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Density Imaging Using a Multiple-Frequency
DBIM Approach
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Abstract—Current inverse scattering methods for quantitative density imaging have limitations that keep them from
practical experimental implementations. In this work, an improved approach, termed the multiple-frequency distorted Born
iterative method (MF-DBIM) algorithm, was developed for
imaging density variations. The MF-DBIM approach consists
of inverting the wave equation by solving for a single function
that depends on both sound speed and density variations at
multiple frequencies. Density information was isolated by using
a linear combination of the reconstructed single-frequency profiles. Reconstructions of targets using MF-DBIM from simulated data were compared with reconstructions using methods
currently available in the literature, i.e., the dual-frequency
DBIM (DF-DBIM) and T-matrix approaches. Useful density
reconstructions, i.e., root mean square errors (RMSEs) less
than 30%, were obtained with MF-DBIM even with 2% Gaussian noise in the simulated data and using frequency ranges
spanning less than an order of magnitude. Therefore, the MFDBIM approach outperformed both the DF-DBIM method
(which has problems converging with noise even an order of
magnitude smaller) and the T-matrix method (which requires
a ka factor close to unity to achieve convergence). However, the
convergence of all the density imaging algorithms was compromised when imaging targets with object functions exhibiting
high spatial frequency content.

I. Introduction

T

he quantitative estimation and imaging of structural and acoustic parameters using ultrasound have
been extensively studied for many years as tools for tissue
characterization. Several techniques with different levels
of computational complexity have been explored, including ultrasonic envelope analysis [1], [2], quantitative ultrasound techniques based on backscattered data [3]–[6],
quantitative elastographic techniques [7]–[9], and acoustic
microscopy [10]–[12].
Acoustic tomography is a quantitative imaging technique that aims to reconstruct material properties based
on scattered pressure measurements. Typically, density
changes are neglected to obtain estimates of speed of
sound and attenuation [13]–[15]. However, experimental
evidence is available in the literature suggesting that relative density changes in tissues may be comparable in mag-
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nitude to relative sound speed changes [16], [17]. Although
there exists information that suggests density and speed
of sound are highly correlated in benign tissues [18], actual values of density and compressibility are not known
for many disease states. Sound speed and density values
reported by Saijo et al. [19] for three different myocardial
tissue types suggested that that although density seemed
to increase with increasing sound speed, the relationship
between the corresponding sound speed and density contrasts (relative to water) was not linear. For the case of
breast tissue, Yang et al. [20] stated that even though
density was observed to generally increase with increasing speed of sound, this was not the case when considerable fibrous tissue was mingled with fatty tissue. Some
studies available in the literature [21], [22] suggest density
variations may play an important role in scattering from
tissues. Therefore, determining density distributions may
provide additional information or contrast in imaging for
cancer detection.
Some studies of density imaging based on single-scattering formulations are available in the literature [23]–[27].
Inverse scattering methods, which take into account multiple scattering, have also been studied. These methods
can be roughly classified into two categories. The first approach consists of inverting the wave equation by solving
for a single function that depends on both speed of sound
and density variations, and using data at two frequencies to
isolate density information [28], [29]. The second approach
consists of solving the wave equation for two functions
simultaneously: one that depends only on compressibility
and one that depends only on density variations [30]–[32].
It has been previously reported in the literature that both
approaches have limitations that keep them from practical experimental implementations [33], [34]. In particular,
the first approach (as exemplified by the dual-frequency
distorted Born iterative method, DF-DBIM) was found
to be very sensitive to the termination tolerance of the
single-frequency reconstructions, and the second approach
(as exemplified by the T-matrix approach) was found to
require a very large bandwidth.
The remainder of this work is devoted to the derivation
and assessment of a variation of the DF-DBIM approach,
termed here the multiple-frequency distorted Born iterative method (MF-DBIM) approach. In this work, several
aspects of the proposed algorithm were explored, including the effects of density and speed of sound contrasts,
sensitivity to noise, and the effects of algorithmic variables
such as the bandwidth and the separation among frequencies used in the inversion.
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II. Methods

The details of the distorted Born iterative method
(DBIM) [35]–[37] in the presence of density variations are
presented here for completeness. The wave propagation in
an inhomogeneous medium is described by [38]

 

 
dr ¢(r ¢, w)p(r ¢)G 0(r , r ¢),

òW





(r , w) = (k 2(r ) - k 02) - r 1/2(r )Ñ 2r -1/2(r )
(3)

where ω is the angular frequency of the incident harmonic
wave and c0 is the sound speed in the background. The
integral equation can be used to solve both for the pressure field inside the computational domain p and the scattered field outside the computational domain p sc. The
DBIM is a Newton-type algorithm that obtains an esti
mate of the function (r , w) using (2) and measurements



of the scattered field p sc(r ) = p(r ) − e s(r ) caused by the
imaging target. In this work, (2) was discretized using
sinc-based functions and delta testing functions [41]. A
trial (0) is chosen for which the corresponding scattered
field is calculated. Next, the object function is updated as
(n +1) = (n) + D(n), where D(n) is given by the regularized optimization problem
D(n) = argmin ||Dp sc - F(n) × D||22 + g ||D||22,


 


Ñ 2u(r ) - r(r )u(r ) = r(r ), r Î W


u(r ) = 0, r Ï W,

(4)

D

where Dp sc contains the difference between the predicted
and measured scattered fields, γ is the regularization parameter, and F(n) is the so-called Frechet derivative matrix
[36]. The iterative process is repeated until the relative
residual error (RRE), given by RRE = ||Dp sc||2/||p sc||2,
falls within a desired termination tolerance t%.

(5)



where u(r ) = ( r r-1/2(r ) - 1 ). In this study, (5) was solved
by converting it to the matrix equation
G × u = Fr
G = (  - (Fr) ),

(2)


where e s(r ) is the incident field caused by a source located
 

at rs, s = 0, 1, …, Ns, and G 0(r , r ¢) is the Green’s function
in a homogeneous background with wave number k0. As
suming the speed of sound c(r ) is weakly dispersive and
neglecting attenuation for simplicity, the object function
 is given by

é w2
w2 ù


= êê 2  - 2 úú - r 1/2(r )Ñ 2r -1/2(r ),
ë c (r ) c 0 û
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To estimate density profiles, one can exploit the fact
that the term in brackets in (3) scales with ω2 whereas the


second term r = r 1/2(r )Ñ 2r -1/2(r ) is frequency independent. Therefore, multiple frequency information allows
isolating r, after which density images can be constructed by solving the differential equation

(1)



where p(r ) is the acoustical pressure, f inc(r ) is the acoustic


source, and k(r ) and r(r ) are the wave number and density
distributions, respectively. By applying the change of vari


ables p(r ) = f (r )r 1/2(r ) [39], [40], (1) can be rewritten in
integral form as


p(r ) = e s(r ) +

November

B. The Multiple-Frequency DBIM (MF-DBIM) Algorithm

A. Variable Density and the Distorted Born
Iterative Method




 

r(r )Ñ × [ r -1(r )Ñp(r ) ] + k 2(r )p(r ) = -f inc(r ),
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(6)


where u is a vector with the values of u(r ), Fr is a vector

with the values of r(r ),  is a matrix approximation of
the ∇2 operator using a finite difference template, and 
is an operator that transforms a vector into a diagonal
matrix.

A minimum of two estimates of (r , w i) at two different
frequencies are required to separate speed of sound and
density information. In general, if a set of reconstructions

i = (r , w i) at frequencies ωi, i = 1, 2, …, Nf are available, the least mean squares estimator

r(r )

( åiN=1 w i2 )( åiN=1 w i2i(r)) - ( åiN=1 w i4 )( åiN=1 i(r) )			
2
N
N
N f åi =1 w i4 - ( åi =1 w i2 )
f

=

f

f

f

f

f

		

(7)

allows for the isolation of density contributions to the ob
ject function. (r ) profiles were estimated by combining

(r , w) profiles obtained at frequencies between fmin and
fmax in steps of Δf, where the frequency increment Δf is
given by
Df =

f max - f min
.
Nf -1

(8)

The quality of the density reconstructions when using
(7) is compromised by improper cancellation of the
speed-of-sound components of the reconstructed i . This
effect is exacerbated when large termination tolerance
values are used, which reduces the correlation among the
speed-of-sound components at different frequencies. Here
it is hypothesized that frequency hopping [42], [43], i.e.,
the use of lower frequency reconstructions as initial
guesses for higher frequency reconstructions, may im-
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prove on the speed-of-sound term cancellation and therefore improve on the quality of tomographic density imaging. When performing the reconstruction using data
corresponding to frequency ωi, the most accurate available initial guess is
2

æ w i -1 ö÷


 (r , w i) = ççç
÷ (r , w i -1),
è w i ÷ø
(0)

(9)


where (r , w i -1) is the final reconstruction obtained at the
nearest lower frequency ωi−1. However, if ωi−1 and ωi are
too close to each other, no iterations will occur when processing the data at frequency ωi for a given termination
tolerance. On the other hand, if the initial guess is too far
away from the true profile, correlation will be lost between


i -1(r ) and i(r ). Therefore, the initial guess when processing the ith frequency was chosen as

(0) 
 (0)
MF-DBIM (r , w i ) = b (r , w i ),

(10)

where β is a contraction factor. In this work the contraction factor was chosen as β = (1 − 1.5t%), where t% is the
termination tolerance. This choice of β was empirically
determined to be appropriate for making DBIM iterate at
least one time when low Δf values were used. A conventional 2-D median filter of size 3 by 3 pixels was used to

smooth  (0)
MF-DBIM (r , w i ).
Frequency hopping improves on the correlation among
all profiles except the one obtained at frequency fmin,
which is obtained using an all-zero initial guess and therefore requires special treatment. Several options may exist
for the proper handling of the profile at fmin. For example,
in [44] the profile at fmin was not used when estimating

(r ) using (7). In this work, the data at fmin was processed

twice. The first time a profile '(r , w min) was obtained by
using an all-zero initial guess. The second time, the final


profile (r , w min) was obtained by using b'(r , w min) as initial guess. The MF-DBIM approach is summarized in Algorithm 1.
Algorithm 1: The MF-DBIM algorithm
 	 1: 	Set the initial guess  (0) to an all-zero vector.
 	 2: for f = fmin:Δf: fmax do

 	 3:	Obtain (r , 2p f ) with DBIM and  (0) as initial
guess.
 	 4: if f = fmin then

 	 5:	Set  (0) = b(r , 2p f min).

 	 6:	Obtain (r , 2p f ) with DBIM and  (0) as initial
guess.
 	 7: end if
 	 8: Update  (0) by median filtering the expression on
(10).
 	 9: end for

10: Estimate (r ) using (7).

11: Estimate u(r ) using (6) and obtain a density image


by using u(r ) = ( r r-1/2(r ) - 1 ).
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III. Results
A. Effects of Imaging Bandwidth and Frequency
Separation Δf
The effects of the imaging bandwidth and frequency
separation Δf were explored by reconstructing circular
cylinders of radii λ, 2λ, and 4λ, where λ = c0/fmax is
the wavelength corresponding to the maximum frequency
fmax used in the inversion. The speed of sound contrast
Δc was normalized using the excess phase Δϕmax, i.e.,
the maximum excess phase that the incident field at frequency fmax accumulates when traveling through the scatterer as opposed to propagating through the background.
The magnitude of Δϕmax is commonly used to estimate
the region of convergence of single-frequency inverse scattering approaches [45], [46]. All cylinders had Δϕmax =
0.9π. Density contrast Δρ values of −Δc and −2Δc were
used in the simulations. The synthetic measurements were
generated using the analytic scattering solution [47]. The
scattered data was corrupted using 2% Gaussian noise,
with eight noise realizations per simulation settings. Frequency separation values of 0.01fmax, 0.05fmax, and 0.1fmax
were studied. Also, the use of only two frequencies (i.e., Nf
= 2) was explored. The reconstruction root mean square
error (RMSE) values are shown in Fig. 1.
Although, in general, the use of a lower Δf value resulted in lower reconstruction errors, the quality of the
reconstructions depended more strongly on the imaging
bandwidth. Furthermore, for most cases the use of two
frequencies (Nf = 2) resulted in comparable reconstruction
errors when compared with the multiple frequency case
(Nf > 2). The most significant differences when using Nf
= 2 were observed for low fmin/fmax ratios. Based on this
result, Δf = 0.01fmax will be used when further exploring MF-DBIM in Sections III-B and III-C unless stated
otherwise.
Three algorithmic variations of the MF-DBIM approach
were also explored through simulations. The first variation
was to use multiple frequency data without frequency
hopping. The other two variations are related to the handling of the  reconstruction at frequency fmin. The second variation consisted of discarding the lowest frequency
reconstruction when estimating r using (7). The third
variation was to process the data at fmin without the reiteration described in Algorithm 1, i.e., eliminating steps
4–7 in Algorithm 1. The imaging target for all cases consisted of a cylinder of radius 4λ with Δϕ = 0.9 and Δρ =
−Δc. The results are presented in Fig. 2.
The results in Fig. 2(a) demonstrate the importance of
using frequency hopping when imaging density using MFDBIM. In the absence of frequency hopping, the error
curves became erratic and the reconstruction errors became large. In particular, the dual-frequency DBIM (DFDBIM) algorithm [28], [29], [34] corresponds to the limiting case when only two frequencies and no frequency
hopping are used, i.e., Nf = 2. Further, one can actually
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Fig. 1. Effect of Δf on the RMSEs of density reconstructions of λ (first column), 2λ (second column), and 4λ (third column) radius cylinders with
Δρ = −Δc (top) and Δρ = −2Δc (bottom) using MF-DBIM. The SNR was set to 34 dB for all cases.

observe that the reconstruction errors decreased with decreasing number of analysis frequencies for fmin/fmax <
0.5. This may be explained by the fact that, in the absence
of frequency hopping, the likelihood of incorporating an
uncorrelated  profiles decreases with decreasing number
of analysis frequencies.
The results in Figs. 2(b) and 2(c) highlight the importance of properly handling the  profile obtained at fmin.
For the results presented in Fig. 2(b), discarding the profile at fmin effectively increased the minimum analysis frequency to fmin + Δf. This effect can be negligible when
using low Δf values relative to the imaging bandwidth, as
in the case of Δf = 0.01fmax, but may be significant when
large Δf values are used as illustrated by the results obtained with Δf = 0.1fmax. However, the most significant
effects were observed in Fig. 2(c) where the reconstruction
errors had values in excess of 100% for some analysis
bandwidths. Although the irregularity of the error curves
is similar to that observed in Fig. 2(a), the worst performance was obtained when fewer frequencies were used for
estimating r for a fixed bandwidth. This is expected because the only partially uncorrelated reconstruction corresponds to fmin independently of the number of analysis
frequencies. Therefore, in this case, using more analysis
frequencies allowed a reduction in the contribution of this
profile to the estimated r when using (7).
For further illustration, an example showcasing the performance of the DF-DBIM, the MF-DBIM, and the Tmatrix [31] approaches when imaging an inhomogeneous
phantom is presented. The comparison with the latter
algorithm is presented because of the documented behavioral difference of methods that image density by inverting

Fig. 2. Algorithmic variations of the MF-DBIM approach. Density images were obtained (a) using multiple frequency information without
frequency hopping, (b) discarding the lowest frequency estimate instead
of reprocessing the data at fmin, and (c) using lowest frequency estimate
without reprocessing. The SNR was set to 34 dB for all cases.

the wave equation for one function at different frequencies (such as DF-DBIM and MF-DBIM) instead of two
functions simultaneously (such as the T-matrix approach)
[34]. The phantom specifications are given in Table I. An
analytical scattering solution was used to calculate the
synthetic scattered field [48]. Single-frequency reconstructions were obtained with a termination tolerance of 2%
in all cases. The DF-DBIM and MF-DBIM reconstruc-
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TABLE I. Specifications of the Computational Phantom Used
For Density Imaging.
Cylinder

Center position

1

[0, 0]

2
3
4

[0, 0]
[−2.4λ, 2.4λ]
[1.8λ, −1.8λ]

Radius

Δc

Δρ

8λ (outer)
7λ (inner)
7λ
1.6λ
2.4λ

4%

−4%

−1.8%
−2.5%
2.5%

1.8%
2.5%
−2.5%

The dimensions are given in terms of the wavelength λ at fmax.

Fig. 3. Density contrast Δρ reconstructions of the computer phantom
from Table I using three different algorithms. (a) Ideal density profile.
(b) DF-DBIM reconstruction with fmin = fmax/2. (c) T-matrix reconstruction with fmin = fmax/64. (d) MF-DBIM reconstruction with fmin =
fmax/2. The Δρ range is limited in all images between −0.05 and 0.05,
and the dimensions are given in terms of the wavelength λ at fmax.

tions were obtained using fmin = fmax/2. The T-matrix
reconstruction was obtained using fmin = fmax/64, which is
the minimum bandwidth required for an unbiased density
reconstruction using this algorithm given the target size
[34], [48]. The reconstructed density images are shown in
Fig. 3. The RMSEs in the reconstructions were 90.8%,
33.3%, and 32.4% when using the DF-DBIM, T-matrix,
and MF-DBIM approaches, respectively. Although both
the MF-DBIM and T-matrix algorithms outperformed the
DF-DBIM and provided comparable reconstruction errors,
the bandwidth required for convergence of the T-matrix
was 32 times larger than that required by the MF-DBIM
approach. Therefore, this example illustrates the potential
of MF-DBIM to improve upon the convergence characteristics of DF-DBIM while using a significantly smaller
bandwidth than the T-matrix approach.
B. Effects of Speed of Sound and Density Contrasts
To more systematically assess the performance of the
MF-DBIM approach, circular cylinders of radii λ, 2λ, and
4λ and Δϕmax values of 0.9π, −0.45π, and 0.225π were reconstructed through simulations. The density contrast Δρ
of the cylinders was varied between −3Δc and 2Δc. The
minimum frequency fmin used in the reconstructions was
varied between 0.1fmax and 0.9fmax. The synthetic data
was contaminated with 2% random Gaussian noise. Five
noise realizations per simulation setting were used and
the resulting RMSE mean was calculated. The results are
presented in Fig. 4. Radial profiles of density reconstructions of cylinders with radius 2λ, Δϕmax = 0.9π, and Δρ
= −Δc, and Δρ = Δc are shown in Fig. 5.

A marked difference in the performance of MF-DBIM
was observed when Δρ/Δc > 0 rather than Δρ/Δc < 0,
i.e., the density and sound speed changes were either in
the same direction or in opposite directions. Whereas in
the latter case proper convergence (reconstruction RMSEs
smaller than 30%) were obtained by using fmin values less
than an order of magnitude smaller than fmax, in the former case the errors were significantly larger for comparable magnitudes of Δρ changes. Further, the reconstructions for Δρ/Δc > 0 became more unstable as Δϕmax
increased. The reconstructions in Fig. 5 indicate the main
source of error to be the appearance of spurious slopes in
regions with ideally homogeneous density.
To further explore this apparent limitation of the MFDBIM approach to reconstruct certain classes of objects,

the object functions (r ) corresponding to circular cylinders with radius 2λ, Δϕmax = 0.9π, and Δρ = −Δc and
Δρ = Δc were obtained using DBIM at frequency fmax.

The r(r ) profiles were estimated by subtracting the
known sound-speed-dependent term from the reconstruct


ed (r ) profiles. The ideal profiles for (r ) and r(r ) were
calculated using (3) with the ∇2 operator implemented
using a sinc-based filter. The results are presented in Fig.
6.

The reconstructed r(r ) function for the case Δρ =
−Δc was very consistent with the expected profile, i.e.,
sharp discontinuities were observed at the edges of the

cylinder. In contrast, and although the expected r(r )
profile should be almost identical up to a sign change and

slight amplitude variation, the r(r ) estimate when Δρ =
Δc appeared completely distorted and exhibited ringing
that extended beyond the edges of the imaging target.

Given the marked difference in the reconstructed r(r )
profiles, the error maps presented in Fig. 4 are expected.
More insight into the nature of the MF-DBIM recon
struction errors can be obtained by analyzing the (r )
plots in Fig. 6. The main behavioral difference between
the Δρ = −Δc and Δρ = Δc cases was the smoothness of

the ideal (r ) functions. For the first case, the destructive
interaction between the sound speed and density terms

resulted in a smooth (r ) function and the DBIM properly converged to an approximate solution that accurately

captured density effects. In contrast, the ideal (r ) function for the second case exhibited sharp, steep variations
that DBIM algorithm had more difficulties reproducing
given its limited spectral support [49]. Furthermore, increasing the excess phase Δϕmax made the inverse scatter-
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Fig. 4. Mean RMSEs when reconstructing density profiles of homogeneous circular cylinders with Δϕmax = 0.9π and radii λ (left), 2λ (center) and
4λ (right) using MF-DBIM. The SNR was set to 34 dB.

Fig. 5. Reconstructed density profiles of circular cylinders of radius 2λ,
Δϕmax = 0.9π, and Δρ = −Δc (left) and Δρ = Δc (right) using fmin =
0.5fmax.

ing problem more nonlinear and therefore exacerbated the
convergence to improper solutions given the lack of sensitivity of the DBIM algorithm to high spatial frequencies.
C. Effects of the Smoothness of the Imaging Target
In the previous section it was observed that objects with

smoother (r ) profiles were better reconstructed when using the MF-DBIM approach. Further studies of the effect of

the smoothness of (r ) were conducted by reconstructing
cylinders of radii λ, 2λ, and 4λ with sound speed and density profiles smoothed with a radial Hanning function of
length equal to λ. The sound speed contrast was set for all
cases to obtain Δϕmax = 0.9π. The results are shown in Fig.
7. Radial profiles of density reconstructions of smooth cylinders with radius 2λ, Δϕmax = 0.9π, and Δρ = −Δc and
Δρ = Δc are shown in Fig. 8.



Fig. 6. Expected (solid) and reconstructed (dashed) r(r ) (left) and (r )
(right) profiles from circular cylinders of radius 2λ, Δϕmax = 0.9π, and
Δρ = −Δc (top) and Δρ = Δc (bottom).

The smoothness of the imaging targets resulted in more
stable inversions than those from the piecewise homogeneous counterparts in Fig. 4. Furthermore, the strong dependence on the sign of Δρ/Δc was not observed for the
smooth cylindrical targets.
IV. Discussion
The current study presents several contributions to the
field of acoustic inverse scattering. An improved algorithm
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Fig. 7. Mean RMSE when reconstructing density profiles of smooth circular cylinders with Δϕmax = 0.9π and radii λ (left), 2λ (center), and 4λ
(right) using MF-DBIM. The SNR was set to 34 dB.

Fig. 8. Reconstructed profiles of smoothed cylinders of radius 2λ,
Δϕmax = 0.9π, and Δρ = −Δc (left) and Δρ = Δc (right) using fmin =
0.5fmax.

(MF-DBIM) was proposed and assessed for constructing
tomographic density images. In this study, it was found
that MF-DBIM largely overcomes the noise sensitivity
issues of its predecessor, the DF-DBIM algorithm, and
therefore has the potential to bring density imaging closer
to experimental practice.
However, results presented in this study suggest that
MF-DBIM has difficulties in reconstructing certain classes
of objects. The limiting factor of the technique appears to
be related to the high-frequency content of the object

function (r ) of the imaging target. Scatterers that exhib
ited smoother (r ) profiles were better reconstructed than

objects with (r ) profiles that exhibited sharp spatial discontinuities. One particular class of objects that resulted
in poor density reconstructions were homogeneous cylinders with Δρ/Δc > 0. Only a few studies have presented
density reconstructions from homogeneous cylinders in
the past, but all of them presented results corresponding
to cylinders with Δρ/Δc < 0 [31], [32], [34]. This finding
may have important implications for practical density tomography given that most healthy tissues exhibit a positive Δρ/Δc ratio [18].
Given that all inverse scattering algorithms based on
far-field measurements are bandwidth limited, one would
expect to observe a degraded performance when using
other inverse scattering algorithms to reconstruct density

images corresponding to imaging targets with (r ) functions that exhibit high spatial frequencies. For illustration,
the T-matrix approach [31] was used to create density images corresponding to cylinders with Δϕmax = 0.9π and
radius 2λ. The RMSEs of the reconstructions for different
Δρ/Δc values are presented in Fig. 9. The results indi-

Fig. 9. Mean RMSEs when reconstructing density profiles of homogeneous circular cylinders with Δϕmax = 0.9π and radius 2λ using the
T-matrix approach. The SNR was set to 34 dB.

cated that the T-matrix approach also has difficulties
when imaging homogeneous cylinders with Δρ/Δc > 0,
and therefore supported the hypothesis that the spatial
bandwidth of the imaging target impacts the performance
of density imaging using inverse scattering.
The results presented in this study indicate the potential of MF-DBIM to handle SNR and bandwidth values
that are experimentally obtainable with currently available ultrasound instrumentation [37]. The effects of experimental sources of error, which have been reported to
have a significant impact on ultrasonic and microwave tomographic imaging [50]–[52], are yet to be determined.
Further, the sensitivity of density imaging methods to
the acoustical properties of imaging targets needs to be
addressed before techniques such as MF-DBIM can be
successfully implemented in practice. MF-DBIM was
developed after analyzing the limitations of its simpler
counterpart, the DF-DBIM approach [34]. Similarly, understanding the limitations of MF-DBIM should lead to
more robust density imaging algorithms. Possible research
directions include stabilizing the inversion of (5) by total variation methods [53] which have been proposed in
the past for sound speed [54] and density [32], [34] tomographic imaging, and better utilization of the scattered
data measurements.
V. Conclusions
In this work, an improved algorithm (MF-DBIM) for
tomographic density imaging was presented and assessed.
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The method was capable of obtaining density images with
reduced noise sensitivity and total bandwidth when compared with previously available methods reported in the
literature. The performance of MF-DBIM degraded when
imaging objects that exhibited large spatial frequency

variations in their (r , w) profiles. This limitation was related to the limited spatial bandwidth of the inverse scattering problem, and was found to be shared by other tomographic density imaging approaches.
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