plane.
3.

To model collections of scatterers in order to investigate model limitations
and to develop new scattering models. Computational phantoms consisting of
spherical or cylindrical scatterers were simulated, and the response was
compared to intensity form factors. Model assumptions related to scatterer size
with respect to the transducer beam and axial domain size with respect to
wavelength were investigated. A tissue sample was simulated based on histology
and compared to measurement scan B-mode images. A new scattering model for
tissue was validated numerically.

1.5

Scientific contributions
The scientific contributions in this work can be summarized as follows:
1. Extension of the method of Jensen to the frequency domain and
identification of the relationship between the axial projection function of a
weak scatterer in the beam and the intensity form factor. A normalized
frequency response was defined based on the method of Jensen.45 The response
was related to intensity form factors via the projection function of a scatterer
with respect to the beam axis for single scatterers. The response for a single
scatterer was found to be proportional to the power spectrum of the projection
function of the scatterer onto the beam axis, which is equal to the intensity form
factor for a sphere or cylinder. As spheres and spheroids have the same
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projection function to a scaling constant, this finding predicts that form factors
are not unique to a particular shape.
2. Specification of grid size for simulating the response for single scatterers.
Grid sizes were established based on the convergence of the response for single
scatterers and were found to be a function of wavelength and a weak function of
scatterer size. As this is a new modeling technique, these implementation details
had not been specified previously.
3. Experimental validation of the model with transducer scans of single
scatterers using novel weakly scattering targets. The frequency-domain
response of the method of Jensen45 has not been compared to experimental
measurements of single scatterers previously. The predicted response for
spheres and cylinders was compared to the measured response of fish eggs and
fluid cylinders.
4. Investigation of the response for scatterers that are comparable in size to a
wavelength or violate weak scatterering assumptions.
Simulation and measurement results showed that as single scatterers grew in
size, the predicted response agreed closely with the form factor for a scatterer of
a slightly smaller size than the true size, and this size difference increased as the
scatterer size increased. Established models for the plane-wave response for
fluid scatterers predicted a similar trend for scatteres that violated weak
scattering assumptions.
5. Specification of the computational domain size (axial and lateral
dimensions with respect to the beam) required to predict the response for

10

collections of discrete scatterers in the beam of a transducer and a
normalization function to account for diffraction effects. Existing
approaches did not incorporate beam effects or simulated small domains
compared to a wavelength.

A normalization function was developed to

compensate for diffraction effects for collections of scatterers. Conditions under
which the plane-wave response can be estimated considering container size,
number of scatterers, and scatterer size were evaluated. Analysis and
simulations predicted that, for sufficiently large containers with respect to
wavelength and the number of scatterers, coherent scattering effects produced
negligible bias after sufficient averaging.
6. Extension of spectrum-based quantitative ultrasound to collections of
spheres and parallel cylinders with radii comparable to the wavelength.
Estimating form factors using ultrasound transducers has been previously
considered21 for scatterers which are small compared to wavelength. The model
predicts that the plane-wave response can be estimated using transducers for
media composed of spherical and cylindrical scatterers comparable in size to a
wavelength.
7. Efficient simulation of collections of discrete scatterers based on a compact
scatterer approximation. The computational complexity of computing the
response for discrete scatterers was reduced by several orders of magnitude
while maintaining model fidelity by implementing a compact scatterer
approximation.

11

8. Simulation of a three-dimensional histology-based spatial map of nerve
tissue and comparison with experimental scan data for the same tissue
sample. Previously published histology-based simulation results48 were limited
to simulation of a two-dimensional geometry. A tissue sample was modeled as a
collection of parallel cylinders, and the cross-section geometry was estimated
from a single histology slice.
9. Development of a new scattering model consisting of randomly oriented
spheroids. Models for discrete spherical scatterers produce nulls at moderate ka
which are not present in tissues scans. This effect has been modeled
previously49 using collections of spheres with a size distribution. An alternative
model consisting of collections of spheroids with a random orientation was
proposed, producing the same smoothing while providing a simple physical
intrepetation for the orientation distribution.
10. Demonstration of an approach to modeling arbitrary spatial maps of
acoustic properties. Discrete scatterers may not adequately model complex
tissue morphology. A novel and efficient scheme for simulating arbitrary spatial
maps was proposed and validated for simple shapes. The transducer beam was
divided into regions over which the magnitude of the spatial impulse response
was approximately constant, and the response for each region was computed
independently.
Development of a modeling approach incorporating the criteria outlined in
Section 1.4 yielded insights into the relationship between the structure of weakly
scattering media and the spectrum of the backscattered response. The time-domain
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response for a single scatterer was predicted by the projection function of the scatterer
along the transducer beam axis. In the frequency domain, the magnitude squared of the
Fourier transform of this projection function was equal to the intensity form factor, which
is the plane-wave response for a single scatterer. Experimental results demonstrated form
factors could be estimated with transducer scans for scatterers that were comparable in
size to a wavelength.
In studying collections of scatterers, the model predicted that form factors could
be accurately estimated using transducers for collections of scatterers comparable in size
to the wavelength using a square computational domain of size 10λ and grid size of λ/25
after applying a normalization function to account for diffraction effects. This finding is
important both for tissue characterization purposes, where larger scattering sites may be
present, as well as in high-frequency scanning of cells and tissues, where transducer
wavelengths are on the order of tens of micrometers. The model also predicted that form
factors could also be predicted for collections of parallel cylinders, which had previously
not been demonstrated. For both spheres and cylinders, an efficient simulation approach
was proposed for discrete scatterers, which reduced the number of spatial impulse
response evaluations by several orders of magnitude.
The modeling approach was applied to more realistic scenarios with respect to
tissues. A new scattering model was proposed to address the strong nulls predicted for
spheres and cylinders at moderate ka which are not present in tissue. Also, an approach
for simulation of tissue spatial maps that may be generated from histology was presented.
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1.6

Organization of dissertation
The remaining chapters of this dissertation are organized as follows. Chapter 2

defines the modeling approach and develops a spectral normalization function to relate
the response of a collection of identical scatterers to the plane-wave response for a single
scatterer. In Chapter 3, the response for single scatterers is modeled throughout the focal
plane and compared to form factors. The impact of scatterer size with respect to the
transducer beamwidth is examined, and grid sizes for scatterer simulation are established.
In Chapter 4, single scatter simulations is compared to measurements scans of an acoustic
model for spheres and cylinders. In Chapter 5, the response from collections of identical
scatterers is simulated, and spectral normalization is applied to compensate for transducer
beam effects. Simulation parameters for collections such as the container size and the
number of independent realizations needed for averaging are investigated. Also, a new
scattering model for tissue is developed based on the projection framework in Chapter 2
and validated with the modeling approach. Chapter 6 summarizes the contributions of
this work and outlines preliminary results and future work.
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CHAPTER 2
MODELING APPROACH AND SPECTRAL NORMALIZATION
2.1

Introduction
An important underlying hypothesis in quantitative ultrasound is that the

backscattered signal is related to the microstructure of the interrogated medium. In this
chapter, the ultrasonic response for single, weak scatterers in a uniform background as
well as collections of weak scatterers in a uniform background were modeled and
compared with intensity form factors. For a weakly scattering medium composed of
identical discrete spherical scatterers, the ultrasonic response is known and can be
described in terms of the intensity form factor. Spheres represent a simple case for which
the relationship between the structure of the medium and the ultrasonic response is
known and were used as a starting point for modeling more complex media.
For transducer scans of single spherical scatterers, a normalized frequency
response was defined for comparison with intensity form factors. To the author’s
knowledge, no one has previously provided a direct link between the response of a
transducer scan and the plane-wave response for the same scatterer. Likewise, for
cylindrical scatterers, a normalized frequency response was defined for comparison with
the intensity form factor for a cylinder oriented normal to the propagation direction. For
collections of spherical scatterers located uniformly and randomly throughout the
transducer beam in the focal plane, a normalization factor was derived to compare the
average normalized frequency response of the medium to the intensity form factor. This
function has been described previously21 with respect to planar reference normalization
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but never directly implemented. This chapter provides the foundation for simulations in
subsequent chapters.

2.2

Intensity form factors
The far-field scattered response for a single spherical or cylindrical fluid scatterer

under plane-wave insonification depends on the ratio of scatterer to background speed of
sound and density. The responses have been reported for a fluid sphere or cylinder by
Anderson50 and Stanton,51 respectively. The responses can be normalized by the small
scatterer limiting cases (Rayleigh scatterers) to isolate the frequency dependence
introduced by the scatter size:

Fs (ka) =

2

pscat

2

0
pscat

=

1
k2

∞

∑ P ( µ )(−1)
m

Fcyl (ka) =

0
scat

1− gh2 1− g
k 4 a6
+
cosθ
3gh2 1+ 2g

p

2
2

(2m + 1) / (1+ iCm )

m=0

∞

pscat

2
m

=

∑ (−i)

2

,

(2.1)

.

(2.2)
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m

Bm cos(mφ )

m=0

⎞
4 ⎛ 1− gh
1 2
1− g
π ( ka ) ⎜
−
cos(φ )⎟
2
4
1+ g
⎝ 2gh
⎠
2

2

The terms g and h represent the relative density and speed of sound of the scatterer
compared to the background, respectively. Limiting cases for the expression for a sphere
(2.1) or a cylinder (2.2) with the axis oriented normal to the propagation direction for
sufficiently small density and speed of sound perturbations with respect to the
background are expressed in terms of Bessel functions:
2

⎛ 3 j (2ka) ⎞
Fsph (ka) = ⎜ 1
,
⎝ 2ka ⎟⎠
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(2.3)

2

⎛ 3J (2ka) ⎞
Fcyl (ka) = ⎜ 1
,
⎝ 2ka ⎟⎠

(2.4)

where j1 is the spherical Bessel function of order 1 and where J1 is the Bessel function
of the first kind and of order 1.

2.3

Normalized frequency response for a single scatterer
The normalized frequency response for a single spherical or cylindrical scatterer in

the focal plane of a transducer is defined for comparison with intensity form factors.
Following Jensen,45 the scattering from any weakly scattering object can be simulated

()

from a spatial map of the scattering coefficient s r , which is a function of the density
and speed of sound of the scatterer and background. Assuming an ideal imaging pulse,
the received voltage for a transducer scan of a weakly scattering single scatterer becomes
a weighted integral of the transducer spatial impulse response over the scatterer volume:
v(t) =

∂2
!
!
!
s( r ) ⋅ hpe ( r ,t)dr ,
2 ∫
∂t r∈V

(2.5)

where V denotes a volume of interest outside of which the scattering function s ( r ) is
zero. This equation expresses the received voltage signal corresponding to a single scan
line. A double temporal derivative appears in (2.5). Due to the linearity of the model, this
operator can be placed elsewhere in the equation. In Jensen’s model, the operator is
placed on the spatial impulse response, creating a modified spatial impulse response.
Also, differentiation in the time domain corresponds to multiplication by j2π f in the
Fourier domain; therefore, the effect of this double derivative is to cause an f
17

2

dependence in backscattered pressure or an f 4 dependence in backscattered intensity. In
order to compare the frequency domain response to intensity form factors, this f 4
dependence can be implicitly removed by defining a normalized received voltage as:

!

∫ s(r ) ⋅ h

v0 (t) =

pe

!
!
( r ,t)dr .

(2.6)

r∈V

A frequency-domain normalized frequency response can be likewise defined for
comparison with intensity form factors. For spheres, an f 4 frequency dependence is
removed from the received voltage. For cylinders, an f 3 dependence is removed,
corresponding to the small scatterer frequency dependence for cylinders. The normalized
frequency response for a sphere (2.7) or a cylinder (2.8) is then defined as:
2

N S ( f ) = V0 ( f ) =

∞

∫ v (t)exp ( −2 jπ ft ) dt

2

(2.7)

,

0

−∞

2

N C ( f ) = V0 ( f ) f =

∞

∫ v (t)exp ( −2 jπ ft ) dt
0

2

f.

(2.8)

−∞

2.4

Acoustically compact scatterers

2.4.1 Introduction
In this section, a criterion for a spherical scatterer to be acoustically compact is
defined. The definition relates the size of the scatterer to the transducer beam. The
response for an acoustically compact weak scatterer is closely related to the projection
function of the geometry of the scatterer.
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2.4.2 Response for an acoustically compact spheroidal scatterer
Equation (2.5) models weak scattering from arbitrary shapes, and incorporates
transducer diffraction through the spatial impulse response. If the scatterer is physically
small with respect to the transducer beam (for instance, a sphere with radius much
smaller than the dimensions of the beam), the spatial impulse response can be treated as
approximately spatially invariant across the scatterer, apart from a delay term arising
from pulse-echo propagation time. This approximation can be expressed as:

∫h

rεV

pe

!
! !
( r ,t)s ( r ) dr ≈

∫

rεV

⎛ 2z ⎞ ! !
h0 ⎜ t − ⎟ s ( r ) dr ,
c⎠
⎝

(2.9)

()

where c is the speed of sound and h0 t is the spatial impulse response of the transducer
at the center of the scatterer. The approximation can be formalized in the frequency
domain:
2

RL ( f ) − RR ( f )

2

≤ E,

(2.10)

where RL ( f ) is the Fourier transform of the explicit normalized response (left-hand side
of (2.9)), RR ( f ) is the Fourier transform of the approximate normalized response, and E
is some error threshold. In later sections, the L2 norm was computed over the bandwidth
of the transducer and was expressed in terms of root mean squared error. Single spherical
scatterers for which this condition holds are referred to as acoustically compact spheres.
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2.4.3

Relationship between the response for an acoustically compact sphere and
intensity form factors
The response for an acoustically compact sphere is closely related to the form

factor for that sphere. For acoustically compact spherical scatterers, the right-hand side
integral in (2.9) can be expressed as a convolution integral:
⎛ 2z ⎞
v0 (t) = ∫ h0 ⎜ t − ⎟ s p (z)dz,
c⎠
⎝
Z

(2.11)

∫ s (x, y, z,t) dx dy

(2.12)

where
s p (z) =

p

X ,Y

is the projection of the scattering function onto the beam axis (the z-direction). The
projection orientation for a sphere appears in Figure 2.1.

Figure 2.1: Sphere in beam of a transducer. Cross section represents the region projected
onto the axis of the transducer beam (z-axis).

The projection s p ( t ) can be calculated for a wide variety of shapes. For a prolate
spheroid oriented at angle θ with respect to the beam axis, with a relative scattering
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coefficient ε, and with two axes of radius A and the third axis of radius B (Figure 2.2), the
projection function is:
2
⎧
2
⎛
⎞
⎪ ε A Bπ a(θ )2 − ⎛ ct ⎞
⎜
⎪
⎜⎝ 2 ⎟⎠ ⎟
s p ( t ) = ⎨ a(θ )3 ⎝
⎠
⎪
0
⎪⎩

if

ct
≤ a(θ )2 ,
2

(2.13)

otherwise,

where

a(θ ) =

( Asinθ ) + ( Bcosθ ).

(2.14)

Figure 2.2: Cross section of prolate spheroid oriented at an angle θ with respect to the
beam axis (dashed line).
For the special case of a sphere (Figure 2.1) of radius a ( A = B = a ), the projection
function is then:
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2
⎧
⎛
⎞
⎪ επ a 2 − ⎛ ct ⎞
⎜
⎪
⎜⎝ 2 ⎟⎠ ⎟
sp (t ) = ⎨
⎝
⎠
⎪
0
⎪⎩

if

ct
≤ a2 ,
2

(2.15)

otherwise,

where a is the sphere radius and ε is the scattering coefficient amplitude. For the
special case of θ = 0 , the projection of the spheroid is an amplitude-scaled version of the
projection of a sphere of radius B and, likewise, for θ = π / 2 , the projection of the
spheroid is an amplitude-scaled version of the projection of a sphere of radius A.
The normalized frequency response is found through a Fourier transform of (2.11)
and is:
2

2
2
⎛ c⎞
N S ( f ) = ⎜ ⎟ H0 ( f ) S p ( f ) ,
⎝ 2⎠

(2.16)

where H 0 ( f ) and S p ( f ) are the Fourier transforms of h0 ( t ) , s p ( t ) , respectively.
Taking the magnitude squared of the Fourier transform of the projection function of a
sphere of radius a yields:
2

8επ a 3 j1 (2ka)
Sp( f ) =
,
c
2ka
2

(2.17)

2π f
where j1 is the spherical Bessel function of order 1 and k =
is the wavenumber. By
c

(

)

further setting ε = 4π a 3 / 3

−1

2

, S p ( f ) becomes equal to the published value of the

intensity form factor for a fluid sphere (2.3).
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At the focus of a transducer, the spatial impulse response is a constant amplitude
Dirac delta function and the normalized frequency response is equal to the form factor for
a sphere scaled by a constant factor. In general, the normalized frequency response for
an acoustically compact sphere can be expressed as the product of the form factor for a
sphere and the magnitude squared of the spatial impulse response at the center of the
sphere (2.16).
2.4.4 Response for an acoustically compact cylindrical scatterer
A cylinder that is several beamwidths in length cannot strictly be acoustically
compact in the beam of a transducer. However, for cylinders that are sufficiently thin and
oriented perpendicular to the incident direction, the normalized frequency response of the
cylinder is related to the projection of the cross section of the cylinder, and thus is linked
closely to the cylinder radius. These acoustically thin cylinders will be referred to as
acoustically compact.
The normalized response of the cylinder can be expressed by decomposing the
cylinder into M short finite-length segments along its axis (Figure 2.3) and superimposing
the responses for the segments:

∫h

V

pe

!
! !
!
! !
( r ,t)s( r ) dr = ∑ ∫ hpe ( r ,t)sm ( r ) dr ,
M V

(2.18)

!
!
where sm (r ) is a scattering coefficient map equal to s(r ) inside the mth segment and zero
elsewhere.
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Figure 2.3: Axis of a cylinder in the focal plane and oriented normal to the beam axis.
The cylinder is offset in the x-direction. A single component segment is shown.

In direct analogy to acoustically compact spheres, acoustically compact cylinders are
defined if the response for each cylinder segment can be approximated with a single timeshifted spatial impulse response function:

∑∫h
M V

pe

⎛ 2z ⎞
!
! !
! !
( r ,t)sm ( r ) dr ≈ ∑ ∫ hm ⎜ t − ⎟ sm ( r ) dr ,
c⎠
⎝
M V

(2.19)

where hm (t) is the spatial impulse response at the center of the mth segment. The
approximation can be evaluated using the same error metric that was used for
acoustically compact spheres (2.10).
2.4.5

Relationship between the response for an acoustically compact cylinder and
the intensity form factor
For each segment, expression in (2.19) reduces to a convolution integral:
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∫h

m

V

⎛ 2z ⎞
⎛ 2z ⎞
! !
⎜⎝ t − c ⎟⎠ sm ( r ) dr = ∫ hm ⎜⎝ t − c ⎟⎠ s p (z) dz ,
Z

(2.20)

where s p (z) is the projection function of the finite length cylinder segment. The
projection function for a cylinder of length L with relative scattering coefficient ε and
radius a can be expressed in terms of the projection function of a circle of radius a:

s p ( z ) = ε L ⋅ su ( z ) ,

(2.21)

where the projection function of a circle is:
⎧
⎪ 2 a2 − z 2
su ( z ) = ⎨
⎪⎩
0

if z ≤ a,
otherwise.

(2.22)

Therefore, the normalized response can be expressed in terms of the projection function
of a circle:

⎛

∫ h ⎜⎝ t −
0

rεV

2z ⎞ ! !
c ⎛ ct ⎞
s ( r ) dr = ε ∑ Δl ⋅ hm (t) ∗ su ⎜ ⎟ .
⎟
c⎠
2 ⎝ 2⎠
M

(2.23)

In the limit as the cylinder segment length decreases, an integral expression results:

⎛

∫ h ⎜⎝ t −
0

rεV

2z ⎞ ! !
c ⎛ ct ⎞
!
s ( r ) dr = ε ∫ hpe ( r ,t)dy ∗ su ⎜ ⎟ .
⎟
c⎠
2 ⎝ 2⎠
Y

(2.24)

where the integral is taken along the cylinder axis.
The normalized frequency response for an acoustically compact cylinder of radius
a can be now be expressed as a product of the magnitude squared of the Fourier
transform of the convolved terms:
2

2
2
⎛ εc ⎞
N c ( f ) = ⎜ ⎟ Su ( f ) H Y ( f ) ,
⎝ 2⎠
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(2.25)

where Su ( f ) is the Fourier transform of the projection function of a circle and HY ( f ) is
the Fourier transform of the integral term in (2.24). Taking the magnitude squared of the
Fourier transform of su (t) and normalizing the amplitude to one at zero frequency yields
an intensity form factor (2.4) for a cylinder oriented perpendicular to the transducer
beam.

2.5

A model for the response from a collection of identical scatterers
A model for the average normalized frequency response from a random medium

composed of discrete scatterers placed spatially at random is considered next. The
medium is composed of a collection of N identical discrete scatterers positioned
uniformly and at random in a three-dimensional container. The response from this
collection can be related to the response of a single scatterer assuming a linear model:

v(t) = s(t) ∗ ∑ hn (t − τ n ),

(2.26)

N

where s(t) is the response from a single scatterer, hn (t − τ n ) is the spatial impulse
response associated with the nth scatterer, and τ N denotes the temporal location of
response from the nth scatterer. The magnitude squared of the response from the
collection is:
2

V (ω ) = S(ω )

2

∑ H (ω )e

− jωτ N

n

N

∑H

*
n

(ω )e jωτ N ,

N

(2.27)

where H n (ω ) is the Fourier transform of hn (t) for the nth scatterer.
This response can also be expressed as the single-scatterer response multiplied by
the sum of incoherent and coherent scattering terms:
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2
2⎡
2
⎤
V (ω ) = S(ω ) ⎢ ∑ H n (ω ) + ∑ H m (ω )H n* (ω )e− jω (τ m −τ n ) ⎥ .
m≠n
⎣N
⎦

(2.28)

The behavior of the coherent scattering term depends on the probability distribution of
the scatterer positions or, equivalently, the probability distribution of the time delays.
Here the delays τ i are modeled as independent and identically distributed uniform
random variables on the interval [0 T], where T is the time period corresponding to the
physical length of the container in the axial direction. The probability density function of
scatterer positions is:
⎧ 1
⎪
p(τ ) = ⎨ T
⎪ 0
⎩

0 ≤τ ≤ T,

(2.29)

else.

Given that τ i are uniform on [0 T], the expectation of the power spectrum can be
expressed analytically if the spatial impulse response for each scatter is a delta function:

⎡
2
2
⎛ 2 − 2cos(ω T ) ⎞ ⎤
E ⎡ V (ω ) ⎤ = S(ω ) N ⎢1+ (N − 1) ⎜
⎟⎠ ⎥ .
⎥⎦
⎣⎢
(ω T )2
⎝
⎣
⎦

(2.30)

A deterministic bias is present in the power spectrum due to coherent scattering. The bias
term is negligible if:

(ω T )

2

≫ ( N − 1),

(2.31)

and the expected power spectrum approaches the single-scatterer case multiplied by the
number of scatterers and the power spectrum of the average spatial impulse response.
If the coherent scattering term is neglected in (2.28), the expected response can be
expressed in terms of the expected power spectrum of the spatial impulse response of the
2

beam, denoted H 0 (ω ) :
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2
2
2
E ⎡ V (ω ) ⎤ = S(ω ) H 0 (ω ) N.
⎥⎦
⎣⎢

(2.32)

The expected response at sufficiently high frequency (2.31) with respect to the number
of scatterers approaches the single-scatterer response scaled by the number of scatterers
and multiplied by the expected power spectrum of the spatial impulse response of the
2

beam. A normalization function to compensate for H 0 (ω ) is described in Section 2.6.

2.6

Acoustically compact collections of scatterers and estimating form
factors

2.6.1 Acoustically compact collections
In Section 2.4, acoustically compact spheres and cylinders were defined. An
analogous property can be defined for collections of spheres or cylinders. A collection of
spheres is acoustically compact if:

c

!
! !
∫ h ( r ,t ) s ( r ) dr = ∑ h (t) ∗ 2 s
pe

m

M

rεV

p

⎛ ct ⎞
⎜⎝ 2 ⎟⎠ ,

(2.33)

where hn ( t ) is the spatial impulse response at the center of the nth scatterer and s p ( z ) is
the projection function for a sphere. A collection of cylinders is acoustically compact if:

∫h

V

pe

c ⎛ ct ⎞
!
! !
!
( r ,t)s( r ) dr ≈ ∑ ε ∫ hpe ( rm ,t)dy ∗ su ⎜ ⎟ ,
2 ⎝ 2⎠
M
Y

(2.34)

()

where su z is the projection function for a circle and the integral is evaluated along the
cylinder axis. In Chapter 3, simulation results show that the magnitude squared of the
Fourier transform of the integral term has a f −1 dependence when the cylinder axis
intersects the focus. These approximations will be evaluated for specific sphere and
cylinder configurations in Chapter 5.
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2.6.2

Estimating the intensity form factor for an acoustically compact collection of
spheres
In this section a normalization function for the expected normalized frequency

response for an acoustically compact collection of spheres positioned in the focal plane of
a Gaussian beam is developed. This normalization function has been discussed previously
for planar reflectors.21 Suppose a collection is composed of identical spheres such that the
normalized frequency response for the collection can be approximated according to
(2.33). The right-hand side of (2.33) is now of the form of (2.26) with the single scatterer
response s(t) replaced by the projection function of a sphere. The expected normalized
frequency response is then proportional to the product of the intensity form factor and the
expected power spectrum of the spatial impulse response (2.31) following Section 2.6.1:
2
2
E ⎡ V (ω ) ⎤ = Fsph (ka) H 0 (ω ) N ,
⎥⎦
⎣⎢

(2.35)

2

where H 0 (ω ) is the expected power spectrum of the spatial impulse response in the
beam and Fsph (ka) is the intensity form factor for a sphere of radius a, and N is the
2

number of scatterers. If the expected value of H 0 (ω ) is known, then an average of
responses from single scatterers randomly positioned throughout the beam can be used to
estimate the intensity form factor as:
−1

2
2
E ⎡ V (ω ) ⎤ ⎡ H 0 (ω ) ⎤ ∼ Fsph (ka),
⎥⎦ ⎢⎣
⎣⎢
⎦⎥

(2.36)

where ∼ denotes equality up to a frequency independent constant.
The expectation of the power spectrum of the spatial impulse response can be
found by placing scatterers randomly and uniformly in a square region of length L
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(denoted by S) in the focal plane of the transducer. The probability density function for
sphere position is:
⎧ 1
! ⎪
p( r ) = ⎨ T
⎪ 0
⎩

!
r ∈S,

(2.37)

else.

The expectation of the power spectrum of the transducer spatial impulse response for this
geometry can be expressed as:

1
! 2
! 2
E ⎡ H (ω , r ) ⎤ = 2 ∫ H (ω , r ) d 2 S.
⎣⎢
⎦⎥ L S

(2.38)

The integral of the magnitude squared of the pulse-echo spatial impulse response over the
container S can be evaluated analytically if the beam transmit directivity pattern is
approximated to be Gaussian:52

⎛ −k 2 a 2 (x 2 + y 2 ) ⎞
H (ω , x, y) = I 0 exp ⎜
⎟⎠ ,
8R 2
⎝

(2.39)

where a is the transducer radius, R is the focal length, and x and y correspond to the
lateral directions with respect to the transducer beam, and k is the wavenumber. The
integral of (2.37) is proportional to the inverse of the normalization coefficient for a
bivariate Gaussian distribution as L grows large with respect to the beam. The expected
power spectrum of the transducer spatial impulse response is:

! 2
E ⎡ H (ω , r ) ⎤ ∼ k −2 .
⎣⎢
⎦⎥

(2.40)

Hence, the expected power spectrum is related to the intensity form factor as:
2
E ⎡ V (ω ) ⎤ k 2 ∼ Fsph (ka).
⎥⎦
⎣⎢
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(2.41)

Numerical evaluation of the spatial impulse response for a focused single-element
transducer in Chapter 5 showed that this relationship holds for transducers with nonGaussian beams as well.

2.7

Conclusions
A modeling approach based on the method of Jensen was examined to describe the

scattered response from media composed of discrete spherical or cylindrical scatterers in
a uniform background. The approach extended the method of Jensen and made a novel
connection between the defined normalized frequency response for single spherical and
cylindrical scatterers and intensity form factors. The concept of an acoustically compact
spherical scatterer was defined, and the model predicted that the normalized frequency
response for an acoustically compact scatterer is proportional to the intensity form factor
for a sphere. Likewise, the response for an acoustically compact cylindrical scatterer was
found to be proportional to the intensity form factor for a cylinder.
The response from a collection of identical distributed scatterers was defined for
plane-wave insonification. This response was separated into incoherent and coherent
scattering components and was evaluated for scatterers which were uniformly distributed
spatially. The expected coherent scattering component was predicted to be negligible for
sufficiently high frequencies.
An acoustically compact collection was defined for discrete spherical and
cylindrical scatterers. Form factors can be estimated for acoustically compact collections
after compensating for diffraction effects. A normalization function was derived for
collections of spherical scatterers in order to compensate for transducer beam diffraction
effects (2.40). The function was derived assuming a Gaussian beam, but was evaluated in
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simulation for spheres and cylinders for a focused single-element transducer in Chapter 5.
In the following chapters, the methods outlined in this chapter will be implemented and
the response for single scatterers and collections of scatterers will be compared to
intensity form factors.
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CHAPTER 3
MODELING OF SINGLE SCATTERERS IN THE BEAM OF A
TRANSDUCER
3.1

Introduction
A computational modeling approach based on the approach of Jensen21 was

implemented in this chapter for single scatterers in a uniform background. Simulation
grid size requirements were established based on the convergence of the response for
progressively decreasing grid sizes, and the known response for physically small spheres
at the focus was compared to the intensity form factor for a sphere. Likewise, the
response for a thin cylinder perpendicular to the beam axis and in the focal plane was
predicted for a transducer and compared with theory. Finally, simulations were conducted
for scatterers that were not small relative to the beam or relative to a wavelength.
The investigation of larger scatterers has practical implications for tissue
characterization because the candidate scattering sites in tissue were not necessarily small
compared to the beamwidth of measurement transducers. As a potential example, Figure
3.1 depicts a digitized stained section of a rodent mammary tumor (MAT). Regions of
necrosis are encountered with physical dimensions comparable to the beamwidth of a
transducer in the pre-clinical frequency range. If such pockets of necrosis act as scattering
sites, then modeling of scatterers comparable to the beam or wavelength of ultrasound
will be warranted.
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Figure 3.1: Digitized microscope slide of a MAT tumor. Regions of necrosis are
indicated by arrows. Scan bar indicates 500 µm. For comparison, the beamwidth of a 10
MHz f/3 transducer is approximately 500 µm.

3.2

Model implementation
Simulated ultrasound scans were generated using the Field II software

package53,54 in MATLAB (R2013a, The Mathworks, Natick, MA). Field II computes a
discrete time-domain spatial impulse response for a specified transducer geometry. This

( )

spatial impulse response corresponds to the term hpe r,t in (2.6), and represents the
response of a transducer at a point in space assuming the transducer emits an impulse.

( )

Numerical integration was computed as a sum, whereby the values of hpe r,t and
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scattering coefficient s were evaluated on a spatial grid providing the simulated received
voltage of the transducer from a scatterer:

!
v N [n] = Δx 3 ∑ si ⋅ hpe ⎡⎣ ri ,n ⎤⎦ ,

(3.1)

i

!
where ri are the set of grid points, Δx is the grid spacing, si is the scattering coefficient at
grid point i, and the discrete time signal is indexed by n. Simulation transducer properties
appear in Table 3.1. Simulation parameters were chosen to have the same nominal
properties as transducers used in measurements. Simulation sampling frequency and
transducer patch size (Table 3.1) were chosen based on recommendations in the
literature.53,54

Table 3.1: Simulation transducer properties.
Transducer
number

Diameter
(cm)

Focal
depth
(cm)

Patch
size
(mm)

Center
frequency
(MHz)

Sampling
frequency
(MHz)

1

1.91

2.54

1

2.25

200

2

1.91

5.08

1

2.25

200

To simulate the response for a single sphere in a uniform background, si was set
to unity at grid points inside the sphere and to zero in the background. Thus, spatial
impulse responses were computed at discrete grid points inside the sphere, whereas the
background grid points were weighted to zero (and were not included in the sum). The
transducer spatial impulse responses at each grid point inside the sphere were
subsequently summed together. The simulated normalized frequency response was
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computed for spheres and cylinders as the power spectrum of v N [n] using the FFT
algorithm in MATLAB:

VS [k] = s

N −1

∑v

N

[n]e

−

j 2 π kn
N

2

(3.2)

,

k=0

N −1

k
VC [k ] =
fs
N

∑v
k =0

N

[n]e

−

j 2π kn 2
N

(3.3)

,

where f s is the sampling frequency.
Acoustically compact spheres and acoustically thin cylinders were defined in
Chapter 2, and have important properties with respect to transducer measurements. For
acoustically compact spheres, the normalized frequency response can be related to the
intensity form factor of the spheres and the spatial impulse response at the center of the
object. For acoustically compact cylinders, the normalized frequency response is related
to the intensity form factor and the integral of the spatial impulse response along the
beam axis (2.24). The approximate response for an acoustically compact sphere (3.4) or
an acoustically thin cylinder (3.5) was computed as:
N −1

VS [k] = Fsph [k] ∑ h0 [n]e

−

j 2 π kn
N

2

(3.4)

,

k=0

k
VC [k] = Fcyl [k] f S
N

2

⎛
⎞ − j 2Nπ kn
h
[n]
.
∑ ⎜⎝ ∑ m ⎟⎠ e
k=0
M
N −1

(3.5)

The explicit responses (3.2 or 3.3) were compared to the approximate response acoustic
compact responses (3.4 or 3.5) in order to evaluate the model.

36

3.3

Investigation of simulation grid size
The spatial impulse response was computed at each of several grid points for each

scatterer in order to compute the response for the scatterer. The grid size was chosen to
balance computational complexity with accuracy of the simulated response. The required
grid size for a given accuracy was established for a single scatterer of a particular size by
comparing the response for progressively decreasing grid sizes over a frequency band of
interest. The grid size was deemed adequate if continuing to decrease the grid size did not
produce a difference in response (computed in terms of root mean squared error of the
log frequency-domain response) greater than a certain threshold. The threshold was
established by comparing intensity form factors for scatterers of similar size.

For

example, the mean squared error between the intensity form factors for 500 and 501 µm
radius spheres was 2.05 dB, and this was the threshold used for convergence for the 500
µm radius sphere. This criterion was chosen over a single numerical threshold to account
for the nulls in the response, which can quickly inflate the error metric if misaligned. The
error function (RMSE in dB) for the form factor for a cylinder or sphere as a function of
size compared to the form factor for a 500 µm sphere or cylinder appears in (Figure 3.2).
For cylinders, the threshold was the RMSE between the log intensity form factor for two
cylinders with the radius of the second 5 µm larger than the radius of the first. This
threshold was 4.35 dB for a cylinder with radius a = 500 µm.

37

14

12

RMSE (dB)

10

8

6

4
Sphere
Cylinder
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550

Figure 3.2: Error function for the form factor for a sphere or a cylinder. The form factor
for the size specified is compared to the form factor for a 500 µm scatterer. A threshold
of about 4 dB corresponds to a 1% size difference.

The grid size was evaluated for spheres ranging in size from 5 to 750 µm. Figure
3.3 shows simulated responses for transducer 2 from three of these spheres at four grid
sizes for each sphere to illustrate the manner of convergence. Table 3.2 shows the
resulting grid size for convergence for each sphere size. For cylinders, the lateral grid size
was chosen conservatively at 100 µm based on the single-sample cross-section cylinder
simulations. Table 3.3 lists the grid sizes for cylinder radii ranging from 50 to 1500 µm.
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Figure 3.3: Simulated normalized frequency responses for spheres of three different sizes.
Each sphere was simulated using transducer 2 at four different grid sizes (dx, µm).
Sphere radii were: (a) 250 µm, (b) 500 µm, and (c) 750 µm.
Table 3.2: Simulation grid size for several sphere radii (transducer 2).
Sphere radius
(µm)

Fraction of
radius

Grid size
(µm)

5

1/5

1

25

1/5

5

100

1/5

20

250

1/10

25

500

1/20

25

750

1/20

37.5
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Table 3.3: Simulation grid size for several cylinder radii (transducer 2).
Cylinder
radius (µm)

Fraction of
radius

Grid Size
(µm)

50

1/5

10

100

1/5

20

500

1/20

25

1500

1/25

60

The required grid size to simulate the response for a sphere was not a fixed
fraction of the sphere radius. The required grid size decreased as a fraction of the radius
of the sphere as the sphere or cylinder size grew larger (Table 3.2). The reason for this is
most easily explained for an acoustically compact sphere. At a given grid size, the
simulated response (3.2) was sampled according to the grid size in the axial direction.
This introduced an error into the simulated response by producing aliased copies of the
true power spectrum. A fixed grid fraction produced the same degree of aliasing as a
function of ka for all spheres and, as the sphere radius became larger, aliasing effects
occurred at lower frequency. Thus, the required grid fraction decreased for a fixed
transducer bandwidth as sphere radius increased, which is consistent with grid fraction
results in Table 3.2. But because the sphere was physically larger, this decreased grid
fraction corresponded to an only slightly larger grid size. This observation suggests a
single judiciously chosen grid size may be appropriate for simulating sphere-like objects
over a range of sizes for the same transducer and bandwidth in modeling tissue (Table
3.2). A similar trend emerged for the grid size for cylinder scatterers (Table 3.3). If the
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maximum frequency of the transducer were increased, the required range of ka without
significant aliasing would increase and thus the grid spacing required would decrease.

3.4

Comparison of simulated responses with the compact scatterer
approximation

3.4.1

Introduction
In this section, the simulated responses for single spherical and cylindrical

scatterers were compared to intensity form factors via compact scatterer approximations.
First, the response for a small sphere with respect to wavelength and at the focus, where
the spatial impulse response is theoretically a delta function, was compared to the
intensity form factor for a sphere. Next, the response for a thin cylinder in the focal plane
of the transducer and intersecting the focus was computed. The simulated response for a
single sphere that was physically large was next computed (3.2) when the scatterer was
displaced laterally from the focus and compared to the compact scatterer approximation
(3.4). The response of a spherical scatterer from two transducers having different focal
properties was simulated to explore the limits of the compact scatterer approximation.
Next, a physically large cylinder was simulated as a function of lateral position relative to
the focus and compared to the acoustically thin cylinder approximation. Finally, the
response was simulated for a physically large cylinder and two transducers with different
focal properties to explore the limits of the acoustically thin cylinder approximation.
3.4.2

A small sphere at the focus
A sphere of radius a = 25 µm was simulated (3.2) with a 1 µm grid size at the

focus of transducer 2 (Table 3.1), which had a beamwidth of approximately 1 mm at the
highest interrogation frequency (5 MHz), and thus the sphere was physically small
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compared to the transducer beamwidth. The normalized frequency response was
computed and compared to the intensity form factor for a fluid sphere (2.3). Figure 3.4
illustrates the frequency-domain responses, which match closely. The RMSE between
simulated frequency-domain response and the intensity form factor was 1.6 x 10-3 dB
over the frequency range from 0 to 5 MHz.
0
Simulated sphere
Form factor
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Frequency (MHz)

4

5

Figure 3.4: Normalized frequency response compared to the intensity form factor for a
sphere of radius a = 25 µm simulated with a 1 µm grid size at the focus of transducer 2.
3.4.3

A thin cylinder in the focal plane at the focus
A thin cylinder (ka <<1) was simulated (3.3) using a single spatial sample in cross

section and several samples along the cylinder length, which was parallel to the beam
lateral direction (Figure 3.5). The cylinder was positioned to intersect the focus of the
transducer ( x0 = 0 in Figure 3.5). Several lateral grid sizes were examined and the
response for each grid size was compared to the smallest grid size. Convergence was
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established if the RMSE between the response for consecutive grid sizes was small. A
threshold of 0.1 dB was chosen for this purpose. For transducer 1, convergence was
found at a lateral grid size of 250 µm, while convergence was found at 500 µm for
transducer 2. As transducer 1 was more highly focused, these lateral grid sizes
corresponded to the same number of sample points relative to the beamwidth of each
transducer. Figure 3.6 displays the response for each grid size for transducer 1 (a) and
transducer 2 (b). The normalized frequency responses converged to an f −1 dependence
for both transducers. The f −1 factor corresponds to the integral expression in (2.24).
Unlike for spheres, an additional factor is present for cylinders in the beam of a
transducer such that the response for a cylinder differs from the plane-wave response
with the cylinder at the focus. In order to compare the response of a cylinder to intensity
form factors, this factor must be included.

Figure 3.5: Grid arrangement for the simulation of cylinders. All cylinders are oriented
(a) with the cylinder axis (solid line) perpendicular the transducer axis (dashed line) and
in the focal plane of the transducer. Cylinders were decomposed into parallel slices along
the cylinder axis according to the lateral grid size (a). For thin cylinder simulations, each
slice was composed of one sample. For larger cylinders, each slice was represented
according to the specified grid size as a fraction of the radius (b).
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Figure 3.6: Normalized frequency response for a thin (one spatial sample in cross section)
cylinder for several lateral grid sizes (dx, µm): (a) transducer 1 and (b) transducer 2. The
responses were found to converge to an f-1 dependence.
3.4.4

Response of a physically large spherical scatterer as a function of lateral
position in the beam
Simulated results for a 500 µm sphere (grid size of 25 µm) were compared to the

approximate response for compact spheres (3.4) as a function of lateral position in the
beam. The approximate response was formed by multiplying the form factor with the
power spectrum of the spatial impulse response of transducer 2 at the center of the sphere
for lateral displacements from the focus of 0 µm, 500 µm, or 1000 µm (Figure 3.7).
Simulated results were in close agreement with the compact scatterer response over the
bandwidth of the transducer (RMSE of 2.88, 3.16, and 4.27 dB, respectively, 1.5 to 3.5
MHz), suggesting that the sphere could be closely approximated as acoustically compact.
Figure 3.8 illustrates these results.
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Figure 3.7: Orientation of single spheres with respect to the transducer axis. Single
spheres were simulated at 0, 500, and 1000 µm from the beam axis.
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Figure 3.8: Simulation compared to theory for three lateral positions ((a) 0 mm, (b) 0.5
mm, and (c) 1 mm). Theory curve is the form factor for a sphere multiplied by the power
spectrum of the spatial impulse response corresponding to the center of the sphere.
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3.4.5

Simulated response of a physically large spherical scatterer for two
transducers having different focal numbers
The response for a sphere of radius a = 500 µm was simulated at the focus for two

transducers having different focal properties (Figure 3.9). For the more weakly focused
transducer with a beamwidth of approximately 1750 µm at the center frequency
(transducer 2), the simulated response agreed closely with the intensity form factor for
the sphere (RSME = 2.86 dB, 1.5 to 3 MHz). For the more highly focused transducer
(transducer 1) with a beamwidth of approximately 875 µm at the center frequency, the
compact scatter approximation began to break down (RMSE = 5.41 dB, 1.5 to 3 MHz).
Curiously, the response for transducer 1 corresponded more closely to the form factor for
a slightly smaller spherical scatterer (a = 490 µm, RMSE = 0.86 dB, 1.5 to 3 MHz).
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Figure 3.9: Simulated normalized frequency response of sphere (a = 500 µm) for two
transducers at a grid size of 7.8 µm. The response converged to the form factor (dashed
line) for a 500 µm radius sphere only for the more weakly focused transducer.
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3.4.6

Response of a physically thick cylindrical scatterer as a function of lateral
position
The response for a single cylinder comparable in diameter to the beamwidth was

investigated in a similar fashion to the single sphere. First, the compact scatter
approximation was evaluated for a cylinder with radius a = 500 µm at three lateral
positions (0, 500, or 1000 µm) in the focal plane of transducer 2. The simulated
normalized frequency response was computed with a grid size of 25 µm (3.3) and was
compared to the acoustically thin cylinder approximation (3.5). Simulated results were in
close agreement with the approximate response of the transducer (RMSE of 3.5, 3.4, and
3.1 dB, respectively for Figure 3.10(a), (b), and (c), 1.5 to 3.5 MHz). Figure 3.10
illustrates these results, which suggest that this cylinder was acoustically compact in the
beam of the transducer.
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Figure 3.10: Simulated responses for a cylinder at three lateral positions: (a) 0 µm, (b)
500 µm, and (c) 1000 µm. The explicit simulated response is compared to the compact
scatterer approximation. RMSE between explicit and approximate responses were 3.5,
3.4, and 3.1 dB from 1.5 to 3 MHz for subplots (a), (b), and (c), respectively.
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3.4.7

Simulated response of a physically thick cylindrical scatterer for two
transducers having different focal numbers
To investigate the impact of transducer focusing, a comparison was conducted in

simulation for transducer 1 and transducer 2 using the same cylinder of radius a = 500
µm. The simulated cylinder produced a response in agreement with the acoustically thin
cylinder approximation over the transducer bandwidth for transducer 2 (RMSE = 3.5 dB,
1.5 to 3.5 MHz), while the response for transducer 1 did not provide as good agreement
(RMSE = 5.6 dB, 1.5 to 3.5 MHz). The responses appear in Figure 3.11. The effect of
shifting towards the response for a smaller scatterer for transducer 1 was consistent with
the results for spheres (Figure 3.9). In this case, the response for transducer 1 was found
to more closely agree with the form factor for a cylinder of radius 490 µm (RMSE = 2.55
dB, 1.5 to 3 MHz).

50
Transducer 1
Transducer 2

40

−

Form factor.*f 1

Normalized Response (dB)

30
20
10
0
−10
−20
−30
−40
−50

0

1

2
3
Frequency (MHz)

4

5

Figure 3.11: Simulated responses for a cylinder of radius a = 500 µm at the focus of two
transducers compared to the form factor.
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3.5

Conclusions
An extension of the method of Jensen was implemented to simulate the response

for two specific scatterer morphologies and to study the response of weak spherical or
cylindrical scatterers that were not physically small compared to the beam of a
transducer. Several important findings resulted from this implementation and the
corresponding measurements: (1) Simulation grid size decreased as a fraction of sphere
diameter for progressively larger spheres in order to maintain error bounds. (2) Spherical
scatterers that were half of a beamwidth in diameter were acoustically compact; spherical
scatterers that were a full beamwidth in diameter showed a small deviation from the
compact scatterer approximation. (3) The response for a single cylindrical scatterer
whose axis lies in the focal plane and that intersects the focus was found to differ from
the plane-wave response for a cylinder by a factor of f −1 . (4) The response for a
cylindrical scatterer with a diameter comparable to the beamwidth of the transducer was
still in close agreement with the form factor after accounting for an extra factor of f. (5)
The response for the largest scatterers examined closely matched the form factor for a
slightly smaller scatterer.
The responses for physically large spheres and cylinders were found to closely match
the compact scatterer approximation at three lateral positions in the transducer focal plane
(RMSE < 4 dB). The responses for spheres and cylinders were also investigated as the
radii grew larger compared to the transducer beamwidth. For spheres comparable in size
(1000 µm in diameter) to the beamwidth of transducer 2 (1750 µm), the simulated
response at the focus agreed closely with the intensity form factor (RMSE = 2.86 dB),
implying that that the sphere was acoustically compact. A more highly focused
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transducer with a smaller beamwidth (875 µm) resulted in a slight deviation from the
compact scatterer approximation and produced a response in close agreement (RMSE =
0.86 dB) with the form factor for a slightly smaller sphere (a = 490 µm , Figure 3.9). For
cylinders with a radius of 500 µm, the same effect was observed (Figure 3.11). For both
spheres and cylinders, the simulated response for a scatterer shifted towards the response
for a slightly smaller scatterer as the scatterer grew to a beamwidth in size.
The development in Chapter 2 indicates that single-scatterer form factors can be
estimated from a collection of identical scatterers with a transducer if those scatterers are
acoustically compact. Spherical and cylindrical scatterers that were a significant fraction
of the beamwidth in size were found to be acoustically compact. For even larger
scatterers, the response deviated gracefully from the plane-wave response, and
corresponded to a response for a slightly smaller scatterer. In Chapter 5, estimation of
form factors from collections of spheres and cylinders is investigated through simulations
of collections of scatterers.
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CHAPTER 4
EXPERIMENTAL VALIDATION OF SINGLE-SCATTERER
SIMULATIONS
4.1

Introduction
The simulated responses for single scatterers (Chapter 3) were compared to

intensity form factors, and close agreement was found for scatterers comparable in size to
the ultrasonic wavelength. This result was both surprising and significant, as it suggested
that form factor models can be used to describe scattering for media consisting of discrete
scatterers that are not physically small compared to the beamwidth of a transducer. The
simulation predictions were validated experimentally in this chapter using acoustic
models for spheres and cylinders. The fact that the scatterers were physically large was
advantageous in measuring the response for a single scatterer, as the amplitude of the
backscatterered response was well above the measurement noise floor.

4.2

Experimental Procedures

4.2.1

Introduction
Single scatterers were scanned and the response was compared to the response for

corresponding simulated scatterers. Single capelin fish eggs in an agar background were
used as an acoustic model for a weakly scattering sphere, and single fluid cylinders were
chosen as an acoustic model for a weakly scattering cylinder. Each single scatterer was
scanned at the focus and at three lateral positions in the focal plane. The imaging pulse
and instrument-dependent factors such as gain were removed by dividing the power
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spectrum of the response with the power spectrum of the response from a reference
planar reflector.

4.2.2

Sample preparation
Frozen capelin fish eggs (Figure 4.1) were purchased from a grocery store and

used as an acoustic model for a sphere. These eggs were roughly spherical and measured
approximately 1 mm in diameter. During phantom construction, the eggs were thawed on
the low setting in a microwave for approximately 20 seconds. Next, 2.25 grams of noble
agar powder (Sigma-Aldrich, St. Louis, MO) were added to 100 ml of degassed water
and mixed with a magnetic stirrer. Once dissolved, the mixture was placed in the
microwave and heated to 90 °C, stirring occasionally. The heated agar solution cooled
while mixing with the magnetic stirrer. The agar, once cooled to 45 °C, was placed in one
of several plastic cylindrical wells containing individual eggs using a pipette. Each egg
was then positioned near the center of the well using the pipette while the agar was still
fluid. Once the agar congealed slightly, the well container was placed in a refrigerator for
at least four hours prior to scanning.
Fluid cylinders were constructed by pouring liquid agar into a container with a
single plastic cylinder oriented parallel to the top surface of the phantom. The agar was
produced in the same manner described for the fish egg phantoms, and allowed to cool
and harden in the refrigerator for several hours. The plastic cylinder was then carefully
removed, and the agar phantom was placed into a degassed water bath for measurement.
The bath water was allowed to fill the cylindrical cavity, producing a fluid cylindrical
scatterer in an agar background. The cylinders thus constructed satisfied weak scattering
assumptions.
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Figure 4.1: Microscope image of a capelin fish egg (4x magnification). Scale bar
indicates 500 µm.

4.2.3

Ultrasonic scanning
Each fish egg phantom was individually placed in room temperature degassed

water for scanning. The reflection from the egg was located and placed in the focal plane
of the transducer (Figure 4.2), and a two-dimensional lateral scan was conducted to place
the egg at the focus laterally, as well as record the response at various lateral offsets from
the focus. This scanning procedure was repeated for two transducers (Table 4.1) for each
fish egg. For the fluid cylinders, a one-dimensional lateral scan was conducted
perpendicular to the length of the cylinder.
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Table 4.1: Measurement transducer nominal properties.
Manufacturer

Bandwidth
(MHz)

Diameter
(cm)

Focal depth
(cm)

1

Panametrics

1.5 to 3.0

1.91

2.54

2

Panametrics

1.5 to 3.0

1.91

5.08

Transducer

Figure 4.2: Received voltage for a single fish egg in a cylindrical agar phantom.
Reflections are (from left to right) water/agar interface, fish egg, and agar/reflector
interface. The focus of the transducer is located at the center of the fish egg reflection.

Transducer scans were conducted using a Panametrics 5800 pulser-receiver
(Olympus NDT, Waltham, MA) connected to a PC A/D card with 250 MHz sampling.
The data were displayed and acquired using custom LabVIEW (National Instruments,
Austin, TX) software running on a PC. Reference scans were taken throughout the
transducer depth-of-field using a flat reflector plate with a known reflection coefficient in
water.
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4.2.4

Estimation of the measurement normalized frequency response
The normalized frequency response was defined in Chapter 3 for simulated scans.

A corresponding normalized frequency response for measurement is defined here. In
order to remove the effects of the transducer pulse and instrumentation, the power spectra
from measurements were estimated from each fish egg and fluid cylinder and normalized
by dividing by the power spectrum from a reference scan. This normalized frequency
response was then compared to simulation using an ideal pulse. The normalized
frequency responses for spheres and cylinders, respectively, were computed as:
2
⎛
⎞
V( f )
−6
N S ( f ) = 10log10 ⎜
f ⎟,
⎜ V ( f )2
⎟
⎝ ref
⎠

(4.1)

2
⎛
⎞
V( f )
−5 ⎟
⎜
N C ( f ) = 10log10
f
,
⎜ V ( f )2
⎟
⎝ ref
⎠

(4.2)

where V ( f ) is the Fourier transform of the measured voltage computed using the fast
Fourier transform algorithm, Vref ( f ) is the Fourier transform of the reference scan
measured voltage.
4.2.5

Estimation of the acoustic properties of scatterer and background
In order to validate weak scattering assumptions for the scatterers, speed of sound

values were estimated for the agar and fish eggs used in experimental scans. This section
outlines the experimental procedures and summarizes the results.
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Speed of sound estimates
Speed of sound was estimated in agar using a 2.25 MHz single-element
transducer and an insertion technique. Estimates were found in 20.5 ºC degassed water,
and a speed of sound of 1484 m/s was assumed for the water. The reflection from a
stationary planar reflector was recorded with and without a block of agar positioned
between the transducer and the plate. The plate reflection was observed to shift in time
towards the transducer, indicating an increased sound speed in agar with respect to water.
The thickness of the agar block was measured using calipers. The speed of sound was
then estimated as:

ca = cw

cw −1
,
(t1 − t2 )
−1
cw −
d

(4.3)

where cw is the sound speed of water, d is the estimated thickness of the agar block, t1 is
the one-way reflection time without the agar block, and t 2 is the one-way reflection time
with the agar block in place. Table 4.2 summarizes speed of sound estimates for agar.
The speed of sound was estimated for fish eggs using a 40-MHz transducer and
dispersion was considered to be negligible. The speed of sound was estimated from a
lateral scan of the fish egg placed on a level, flat planar reflector (Figure 4.3). The speed
of sound was estimated from the shift in the one-way planar reflector back wall reflection
beneath the fish egg as:

ce = cw

(t1 − t3 )
.
(t2 − t3 )

Table 4.3 summarizes these estimates.
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(4.4)

Figure 4.3: Speed of sound estimates for single fish eggs. A 40-MHz transducer was
used. Typical fish eggs were 1 mm in diameter. The parabolic shape corresponds to the
shape of the reflector response due to the increased speed of sound in the fish egg
compared to water.
Table 4.2: Speed of sound estimates for agar.
Sample

Thickness
(mm)

Speed of sound
(m/s)

1

15.1

1490

2

20.5

1489

3

18.9

1491

Table 4.3: Speed of sound estimate in fish eggs.
Sample

Speed of sound
(m/s)

1

1503

2

1509

3

1505

57

Density estimates
The density of fish eggs and agar was estimated using a displacement technique.
Frozen capelin fish eggs were thawed in a microwave for 10 seconds. Approximately 5.5
grams of eggs were weighed on an electronic balance, and subsequently metered into a
100 ml graduated cylinder filled with approximately 60 mL of room temperature water.
The volume displacement was noted in each case (Table 4.4). Density estimates for agar
(Table 4.5) were achieved by pouring liquid agar into a graduated cylinder placed at the
top of an electronic balance. The mass and the volume were noted after the agar
congealed.
Table 4.4: Density estimates for fish eggs.
Sample
number

Displacement
(ml)

Mass
(g)

Estimated density
(g/ml)

1

9.0

10.3

1.14

2

8.0

9.2

1.15

3

11.0

12.8

1.16

Table 4.5: Density estimates for agar.
Sample
number

Volume
(ml)

Mass
(g)

Estimated density
(g/ml)

1

94.0

95.2

1.01

2

92.0

93.3

1.01

3

96.0

97.2

1.01
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4.3

Comparison of simulation and measurement for single spheres

4.3.1

Sphere response as a function of lateral position
The normalized frequency response was estimated (4.3) in the focal plane of

transducer 2 from RF data measured from three fish eggs. The fish eggs were slightly
spheroidal, and two of the three dimensions of each fish egg were estimated from optical
microscope images (Table 4.6). For each fish egg, a normalized frequency response was
generated from a simulated sphere at the focus to produce the best visual alignment of
peaks with the measured normalized frequency response at the focus. These best-fit size
estimates are summarized in Table 4.6.

Table 4.6: Fish egg diameter estimates from optical microscopy and best-fit diameters
for simulation comparison with the experimental data.
Fig. 7
subplot

Axis 1
(µm)

Axis 2
(µm)

Best-fit
(µm)

a

818

1020

710

b

1260

1230

1330

c

1200

1050

950

Figure 4.4 depicts the response from three fish eggs and three best-fit simulated
spheres each located at three lateral positions with respect to the focus (0 µm, 500 µm,
and 1000 µm from the focus). Normalized frequency response plots for all three lateral
positions were scaled with a single factor for each fish egg or simulated sphere in order to
compare the measured and simulated responses (Figure 4.4(b)). The response was found
to decrease as the scatterer was moved laterally in the focal plane. This decrease in the
response with respect to the response at the focus was quantified in Table 4.7 at a
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particular frequency corresponding to a peak in the response. Simulation and experiment
were in agreement to within 1 dB for two of the three fish eggs at these peaks.
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Figure 4.4: Simulated (solid) and measured (marker) normalized frequency responses for
three fish eggs (transducer 2). The responses correspond to a lateral offset with respect to
the focus of (a) 0 µm, (b) 500 µm, or (c) 1000 µm.

Table 4.7: Decrease in response from focus response for measurement (M) and
simulation (S), and the difference between these decreases (M-S).
Decrease (dB) at 500 µm
lateral position
Fig. 4.4
subplot

Decrease (dB) at 1000 µm
lateral position

Frequency
(MHz)

M

S

M-S

M

S

M-S

a

3

2.18

1.81

0.37

11.87

11.01

0.86

b

3.25

2.82

1.81

1.01

9.55

8.85

0.70

c

3

2.26

2.06

0.20

8.62

10.40

-1.78
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4.3.2

Response of a physically large spherical scatterer for two different focal
lengths
The effect of transducer focusing was investigated with measurement scans of a

fish egg with two transducers having the same diameter but different focal lengths. The
rationale for this comparison was that, if beam effects were to influence the response for
a single sphere, the influence should be stronger for a more highly focused transducer. To
this end, a single fish egg was scanned consecutively with transducers 1 and 2. Figure
4.5(a) compares the resulting normalized frequency responses at the focus for each
transducer. The measured response for transducer 1 was shifted slightly towards higher
frequencies or, equivalently, towards the response for a smaller scatterer compared to the
corresponding response for transducer 2. The best-fit form factors for the measured
responses were 465 µm (RMSE = 3.2 dB, 2 to 3 MHz) for transducer 1 and 470 µm
(RMSE = 2.0 dB, 2 to 3 MHz) for transducer 2, corresponding to a 1.1% difference.
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Figure 4.5: Measured (a) and simulated (b) normalized frequency responses for 2
transducers. The measured responses correspond to the same fish egg. Transducer 1 was
more highly focused and had a smaller beamwidth. The response for transducer 1 was
found to match the form factor for a sphere with a smaller radius than for transducer 2 for
both simulation and measurement.
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The response for a single sphere of radius a = 500 µm was simulated at the focus
of transducer 1 and transducer 2 to investigate whether the modeling could capture the
behavior of the measured responses. As observed with measurements, the simulated
response for the more highly focused transducer (transducer 1) was found to correspond
to the form factor for a slightly smaller scatterer than the response for the more weakly
focused transducer (Figure 4.5(b)). The response for transducer 2 corresponded to a bestfit intensity form factor for a 498 µm radius sphere (RMSE = 2.46 dB, 2 to 3 MHz),
while the best-fit intensity form factor to the response for transducer 1 corresponded to a
sphere radius of 490 µm (RMSE = 2.46 dB, 2 to 3 MHz), resulting in a 1.6% difference.
Therefore, the shifting of the response to a smaller scatterer observed experimentally was
captured by the model.

4.4

Comparison of simulation and measurement for single cylinders

4.4.1

Cylinder response as a function of lateral position
Normalized frequency responses (4.4) were estimated from scan data for three

cylinders having different diameters. Each cylinder was individually scanned in the focal
plane of transducer 2. The diameter for each cylinder was estimated using calipers (Table
4.8). The measured response at the focus was compared to a best-fit simulated
normalized frequency response. The best-fit diameter was chosen to produce the best
alignment of the nulls of the response. Table 4.8 summarizes the size estimates for the
cylinders based on this approach along with the size estimates from the calipers. The
estimated and measured sizes agreed to within 3.5%.
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Figure 4.6: Simulated (solid) and measured (transducer, marker) normalized frequency
responses for three cylinders and at three lateral positions. The cylinders had nominal
diameters of (a) 0.90 mm, (b) 1.50 mm, and (c) 3.00 mm.

Figure 4.6 depicts normalized frequency responses for the measured and
simulated cylinders. The three responses for each measured or simulated cylinder were
normalized by a single constant such that at the same frequency (which corresponded to a
peak in the response) the measured and simulated responses were scaled to 0 dB for
comparison. The decrease in the response with respect to the response at the focus (which
is unaffected by this scaling) for 500 and 1000 µm positions is quantified in Table 4.9 at
a particular frequency corresponding to a peak in the response. Simulation and
experiment were in agreement to within 2.6 dB for two of the three cylinders.
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Table 4.8: Cylinder diameter estimates for simulation and form factor comparison and
corresponding diameter measurements.

Cylinder

Measured
diameter
(mm)

Best-fit
diameter
(mm)

a

0.90

0.93

b

1.50

1.55

c

3.00

3.02

Table 4.9: Decrease in response from focus response for measurement (M) and
simulation (S), and the difference between these decreases (M-S).
Decrease (dB) at 500 µm
lateral position
Fig. 4.6
subplot

4.4.2

Decrease (dB) at 1000 µm
lateral position

Frequency
(MHz)

M

S

M-S

M

S

M-S

a

2.93

2.44

2.38

0.06

8.12

10.7

-2.58

b

2.75

2.22

2.28

-0.06

6.86

10.4

-3.54

c

2.90

2.02

2.02

0.00

8.72

8.72

0.00

Response of a physically large cylindrical scatterer for two different focal
lengths
A water cylinder with a nominal radius of 1500 µm was measured at the foci of

two transducers having the same diameter but different focal lengths. Normalized
frequency responses for the same fluid cylinder appear in Figure 4.7(a) for both
transducers. A best-fit form factor was found for both responses. For transducer 1, the
best-fit form factor corresponded to a radius of 1539 µm (RMSE = 2.61 dB, 1.5 to 3
MHz), and for transducer 2, the best-fit form factor corresponded to a radius of 1561 µm
(RMSE = 3.54 dB, 1.5 to 3 MHz), corresponding to a 1.4 % difference.
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Likewise, a single cylinder with a radius of 1500 µm was simulated at the focus of
transducer 1 and transducer 2. Normalized frequency responses for both transducers
appear in Figure 4.7(b). For transducer 1, the best-fit form factor corresponded to a radius
of 1460 µm (RMSE = 1.67 dB, 1.5 to 3 MHz), and for transducer 2, the best-fit form
factor corresponded to a radius of 1490 µm (RMSE = 1.58 dB, 1.5 to 3 MHz), or a 2%
difference. The observed trend for measurement of the response shifting to the response
for a smaller scatterer as the focal depth decreased was also observed in simulation.

(a)

(b)

10

10
Transducer 1 (meas)
Transducer 2 (meas)

Transducer 1 (sim)
Transducer 2 (sim)

5
0

Normalized Response (dB)

Normalized Response (dB)

0
−10

−20

−30

−5
−10
−15
−20
−25

−40
−30
−50
1.5

2
2.5
Frequency (MHz)

−35
1.5

3

2
2.5
Frequency (MHz)

3

Figure 4.7: Measured (a) and simulated (b) normalized frequency responses for two
transducers. The measured responses correspond to the same fluid cylinder. Transducer 1
was more highly focused and had a smaller beamwidth. The response for transducer 1
was found to match the form factor for a cylinder with a smaller radius than for
transducer 2 for both simulation and measurement.

4.5

Potential sources of error between measurement and simulation

4.5.1

Introduction
Sources of error between measured and simulated responses were considered,

including violation of weak scattering assumption for the fish egg and fluid cylinders and
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the shape of the fish eggs. The acoustic properties of the fish eggs and the agar
background were estimated from speed of sound and density measurements, and
scattering models for arbitrary (and not necessarily weak) fluid scatterers under planewave insonfication were compared to intensity form factors, which represent the weak
scattering limit of the plane-wave solutions.
4.5.2

Predicted plane-wave response for measured scatterers
The plane-wave response for a spherical scatterer with a radius of 500 µm and

having speed of sound and density equal to the estimated values for fish eggs and
background properties equal to the estimated values for agar was estimated using the
Anderson50 model and compared to the intensity form factor for a sphere (Figure 4.8).
The response was compared to the intensity form factor for a sphere of the same radius
and a slightly smaller radius (488 µm) and was found to agree closely with the intensity
form factor for the smaller radius (RMSE = 3.28 dB, 1.5 to 3 MHz). Likewise, the
theoretical response for a cylindrical scatterer with a radius of 500 µm and with speed of
sound and density equal to known values for room temperature degassed water in an agar
background was computed using the Stanton51 model and compared to the intensity form
factor for a cylinder (Figure 4.9). The intensity form factor for a slightly smaller radius
(498 µm) was found to agree closely with the predicted plane-wave response (RMSE =
2.68, 1.5 to 3 MHz). The Anderson model predicts minor discrepancies between the
shape of the measured response and the intensity form factor, including shallower nulls
(Figure 4.8).
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Figure 4.8: Normalized responses for a fluid sphere. The Anderson model was computed
using a fish egg as the scatterer and agar as the background. The responses were
compared to the form factor for a sphere for two different sizes.
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Figure 4.9: Normalized responses for a fluid cylinder. The Stanton model was computed
using water as the scatterer and agar as the background. The response was compared to
the form factor for a cylinder for two different radii.
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4.5.3

Simulated response for an oriented spheroid
The fish eggs used in experiments were not perfectly spherical but were better

described as a spheroid. In order to investigate this shape discrepancy as a possible
source of error, the simulated response for a spheroid was studied. Figure 4.10 shows the
simulated responses for a spheroid with a single long axis oriented in either the axial or
lateral directions with respect to the transducer. The spheroid sizes were chosen to be
compatible with the estimated sizes for fish eggs. The responses agreed closely with the
simulated response for a sphere with a diameter equal to the axial support of the spheroid
(RMSE between spheroid and corresponding sphere was 0.66 and 0.98 dB, respectively,
for 1000 and 800 µm diameter spheres). The simulated response for a single spheroid
matched the simulated response for a properly chosen sphere. This result can be
generalized to any orientation angle. For an acoustically compact spheroid oriented at an
angle θ with respect to the beam, the frequency response is equal to the response for a
sphere of radius a(θ ) times a constant scaling term (Chapter 2). In other words, for a
spheroid in any orientation with respect to the transducer, good agreement is predicted
between the measured response from the spheroid and the intensity form factor for an
appropriately sized sphere. Thus, for spheroidal fish eggs, close agreement is predicted
between the measured response of the fish egg and the simulated response for a sphere
with diameter equal to the axial extent of the spheroid with respect to the transducer
beam, and so the shape of the fish egg was not considered to be an important source of
error.
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Figure 4.10: Simulation of a spheroid in two orientations with respect to the transducer
beam compared to simulations of spheres with diameter equal to the axial extent of the
spheroid for each orientation.

4.6

Conclusions
Simulation results in Chapter 3 predicted that physically large spherical and

cylindrical scatterers were acoustically compact in a weakly focused transducer. This
outcome was determined by comparing responses generated using approximate and
explicit models, where close agreement was observed. In this chapter, predictions for the
explicit model throughout the focal plane are compared with experimental measurements.
For spheres positioned in the focal plane of the transducer at three lateral displacements,
the simulated normalized frequency responses were compared to the normalized
frequency responses from scans of fish eggs in the focal plane at the same lateral
displacements. The model captured the measured fall-off in frequency response as the
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scatterers were displaced laterally from the focus (Figure 4.4). Specifically, the
magnitude of the fall-off at the last peak in the normalized frequency response agreed to
within a 2 dB between measurement and simulation (Table 4.7) for the largest lateral
displacement from the focus.
Simulation and measurement both predicted differing responses for transducer 1
and transducer 2 for a spherical scatterer (Figure 4.5), illustrating both the effect of
increased scatterer size with respect to the beam as well as the consistency of model
predictions with measurement for large scatterers. The best-fit form factor was computed
for the response for each transducer, and the corresponding radii differed by 1.1% for
measurement and 1.6% for simulation.
Normalized frequency responses were estimated from measurement scans for
three fluid cylinders having different diameters in the focal plane of transducer 2. The
response for each cylinder was estimated at three lateral positions with respect to the
focus. Best-fit simulation size estimates were generated for each cylinder (Table 4.8)
based on the measured response at the focus (Figure 4.6). The size estimates from
simulation deviated from caliper measurements of the cylinder radius by less than 3.5%
for all cylinders, and the fall-off of the response at 1 mm lateral displacement agreed
between simulation and measurement (Table 4.9) to within 3.54 dB. As was observed for
spheres, simulation and measurement both predicted differing responses for transducer 1
and transducer 2 for the same cylindrical scatterer (Figure 4.7). The best-fit form factors
for the responses for each transducer corresponded to size differences of 1.4% for
measurement and 2.0% for simulation. Hence, the model was consist with measurement
in capturing this behavior.
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Next, the plane-wave response was predicted using the Anderson model for a
spherical scatterer with acoustic properties equal to the estimated properties for fish eggs
in an agar background and compared to the intensity form factor for a sphere with the
same size (radius of 500 µm, Figure 4.8). The Anderson model was used to predict the
response from the fish egg without the weak-scattering approximations inherent in the
intensity form factor models. The results from the Anderson model solution were
observed to deviate only slightly from the intensity form factor, and matched the intensity
form factor (RMSE = 3.28 dB) for a 2.4% smaller scatterer. Therefore, the close
agreement between the Anderson model solution and the intensity form factor for a
scatterer having the properties of a fish egg suggests that the fish egg could be considered
as a weak scatterer and can be modeled with the Born approximation. Likewise, the
plane-wave response for a cylinder was predicted with the Stanton model using the
estimated acoustic properties of water and agar and compared to form factors. As the
fluid cylinders in agar were weaker scatterers than were the fish eggs, the agreement
between the Stanton solution and the form factor was closer, but the intensity form factor
for a 0.4% smaller scatterer was again in closer agreement (RMSE = 2.68 dB) with the
Stanton predicted response. In practical terms, size estimates for media composed of
these scatterers would be biased by only a small fraction of the true scatterer size based
on the acoustic properties.
The shape of the fish egg was also explored as a potential source of error, but the
simulated response for a spheroidal scatterer was found to be equal to the response for a
sphere with the same axial extent, and so the fish egg shape was not predicted to alter the

71

shape of the response, and size estimated using a spherical model should correspond to a
physical dimension of the spheroid.
The results of this chapter demonstrate close agreement between model
predictions and measurement for physically large scatterers in the beam of a transducer.
Small differences in apparent scatterer size were predicted as scatterers continued to grow
large compared to the beam (Figure 4.5, Figure 4.7) or deviate slightly from weak
scattering assumptions (Figure 4.8, Figure 4.9). However, in all cases, these shifted
responses matched closely (as quantified by RMSE in dB) to the intensity form factor for
a scatterer of a size different from the true size by only a few percent. Thus, the model
predictions are expected to produce physically meaningful size estimates, even in these
limiting cases.
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CHAPTER 5
MODELING OF SCATTERER COLLECTIONS
5.1

Introduction
Generating form factor estimates from scans of tissues using transducers requires

a reference scan to account for instrumentation-dependent factors as well as to
compensate for the impact of the transducer beam on the backscattered power spectrum.
The bases for this procedure are analytical developments21,22,52 which assume small
scatterers with respect to the transducer beam and stationary, isotropic media. In Chapter
2, a modeling approach was proposed based on the method of Jensen to estimate intensity
form factors from media composed of discrete scatterers through an explicit spectral
normalization procedure. The approach was validated in this chapter using collections of
spheres which satisfy existing assumptions for estimating backscatter coefficients and for
which the response is known. The approach was then extended to cases for which
ultrasound spectral estimates have not been previously considered, including identical
physically large spheres with respect to the transducer beam and identical parallel
cylinders oriented normal to the transducer beam axis.
To generate computational media in this chapter, spherical and spheroidal
scatterers were placed uniformly and at random spatial locations in a cubic container
centered at the transducer focus, and the axes of cylindrical scatterers were placed in a
square cross section perpendicular to the focal plane (Figure 5.1). The scatterers were
placed independently and allowed to overlap to avoid any effects of correlation between
positions. In order to produce a good approximation to non-overlapping scatterer
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configurations, only low volume fractions were considered. In Section 5.2,
implementation details for simulating collections of scatterers are detailed.

Figure 5.1: Example compuational phantom consisting of a collection of spheres. Each
sphere center was placed at random, independantly, and uniformly throughout the
volume. Only low volume fraction (<10 %) collections were considered.
In Section 5.3, a single sphere was positioned randomly and uniformly within the
beam of the transducer in order to form a single scan realization. The average of the
normalized frequency responses from independent single-scatterer realizations was
compared to the corresponding intensity form factor. Each realization resulted in a single
scatterer response from a scatterer located at a random location in the beam. Because the
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scattering is a linear process, averaging the individual scatterer responses from random
and uniform locations in the beam would provide equivalent results to an ensemble of the
scatterers randomly located throughout the field but without a coherent scattering term.
Next, realizations each consisting of two scatterers were simulated to introduce
coherent scattering effects and compared to the intensity form factor. For each simulation
described, either a 50 or 500 µm radius sphere was chosen. Finally, collections (N > 2)
of spheres were simulated. The impacts of axial container size and scatterer number
density on the model were investigated.
In Section 5.4, collections of parallel cylinders were simulated and compared to
form factors. Cylinders with 50 and 500 µm radii were considered. In addition, a sciatic
nerve was modeled as a collection of parallel cylinders. A simulated B-mode image was
formed and compared to a B-mode image generated from scan data.
An efficient approach for simulating spheres and cylinders was developed in
Section 5.5. The results were compared to results for explicit numerical integration for
the same scatterer configurations. Close correspondence was observed, and
computational time for the approximate approach was reduced by a factor of 50.
In Section 5.6, collections of randomly oriented spheroids were examined as an
acoustic model for tissues. Simulated collections of spheroids were compared to a
derived form factor for identical randomly orientated spheroids for different spheroid
sizes.
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5.2

Model implementation
The implementation details for this chapter closely follow Section 3.2. For

collections of spheres or cylinders, the normalized response for the collection is computed
as the sum of the normalized responses for the individual scatterers:

v NC [n] = ∑ v Nj [n],

(5.1)

J

where v Nj [n] is the normalized response for the jth scatter, as defined in Chapter 2 (2.6).
The simulated normalized frequency responses for both spheres (5.2) and cylinders (5.3)
were computed to include the compensation function (2.40) derived in Chapter 2:
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Similar to the approximate expression for acoustically compact scatterers, an
implementation for acoustically compact collections was examined in Section 5.5. The
normalized response was computed as:
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(5.4)

(5.5)

where h j [n] is the spatial impulse response at the center of the jth sphere, h m [n] is the
j

spatial impulse response at the center of the mth segment of the jth cylinder, and Fsph [ka]
and Fcyl [ka] are form factors.

5.3

Monodisperse collections of spheres

5.3.1

Introduction
A monodisperse collection of spheres represents a basic scattering configuration.

The spatial autocorrelation of a sparse collection of spheres with independent positions is
closely related to the spatial autocorrelation function for a single sphere. Thus, the
average response from a collection of weakly scattering monodisperse spheres should be
closely related to the response for a single sphere.
The measured response for a collection of spheres using a transducer contains a
frequency-dependent bias due to the spatially-dependent filtering effects of the transducer
beam. If the spheres are located spatially at random and uniformly throughout the beam
in the focal plane of the transducer, then the bias is deterministic and can be
compensated. In practice, this compensation is implicitly accomplished by dividing by a
reference power spectrum. In Chapter 2, a compensation function was explicitly derived
for a Gaussian beam from a single-element transducer.
First, the normalized frequency response was simulated (5.2) from multiple
realizations of collections containing only one sphere and averaged. Each realization was
produced by placing a single sphere at a random spatial location in the focal plane of the
transducer. Next, configurations of spheres were generated consisting of multiple spheres
and simulated. In Chapter 2, coherent scattering was predicted to average to zero at
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frequencies sufficiently large with respect to the container size (2.31) in Chapter 2.
Simulations of these collections, which incorporate both transducer beam effects and
coherent scattering effects, were conducted to corroborate this conclusion. The impact of
axial container size, scatterer number density, and scatterer size was evaluated with these
simulations. Grid sizes established in Chapter 3 were used for simulating scatterer
collections.
5.3.2

Simulated responses for one or two sphere collections
The average of realizations containing single spheres was compared to the

intensity form factor. Single spheres were positioned uniformly and at random in a 10λ
cube centered at the focus of a 2 MHz transducer with of beamwidth of 2 mm. For a
single sphere in a resolution cell, coherent scattering effects were not present. The
simulated normalized frequency response was compensated with the normalization
function. Figure 5.2(a) shows that in the bandwidth of the transducer, the simulated
response agrees with the intensity form factor. Discrepancies at low frequency are due to
the large beamwidth of the transducer such that the chosen container size did not fully
encompass the beam.
Simulations were next conducted for realizations containing two spheres. This
case incorporates coherent scattering effects, as can be observed in the scalloped
appearance of the single scan line response in Figure 5.2(b). After sufficient averaging,
however, the mean response agreed with the form factor for a sphere. For spheres with
radius of 50 µm, the results corroborate published findings, which rely on the assumption
of small scatterers or, equivalently, a compact spatial autocorrelation function with
respect to the beam.21
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Figure 5.2: Normalized responses for (a) one-sphere and (b) two-sphere collections of a =
50 µm spheres. Spheres were positioned uniformly and at random in a 10λ cube centered
at the focus of the transducer. RMSE (1.5 to 3 MHz) was (a) 0.80 dB, (b) 0.77 dB.
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Figure 5.3: Normalized responses for (a) one-sphere and (b) two-sphere collections of a =
500 µm spheres. Spheres were positioned uniformly and at random in a 10λ cube
centered at the focus of the transducer. RMSE (1.5 to 3 MHz) was (a) 2.65 dB and (b)
2.65 dB.
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One- and two-sphere simulations were repeated for larger spheres (a = 500 µm,
Figure 5.3). Close agreement was again noted between the normalized response and the
form factor. This result implies that form factors can be reliably estimated with
transducers from media consisting of discrete spherical scatterers that are not small
compared to the transducer beam. This finding is significant because it expands the class
of media for which quantitative ultrasound techniques can be applied.
5.3.3

Simulated response of collections of spheres
Collections of identical spheres in a uniform background were simulated in order

to examine the influence of collection number density and container size with respect to
coherent scattering effects. Large number densities were examined while still maintaining
a volume fraction less than 1%. The impact of number density was examined by
comparing simulated responses for three different number densities (80, 800, or 8000 per
cc) in the same container (a 10λ cube). The average of 100 independent realizations of
each configuration was computed (Figure 5.4). The model in Chapter 2 for scatterer
collections predicted that the coherent scattering term should produce a bias in the
average power spectrum if:

(ω T )2 ≈ N − 1.

(5.6)

A bias was indeed present for higher number densities due to the coherent
scattering term (Figure 5.4). At higher frequencies, where effects of coherent scattering
did not contribute to a substantial bias, the average responses matched the form factor,
which is consistent with predictions from the model.
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Figure 5.4: Simulated collections of acoustically compact (a = 50 µm) spheres for three
different number densities. At lower frequency, a bias was present due to coherent
scattering effects. At higher frequency, the mean and variance of the three number
densities were the same.
The impact of axial container size was investigated by simulating and averaging
independent realizations for four different container sizes at a number density of 8000
scatterers per cubic centimeter. The lateral container size was approximately two
beamwidths at the transducer center frequency in all cases. For the smallest axial gate
size (1λ, where λ is the largest wavelength in the 1.5 to 3 MHz band, or approximately 1
mm), the number of spheres in the container produced a bias in the average response near
the transducer center frequency. Specifically, the RMSE between the form factor and the
response was 1.10 dB (1.5 to 3 MHz). For the 5λ container, the RMSE was 0.57 dB.
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Figure 5.5(a) depicts the average of 100 normalized responses for 1λ and 5λ gate lengths,
along with the intensity form factor for a 50 µm sphere.
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Figure 5.5: Simulated collections of acoustically compact (a = 50 µm) spheres for four
axial container sizes and a single number density (8000 per cc). The smaller axial
containers (a) produced a more prominent bias due to coherent scattering at low
frequency.
The average response was next computed for 10λ and 20λ axial gate sizes
(Figure 5.5(b)). The simulated responses for the 10λ and 20λ axial gates matched the
intensity form factor over the bandwidth of the transducer (RMSE = 0.52 dB and RMSE
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= 0.50 dB, 1.5 to 3 MHz), but the response corresponding to the 20λ gate size fell off
faster versus frequency than did the intensity form factor. This effect can be explained by
the profile of the depth of field of the transducer. Scatterers placed near the ends of the
large axial container experienced additional filtering that was not accounted for with
focal plane normalization.
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Figure 5.6: Simulated collections of spheres of radius a = 500 µm in a 5λ cube (200 per
cc). RMSE was 2.67 dB, 1.5 to 3 MHz.
The relatively high number densities required for the coherent scattering to impact
the mean power spectrum were not implemented for physically large spheres at low
volume fraction. Figure 5.6 shows the simulated response for 25 spheres with a 500 µm
radius in a 5λ cube (200/cc). The normalized response produced an average response
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having close agreement with the intensity form factor for the sphere, i.e., RMSE = 2.67
dB, 1.5 to 3 MHz. The result is consistent with the one and two sphere simulation results.
5.3.4

Model limitations
The simulation results were consistent with model predictions. The spectral

normalization function (2.40) was applied to the response for collections of identical
spheres, and close agreement was observed between the normalized response and the
intensity form factor for a sphere. This was true even for spheres that were not small
compared to the beam of the transducer. Coherent scattering effects were found to
produce a deterministic bias at low frequency as predicted in Chapter 2. For larger gate
lengths, this bias fell outside of the transducer bandwidth.
A few important limitations of the model with respect to tissue characterization
measurements were observed, however. First, in practice, time-domain gating of RF
signals is used, rather than a spatial gating of scatterers. For small time gates with respect
to the imaging pulse, the predictions of the model would not account for the edge effects
of truncating the time-series signal. Thus, the coherent scattering bias at low frequency
(Figure 5.4) is unlikely to be encountered for practical gate lengths, which are typically
several pulse lengths long. Second, the assumption of independent scatterer positions
becomes poor for non-overlapping scatterers at high volume fraction. In other words, for
larger volume fractions of non-overlapping scatterers, the scatterer positions are no
longer independent. Lastly, the nulls predicted for collections of large spheres are not
present in ultrasound RF scans from tissues. This discrepancy can be explained by several
closely related scatterer configurations, such as spherical scatterers with a size
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distribution and/or spheroidal scatterers with a random orientation. This limitation is
addressed in Section 5.6.

5.4

Collections of parallel cylinders

5.4.1

Introduction
Collections of spherical scatterers have previously been studied as a model for

scattering in biological tissue, i.e., as a model for scattering from cells.55 Collections of
cylinders may likewise be considered as a model for blood vessels in tissues or for tissues
with long fibers, such as muscle or nerve tissues. Despite this fact, to date, backscatter
coefficient estimation and spectral normalization have not been applied to collections of
weakly scattering cylinders. One possible explanation for this lack is the difficulty in
constructing weakly scattering parallel cylinder phantoms. Using the modeling approach
outlined in this chapter, spectral normalization was applied to collections of parallel
cylinders oriented normal to the transducer beam axis.
The normalized frequency response for collections of identical parallel cylinders
(5.3) was computed including the spectral normalization function. First, the responses for
one- or two-cylinders collections were simulated and compared to the intensity form
factor for a cylinder in order to evaluate the normalization function for cylindrical
scatterers. Next, the response for a collection of 30 parallel cylinders was computed and
compared to the intensity form factor for a cylinder. In both cases, the response was
found to closely match the intensity form factor for a cylinder, suggesting the same
spectral normalization procedure used for cylinders can be applied to collections of
cylinders, which is a novel result.
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Finally, the response from a rabbit sciatic nerve was modeled as a collection of
parallel cylinders. The cylinder sizes and positions are estimated from a histology slide
for the nerve tissue. The simulated response is compared to the response of the tissue
measured with a transducer.
5.4.2

Simulated responses for one or two cylinders
Simulations were conducted to evaluate the spectral normalization function for

parallel cylinders in a focused transducer beam. All simulated cylinders were 1 cm in
length, corresponding to roughly four transducer beamwidths. First, 1000 realizations
each consisting of a single cylinder with radius 50 µm uniformly positioned at random in
a 5λ square cross section were simulated (Figure 5.7). Likewise, 1000 realizations of two
cylinders placed uniformly and independently in an identical container were simulated.
Figure 5.8 shows the normalized frequency response for simulation and theory.

Figure 5.7: Cross-sectional view of a single cylinder placed in a square container of
length 5λ . Cylinders were placed at random, independantly, uniformly throughout the
square container.
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The one- and two-cylinder scans were repeated for cylinders with radius 500 µm
(Figure 5.9). For both thin (50 µm radius) and thick (500 µm radius) cylinders, the
normalized response was in close agreement with the intensity form factor for a cylinder
of the corresponding size. For the 50 µm radius cylinder, the one- and two-cylinder
responses had an RMSE with the intensity form factor of 0.04 dB and 0.11 dB,
respectively. For the 500 µm radius cylinder, the one- and two-cylinder responses had an
RMSE with the intensity form factor of 1.88 dB and 3.03 dB, respectively.
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Figure 5.8: Average normalized response for (a) one or (b) two a = 50 µm cylinders
uniformly distributed throughout a 5 mm rectangle centered in the focal plane. RMSE
was (a) 0.04 dB and (b) 0.11 dB.
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Figure 5.9: Average normalized response for (a) one or (b) two a = 500 µm cylinders
uniformly distributed throughout a 5 mm rectangle centered in the focal plane. RMSE
was (a) 1.88 dB and (b) 3.03 dB.
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5.4.3

Simulated collections of cylinders
A collection of 30 identical parallel cylinders with radius 50 µm (corresponding

to a 1% volume fraction) were placed independently, uniformly, and spatially at random
in a 5λ square container. Figure 5.10 compares the simulated response to the form factor
for the cylinder. The simulated response agreed with the form factor to within 1 dB
(RMSE = 0.41 dB). Deviation at lower frequency was anticipated by the relatively large
beamwidth of the transducer with respect to the finite length of the cylinder, but this
deviation was outside of the bandwidth of the transducer.

10
Average of 100 realizations
One realization
Form factor

Normalized Response (dB)

5

0

−5

−10

−15

−20

−25

0

1

2
3
Frequency (MHz)

4

5

Figure 5.10: Simulated collections of 30 cylinders of radius a = 50 µm in a 5 mm square.
RMSE was 0.41 dB.
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5.4.4

Simulation of a nerve sample using cylinders
A scientific obstacle to simulating transducer scans of tissues is the construction

of high-resolution three-dimensional maps of acoustic properties with sufficient spatial
resolution. For tissues that are acoustically similar to parallel cylinders oriented
perpendicular to the beam axis, the three-dimensional acoustic morphology can be
constructed from a single serial histology slice oriented perpendicular to the cylinder
axis (Figure 5.11).

Figure 5.11: Histology slice orientation with respect to the nerve bundle.

To illustrate this approach, a New Zealand white rabbit sciatic nerve tissue sample
scan was simulated based on gross histology of the sample (Figure 5.12) and compared to
a measurement scan. The nerve structure was approximated by a collection of seven
parallel cylinders with position and diameter estimated from the nerve bundles present in
the histology slide. Figure 5.13 shows the histology slide (a), simulation sample cross
section based on the histology slide (b), simulated B-mode image (c), and B-mode image
from ultrasound scan data (d). Measurement and simulation were conducted with a 2.25
MHz transducer with an f# of 2.67.
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The simulation time-domain response was formed by convolving the time-domain
normalized response with a pulse term formed by modulating a 2-MHz sinusoidal tone
burst with a windowing function. Although only a two-dimensional sample cross section
was used in the simulation, the simulation is based on the full three-dimensional structure
of the medium, which is assumed to be approximated by a cylinder over the lateral beamwidth of the measurement transducer. Good correspondence was noted between the shape
of the response in the measured and simulated B-mode images.

Figure 5.12: Nerve histology tissue section (H&E stain), 4x (left) and 40x (right). Scale
bar is 50 µm.
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Figure 5.13: B-mode images of nerve tissue: (c) simulation and (d) measurement. The
simulated response corresponds to seven parallel cylinders depicted in (b) whose position
and size was estimated from a serial histology slide depicted in (a).

5.5

Efficient approach for computing the response for acoustically
compact collections
In this section, an efficient approach for simulating scatterer collections is studied.

In Chapter 2, an acoustically compact collection of spheres was defined. The definition is
repeated here for clarity:

c ⎛ ct ⎞
!
! !
h
r
,t
s
r
d
r
≈
h
(t)
∗
s
.
(
)
(
)
∑
pe
m
∫V
2 p ⎜⎝ 2 ⎟⎠
M

(5.7)

In this section, the two expressions in (5.7) were numerically evaluated for the same
configurations of scatterers. The scatterers had radii of 500 µm, and were found
individually to be acoustically compact in Chapter 3. The right-hand side expression in
(5.7) can be expressed in the frequency domain as:
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2

VS (k) = Fsph (ka) ∑ H i (k) ,
2

(5.8)

I

where each of the I spheres is indexed by i, Fsph (ka) is the intensity form factor for a
sphere, and H i (k) is the Fourier transform of the spatial impulse response at the center of
the ith sphere.
For acoustically thin cylinders, the normalized frequency response can be
approximated as:

∫h

V

pe

c ⎛ ct ⎞
!
! !
!
( r ,t)s( r ) dr ≈ ∑ ε ∫ hpe ( rm ,t)dy ∗ su ⎜ ⎟ .
2 ⎝ 2⎠
M
Y

(5.9)

The convolutional expression (right-hand side) is expressed in the frequency domain as:
2

VC (k) = Fcyl (ka) ∑ Gi (k) ,
2

I

!
g i (t) = ∫ hpe ( ri ,t) dy.

(5.10)

Y

The efficient approach requires substantially fewer spatial impulse response evaluations
and was implemented according to (5.4) and (5.5).
The average normalized frequency response using the efficient approach appears
in Figure 5.14(a) for a collection of spheres of radius 50 µm, and in Figure 5.14(b) for a
collection of spheres of radius 500 µm. The result for the same spatial configuration of
scatterers using the explicit formulation appears in the same figure. The responses were
in close agreement between the two methods (RMSE < 0.01 dB and RMSE = 2.63 dB for
50 µm and 500 µm radii, respectively). Only one spatial impulse response is required for
each scatterer for the efficient approach, while the explicit approach can use 100,000
spatial impulse responses for a single spherical scatter.
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Figure 5.14: Simulated collections of (a) a = 50 µm spheres and (b) a = 500 µm spheres
in a 5λ cube: approximate and explicit approaches compared to the form factor. RMSE
between approximate and explicit approaches was (a) 0.01 dB and (b) 2.63 dB.
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Figure 5.15: Simulated collections of (a) 30 a = 50 µm cylinders and (b) 2 a = 500 µm
cylinders in a 5 λ square: explcit and speed-up approaches compared to the form factor.
RMSE was (a) 0.01 dB and (b) 3.03 dB.
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The average normalized frequency response was computed for collections of
cylinders with radii of 50 µm (Figure 5.15(a)) and 500 µm (Figure 5.15(b)) using both
explicit and efficient formulations. The responses were again in close agreement between
the two methods (RMSE = 0.01 and 3.03 dB for 50 µm and 500 µm radii, respectively),
and the responses for the smaller cylinders were in closer agreement, implying that the
approximation was better.
The results of this section present an alternative computation strategy for
acoustically compact collections of scatterers which requires far fewer spatial impulse
response evaluations while maintaining close agreement with the explicit formulation.

5.6

Collections of identical randomly oriented spheroids

5.6.1

Rationale for model
The simulation results of Section 5.5 demonstrated that ultrasound spectral

normalization techniques are applicable to certain collections of cylindrical scatterers and
to spherical scatterers which are not physically small compared to the transducer beam.
One possible reason that large scatterers have not been considered previously as a model
for scattering in tissues is the presence of the sharp nulls in the response in the transducer
bandwidth, which are not, in general, present in RF power spectra from backscattered
ultrasound measurements of tissues. Collections of spheroids were studied as a
generalization of single, monodisperse spheres and cylinders, and the responses from
collections of spheroids oriented randomly were found to agree more closely with the
behavior from tissue measurements.
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5.6.2

Spheres and cylinders as limiting cases of a spheroid
A spheroid can be used to describe either a spherical or cylindrical object as

limiting cases, which motivates the use of spheroids as a model for tissues. For a spheroid
having a major axis length 2B and two minor axes of length 2A (Figure 5.16), the
spheroid is defined as:

⎧
x2 y2 z2
⎪ 1: 2 + 2 + 2 ≤ 1,
ρ (x, y, z) = ⎨
A
A B
⎪
0.
⎩

(5.11)

Figure 5.16: Spheroid geometry and orientation with respect to the transducer beam axis
(dashed lined).
A single spheroid can be used to represent a sphere (A = B) or cylinder (B >> A)
as limiting cases. A simulation comparison for a single spheroid with its major axis
perpendicular to the beam axis appears for different major axis lengths in Figure 5.17.
The spheroid minor axes were 50 µm. The normalized response for the spherical case (A
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= B) matched theory for a sphere and, as the major axis length increased, the the
normalized response approached the theory for a cylinder.
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Figure 5.17: Simulated response for a spheroid as a function of B/A. Axis with length B
was oriented perpendicular to the beam axis.

5.6.3

A randomly oriented spheroid model
A model was developed for randomly oriented identical spheroids in a uniform

background. The model is valid for weakly scattering spheroids and was motivated by the
observation (Chapter 2) that a spheroid in any orientation has a projection function equal
to an amplitude-scaled version of the projection function for a sphere. The model for
identical spheroids with random angular orientation is similar to previously published
models considering size distributions of spheres,49 and is developed in a similar fashion.
The form factor for a collection of spheres with a size distribution p(a) is:
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2

∞

⎛ 3
⎞
1
Fd (ka) = 6 ∫ p(a)a 6 ⎜
j1 (2ka)⎟ da,
⎝ 2ka
⎠
a 0

(5.12)

where p(a) is the probability density function of the sphere radius a, a 6 is a scaling
term, and j1 is the spherical Bessel function. The form factor for a collection of identical
spheroids can be defined analogously, and depends on the spheroid dimensions and the
distribution of the orientations of the spheroids with respect to the transducer beam axis.
If a medium consisting of spheroids with random positions and random and uniform
orientations and the number density is sufficiently low such that coherent scattering
effects can be neglected, then the intensity form factor for the medium can be defined in
terms of the form factor for a medium containing spheres:
2

π

⎞
1 ⎛ 3
Fo (ka) = ∫ ⎜
j1 (2kâ)⎟ dθ ,
π 0 ⎝ 2kâ
⎠

(5.13)

where â is related to the spheroid dimensions and orientation angle θ as:
â(θ , A, B) =

( Acosθ ) + ( Bsinθ ).

(5.14)

The intensity form factors for a collection of randomly oriented and identical spheroids
and a collection of spheres with a size distribution are similar. Key differences are that
the probability distribution for the spheroid model is determined by the angular
distribution function, which is assumed here to be uniform from 0 to π , and that
magnitude of the contribution for each spheroid orientation is equal, whereas an a6
weighting appears for spheres.
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5.6.4

Simulated collections of identical spheroids
The model in the previous section was compared to simulated collections of

spheroids. In order to simulate an oriented spheroid, a coordinate transformation was
performed, and the spheroid was defined in the new coordinate axes:

⎡ z ' ⎤ ⎡ cos(θ ) 0
⎢
⎥ ⎢
1
⎢ y' ⎥ = ⎢ 0
⎢
⎢ x' ⎥
⎣
⎦ ⎣ sin(θ ) 0

− sin(θ ) ⎤ ⎡ z ⎤
⎥⎢
⎥
0
⎥ ⎢ y ⎥,
cos(θ ) ⎥ ⎢⎣ x ⎥⎦
⎦

⎧
x '2 y '2 z '2
⎪ 1: 2 + 2 + 2 ≤ 1,
ρ (x ', y ', z ') = ⎨
A
A
B
⎪
0.
⎩

(5.15)

(5.16)

A fixed collection of random positions and orientations was simulated for four
different spheroid sizes. For each spheroid, the orientation angle with respect to the
transducer axis was chosen independently and at random on the interval [ 0, π ] . The
average of 100 simulated responses for each of four spheroid sizes was compared to the
randomly orientated spheroid model intensity form factor. The randomly oriented
spheroid model matched closely to the simulation results for all four spheroid sizes
(Figure 5.18). The sphere size distribution model with a uniform size distribution on the
interval from A to B was also evaluated for comparison. This model produced a distinct
response compared to the spheroid model for wider size distributions (Figure 5.18(c)),
but the models produced the same result for the limiting case of monodisperse spheres
(Figure 5.18(d)). Both models predicted a response that significantly reduced the nulls in
the response compared to the monodisperse case. Therefore, both models captured the
response in tissue more realistically than did a monodisperse collection of spheres, and a
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combination of both size distributions and random orientations may be used to model the
ultrasonic response of tissues.
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Figure 5.18: Simulated response from a collection of randomly oriented spheroids for
four different spheroid sizes: (a) A = 350 µm, B = 500 µm, (b) A = 550 µm, B = 650 µm,
(c) A =120 µm, B = 500 µm, and (d) A = 500 µm, B = 500 µm. RMSE for spheroid model
was (a) 0.70 dB, (b) 0.71 dB, (c) 0.43 dB, and (d) 3.47 dB.

5.7

Conclusions
The results of this chapter illustrate and validate a computational modeling

approach to relate the morphology of a weakly scattering random medium to the average
frequency-domain ultrasound scattered response of the medium. The modeling approach
was first validated by comparing the response for a collection of identical small spheres
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to the intensity form factor for a single sphere. This comparison required compensating
for diffraction effects of the transducer beam, and a normalization function (2.40) was
applied and evaluated numerically for a simulated focused transducer.
The modeling approach was used to investigate fundamental assumptions and
limitations regarding estimation of backscatter coefficients transducer scans of tissues.
The findings were:
(1) Coherent scattering from collections of identical scatterers produces no bias to
the single-scatterer response for sufficient averaging and independently placed
scatterers if the axial conatiner size is sufficiently large.
(2) Single-scatterer intensity form factors can be estimated from random media
composed of spherical scatterers which are not small compared to the transducer
beam.
(3) Form factors can be estimated for collections of parallel weakly scattering
cylinders oriented normal to the tranducer beam axis.
(4) Simulation acceleration is possible for random media composed of acoustically
compact spheres and acoustically thin cylinders.
(5) The modeling approach can be used to investigate and validate more complex
models which may better respresent scattering from tissues.
(6) Simulation of nerve tissues based on histology could be conducted by
representing the tissue volume with a collection of parallel cylinders.
First, simulation results confirmed that coherent scattering effects for
independently located scatterers produced negligible bias with sufficient averaging. The
response for two-scatterer collections introduced interference effects which appear as

104

scalloping of the response for single realizations (Figure 5.2(b)). However, form factors
could be reliably estimated from an average of independent realizations.
Next, the modeling approach was used to evaluate the limitations of estimating
intensity form factors with transducers for collections of physically large scatterers. The
simulation results predicted that spheres and cylinders may be comparable in size to the
wavelength at the center frequency and beamwidth and still produce normalized
frequency responses that agree closely with the intensity form factor over the bandwidth
of the transducer. Specifically, the average responses from collections of spheres of
radius 500 µm were in close agreement with the intensity form factor for a sphere of
radius 500 µm over the transducer bandwidth. These results suggest that intensity form
factors can be estimated using focused transducers for media with scattering sites that are
not physically small compared to the transducer beam, which is a novel and important
finding.
Cylindrical structures such as blood vessels, nerve bundles, or muscle fibers are
often present in tissue. Therefore, the simulated response from identical parallel cylinders
was investigated. Simulation results demonstrated that the single-cylinder intensity form
factor can be estimated from a collection of identical parallel weakly scattering cylinders,
which is a novel finding that extends the applicability of this technique beyond spherical
scatterers. Single-cylinder intensity form factors were estimated for both physically thin
cylinders and from collections of cylinders (Figure 5.9) of radius 500 µm. A simulated Bmode image based on a single gross histology slice was generated for the special case of
parallel cylinders and compared to a measurement scan for the same sample. Good
correspondence was observed between simulated and measured images.
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An efficient simulation approach was proposed and validated which required only
a single spatial impulse response evaluation for each spherical scatterer or a onedimensional collection of spatial impulse responses along the axis for each cylinder. The
responses computed using an explicit sub-scatterer grid size and the accelerated approach
were in close agreement for collections of identical spheres (Figure 5.14) and cylinders
(Figure 5.15) and resulted in a significant computational cost savings compared to the
sub-scatterer grid size approach.
A collection of randomly oriented spheroids was examined as a generalization of
the results for monodisperse spheres and as a more realistic acoustic model for tissue. A
model for the intensity form factor for a medium consisting of identical spheroidal
scatterers with random orientation was derived and compared to the average simulated
response for randomly oriented spheroids. Close agreement was noted between the model
and the simulated response (Figure 5.18), demonstrating that the modeling approach is
applicable to a more general random medium with characteristics similar to tissues. In
particular, the response from randomly oriented spheroids produced a response similar to
the response from monodisperse spheres but without the nulls present.
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CHAPTER 6
CONCLUSIONS AND FUTURE WORK
6.1

Introduction
This chapter summarizes the contributions of this dissertation and outlines future

work directions, including some preliminary results for efficient simulation of arbitrary
spatial maps of acoustic properties.

6.2

Summary and contributions
The computational modeling approach was motivated by the fundamental and

unsolved scientific problem of relating backscattered ultrasound to tissue morphology.
This problem was manifest in studying the response to thermal therapy of rodent tumor
tissue, as outlined in Chapter 1. Increases in the backscatter coefficient in tumors were
observed both in vivo and ex vivo in carefully controlled water bath heating studies. This
is a significant and novel scientific finding, which contributes to the evidence for using
quantitative ultrasound techniques to characterize tissue and assess therapy. However,
changes to tissue structure from histology could not be directly correlated to these
changes, in part due to the complexity of the structure of the tissue. The criteria for a
modeling approach to address this limitation were established based on these
experiments. These criteria were:
1. Incorporation of a realistic source configuration and the resulting transducer
beam diffraction effects.
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2. Efficient simulation of three-dimensional spatial maps comparable in size to
the beam of a transducer.
3. Modeling of weak scatterers of arbitrary shape (possibly anisotropic) for a
range of sizes from a single cell diameter up to the beamwidth of a
transducer.
4. Prediction of the spectrum of the response based on sample morphology.
Several important and novel contributions resulted from the model development.
In Chapter 2, an existing model45 for the transducer pulse-echo response of a weakly
scattering medium was extended and applied to the problem of estimating the frequencydomain response for collections of discrete scatterers with a specified geometry. A
normalized frequency response was defined for comparison with intensity form factors,
and the relationship between the projection of a weakly scattering acoustically compact
scatterer and the intensity form factor was established. Acoustic compactness was defined
as a condition for estimating the intensity form factor from random media composed of
discrete scatterers. A spectral normalization function was defined to relate the response
for a collection of scatterers in the focal plane to the intensity form factor for a single
scatterer
In Chapter 3, grid size requirements for single spheres and cylinders were
established. Model predictions for single spherical and cylindrical scatterers located
throughout the focal plane were compared to intensity form factors. An f-1 dependence
was predicted for thin cylinders located at the focus compared to the plane-wave
response. The responses for spheres and cylinders were found to closely match the
intensity form factor (RMSE < 4 dB) for radii comparable to wavelength and a weakly
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focused (f# 2.67) transducer. For a more strong focused transducer (f# 1.34), the
predicted responses for the same scatterers corresponded (RMSE < 3 dB) to the form
factor for a 2% smaller scatterer, demonstrating limiting behavior of transducer scans for
single scatterers.
In Chapter 4, the simulation results in Chapter 3 were compared to single-element
transducer scans of fish eggs and fluid cylinders, which were used as acoustic models for
spheres and cylinders. Simulated responses had good agreement with the responses from
fish eggs and from fluid cylinders as quantified by the decrease in the response as a
function of lateral positions. Decreases agreed to within 3.54 dB between measurement
and simulation. A comparison of measurement scans of the same spherical or cylindrical
scatterer with two transducers having the same diameter and center frequency but
different focal lengths revealed a shift in the response due to diffraction effects consistent
with model predictions. The measured response for the more strongly focused transducer
corresponded closely (RMSE = 2.61 dB, 1.5 to 3 MHz) to the form factor for a scatter
that was 1.1% and 1.4% smaller (sphere and cylinder, respectively) than the
corresponding best-fit form factor for the more weakly focused transducer. The model
response likewise predicted 1.6% and 2.0% differences for spheres and cylinders,
respectively. The speed of sound and density of the scatterers and background were
estimated, and the plane-wave responses for the scatterers were predicted using models
for a fluid sphere and a fluid cylinder with no assumptions regarding weak scattering.
These models predicted 2.4% and 0.4% differences for fish eggs and water cylinders,
respectively, between the actual scatterer size and the best-fit form factor. Also, the
simulated normalized frequency responses for a sphere and an oriented spheroid were

109

predicted to be the same (RMSE < 1 dB) when the sphere and spheroid had the same
axial support, validating the comparison of a spherical fish egg with a sphere. This
finding is consistent with the projection framework outlined in Chapter 2.
Collections of identical scatterers were simulated in Chapter 5 using the spectral
normalization function developed in Chapter 2. Containers of insufficient size (axial size
less than 5λ) were found to produce a deterministic bias within the bandwidth (1.5 to 3
MHz) of the simulation transducer for the collections considered, which resulted in
deviations from the expected response of up to 15 dB. The average of responses for
independent realizations of collections of identical spheres with radii (500 µm) close to a
wavelength (650 µm) in size were found to estimate (RMSE < 3 dB) the intensity form
factor of the component sphere. The collections were constructed in a such a way that the
intensity form factor characterized the plane-wave response of the medium. Likewise, the
average of the responses from many realizations from a collection of parallel cylinders
with radii of 500 µm was found to estimate the intensity form factor for a cylinder. The
estimation of the intensity form factor from a collection of cylinders had not been
previously demonstrated this way, and represents an extension to the class of media
which can be classified with spectral quantitative ultrasound. Also, a simulated B-mode
image was generated from a collection of cylinders whose sizes and relative positions
were estimated from histology and compared with a B-mode image of a scan from the
same tissue sample.
The projection framework in Chapter 2 motivated a new tissue scattering model
consisting of a collection of randomly oriented spheroids. The model was proposed to
address the lack of nulls in the spectrum of the backscattered response for tissues, and is
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similar in result to a previously proposed model consisting of spherical scatterers with a
size distribution. The significant finding of this model was that the size distribution in the
sphere model corresponds to an angular distribution of spheroids, which had a natural
physical interpretation and was assumed in the model to be uniformly distributed over all
possible angles. An intensity form factor for this model was derived and compared to the
simulated normalized frequency response for a collection of randomly oriented spheroids.
Excellent agreement (RMSE < 1 dB) was observed.
The contributions outlined represent both a versatile methodology for predicting
the backscattered response from structured random media such as tissue as well as an
expanded understanding of the classes of media for which form factors or backscatter
coefficients can be estimated using transducers having diffractive fields. The modeling
approach satisfied all four criteria listed above. The applicability to scattering from
spatial maps of acoustic properties generated from histology is outlined in the next
section. While tissue characterization problems motivated the study, the same approach
can be applied to transducer scans of any weakly scattering medium.

6.3

Preliminary results and future work

6.3.1

Introduction
The results in this work demonstrate and validate a computational modeling

approach for generating backscattered ultrasound from an arbitrary weakly scattering
medium. Several applications for the modeling approach in tissue characterization are
outlined in this section. In Chapter 5 the scattering coefficient spatial map used to
represent the sample morphology was generated by placing individual discrete scatterers
in a container to form a computational phantom. Spatial maps of the scattering coefficient
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can also be generated from spatial maps of tissue generated either from measurements or
histology. Both synthesized computational phantoms and histology map-based tissue
morphology can be compared to experimental results and applied to problems in tissue
characterization. Future work for each direction is discussed.
6.3.2

Simulation for an arbitrary three-dimensional map of impedance
Chapter 5 investigated simulation of backscattered ultrasound from collections of

identical objects. Computational phantoms were created by placing scatterers at random
locations in a volume comparable in size to the beam of a transducer. This approach is
feasible for simulating collections of simple shapes with known positions and
morphology. For arbitrary spatial maps of the scattering coefficient, as might be
constructed from serial histology slides, this approach is not feasible unless scatterers are
identified and labeled prior to simulation. Also, explicitly computing the spatial impulse
response at each spatial sample point is inefficient. An approach motivated by the idea of
an acoustically compact region in the beam maintains high spatial resolution of the map
while dramatically reducing the number of spatial impulse response evaluations required.
The beam of a single-element transducer can be divided into compact regions or
subdomains over which the magnitude of the spatial impulse response is approximately
constant (Figure 6.1). For each subdomain, the response is computed independently using
a single spatial impulse response evaluation. The size of each region dx is proportional
to the transducer beamwidth corresponding to the minimum wavelength of the transducer
over its bandwidth:

dx ∼ f # λmin .
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(6.1)

The received voltage is simulated by summing responses from each region. The
response for each region is computed as a convolution of the spatial impulse response hpe
of that region with the projection of the three-dimensional scattering coefficient map S m
along the beam axis:

⎛
! !⎞
m
V (t) = ∑ ⎜ hpe
(t) ∗ ∫∫ S m ( r ) dr ⎟ .
M ⎝
⎠
X m ,Ym

(6.2)

This approach reduces the number of spatial impulse response evaluations by the number
of grid points in the subdomain. Thus, any grid size can be chosen for the scattering
coefficient map and used without increasing the number of spatial impulse response
evaluations.

Figure 6.1: The transducer beam is subdivided into domains. The response for an
arbitrary spatial map is computed for each domain and summed.
This subdomain approach was evaluated for an acoustic map consisting of
identical spheres and compared to the explicit simulation approach outlined in Chapter 5.
The scattering coefficient spatial map was generated by randomly placing five spherical
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scatterers of radius a = 500 µm in a one-cubic-centimeter container (Figure 6.2). For both
methods, a normalization function (2.40) was applied to compensate for diffraction
effects. Figure 6.3 compares time-domain (assuming an ideal pulse) and frequencydomain responses for the two methods. Table 6.1 lists the RMSE between explicit and
subdomain methods for three subdomain sizes. For the smallest subdomain size
examined, the number of spatial impulse response evaluations was reduced by a factor of
1000 compared to the explicit approach.

Figure 6.2: Spatial configuration of five spheres in a one-cubic-centimeter container used
for comparing explicit and subdomain approaches.
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Figure 6.3: Time-domain (a) and frequency-domain (b) responses from five spheres:
subdomain and explicit approaches. A subdomain size of 100 µm was used. RMSE (0 to
5 MHz) was 0.2 dB.
Table 6.1: RMSE between explicit and subdomain approaches.
Subdomain
size (µm)

RMSE
(1.5 to 3 MHz)

500

5.7

250

3.9

100

0.6
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Using the subdomain approach, the computation time is independent of the
contents of the spatial map. Thus, the response can be efficiently computed from arbitrary
maps of the scattering coefficients, including dense collections of scatterers, which are
computationally expensive for the explicit approach. The subdomain can be found in
practice by progressively reducing the subdomain size and recomputing the response
until some convergence criterion is met.
6.3.3

Investigating the link between morphological changes with therapy and
changes in ultrasound backscatter
The therapy results outlined in Chapter 1 indicate that the scattering properties in

tumor tissue change with thermal insult. However, analysis of histological slides to
determine sources of the increase is difficult, in part due to the structural complexity of
tumor tissue. Likewise, increases have been observed in backscattered signal amplitude
from solid tumors treated with chemotherapy and radiation.18 Nuclear condensation has
been hypothesized to explain these increases.56 The simulation approach outlined
represents an opportunity to directly test these hypotheses. The microstructure of a
computational phantom could be perturbed in a way that is consistent with observed
morphological changes and re-simulated to evaluate morphological changes individually
or several changes simultaneously.

6.3.4

Evaluation of ultrasonic scattering models with computational phantoms
Morphology-based simulation can be used to evaluate scattering models in

quantitative ultrasound.

Currently, models are applied to ultrasound backscatter

coefficients for two distinct purposes. First, models are applied in order to generate
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features for classification. For example, the effective scatterer diameter (ESD) and
effective acoustic concentration (EAC) can be computed based on minimum mean
squared error fits of different models, Gaussian or fluid-filled sphere models,55 and the
choice of model for this application would be determined by the performance of the
resulting classifier. Models have also been applied to backscatter coefficients in order to
interpret the sources of scattering.57 In this case, an accurate physical interpretation would
be important in the choice of a model. Computational phantoms can be directly
constructed to compare scattering models to a known morphology both to develop
physically meaningful models as well as evaluate estimate properties for classification
purposes. The difficulties inherent in constructing physical phantoms with a particular
morphology can be circumvented using a computational approach, and complex
morphologies can be generated and interrogated.
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