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Abstract—Although real imaging problems involve objects that
have variations in three dimensions, a majority of work examining
inverse scattering methods for ultrasonic tomography considers
2-D imaging problems. Therefore, the study of 3-D inverse scat-
tering methods is necessary for future applications of ultrasonic to-
mography. In this work, 3-D reconstructions using different arrays
of rectangular elements focused on elevation were studied when re-
constructing spherical imaging targets by producing a series of 2-D
image slices using the 2-D distorted Born iterative method (DBIM).
The effects of focal number f/#, speed of sound contrast � , and
scatterer size were considered. For comparison, the 3-D wave equa-
tion was also inverted using point-like transducers to produce fully
3-D DBIM image reconstructions. In 2-D slicing, blurring in the
vertical direction was highly correlated with the transmit/receive
elevation point-spread function of the transducers for low� . The
eventual appearance of overshoot artifacts in the vertical direction
were observed with increasing� . These diffraction-related arti-
facts were less severe for smaller focal number values and larger
spherical target sizes. When using 3-D DBIM, the overshoot arti-
facts were not observed and spatial resolution was improved. How-
ever, results indicate that array configuration in 3-D reconstruc-
tions is important for good image reconstruction. Practical arrays
were designed and assessed for image reconstruction using 3-D
DBIM.

Index Terms—Fully 3-D image reconstruction, inverse scat-
tering, ultrasonic imaging, ultrasonic tomography.

I. INTRODUCTION

U LTRASONIC computerized tomography (UCT) is an
imaging technique that can provide quantitative images

of acoustic properties of tissue. UCT has been extensively
studied since the early 1970s, which has resulted in the de-
velopment of several algorithms both from researchers in
acoustic and electromagnetic wave propagation [1]–[8]. One
of the most well-studied UCT algorithms is inverse scattering
using Newton-type methods such as the distorted Born itera-
tive method (DBIM) [9], [10]. One of the drawbacks of this
method is that it diverges when the excess phase , which is
accumulated by the acoustic wave when traveling through the
imaging target, is larger than . However, this condition can
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be avoided using multiple frequency information [11]–[14],
which allows the use of inverse scattering for the solution of
practical imaging problems. A majority of work examining
ultrasonic tomography methods considers 2-D imaging prob-
lems. However, real imaging problems involve objects that
have variations in three dimensions. Therefore, the study of
3-D inverse scattering methods for image reconstructions is
necessary for future applications of ultrasonic tomography.

The most common approach for 3-D inverse scattering
imaging consists of using transducers focused on elevation
to create a series of 2-D image slices of the object using 2-D
DBIM. The resulting 3-D image reconstruction is rendered
by stacking the serial 2-D slices. Most current ultrasonic to-
mography devices [15]–[17] consist of ring arrays focused in
elevation, and therefore the effects in the reconstructed profiles
due to this particular configuration need to be analyzed.

A more direct approach consists of using 3-D inverse scat-
tering algorithms to reconstruct the imaging target. Unlike the
2-D slicing, point-like transducers are used such that both the
transmission and reception beam patterns completely cover
the object. With the advent of faster electronics and improved
transducer technology, ultrasonic tomography systems with
3-D imaging capabilities are starting to become available
[18], [19]. Three-dimensional imaging algorithms have been
studied both for the electromagnetic and acoustic case, using
Newton-type and conjugate gradient [20]–[22], local shape
function [23], propagation–backpropagation [24], and contrast
source inversion methods [25]–[27], among others [28], [29].

The main contribution of the present work is to study the
performance of 3-D imaging using both 2-D slicing and fully
3-D inverse scattering when reconstructing spherical objects.
The simplicity of the imaging targets allows for a straightfor-
ward assessment of the reconstruction quality. The performance
of 2-D slicing when reconstructing spherical targets with both
plane [30] and cylindrical [31] wave illumination and point re-
ceivers has already been documented. However, to the authors’
knowledge a similar study using nonlinear inverse scattering al-
gorithms and focused transducers is not available in the litera-
ture. Given that inverse scattering is a nonlinear problem and
therefore imaging target dependent, the effects of focal number
f/#, speed of sound contrast , and scatterer size were con-
sidered when using the 2-D DBIM for reconstructing the 2-D
slices. In addition, the performance of 3-D DBIM was studied
in this work for comparison with the 2-D DBIM and slicing
counterpart. To the authors’ knowledge, a study about the im-
pact of array configuration in the quality of 3-D acoustic inverse
scattering images is not available in the literature. In particular,
the effects of transducer placement in the reconstruction quality
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were taken into account by testing three different array configu-
rations: a sphere array and two different cylindrical array topolo-
gies.

II. DISTORTED BORN ITERATIVE METHOD

As in a previous manuscript [14], the details of the distorted
Born iterative method [9], [10] are presented here for complete-
ness. The wave propagation in an inhomogeneous medium can
be described by the integral equation

(1)

where is the acoustic pressure, is the incident
field, and is the Green’s function corresponding to a
background with wave number . The object function
contains the information about the acoustic properties of the
imaging target. For the case of constant density and negli-
gible attenuation (see comments at the end of Section V-A),

. Equation (1) can be discretized using the
method of moments (MoM) and written in matrix form, both
for the pressure field inside the computational domain and
the scattered field outside the computational domain , as

(2)

(3)

where is a matrix with the Green’s coefficients from each
pixel to the receivers, is a matrix with the Green’s coefficients
among all the pixels, and is an operator that transforms a
vector into a diagonal matrix. The discretization of (1), both for
the 2-D and 3-D cases, was performed using sinc basis and delta
testing functions [32].

In order to reconstruct the object function from the scattered
field data, an iterative algorithm is used. A trial is chosen
for which the corresponding scattered field is calculated. Next,
the object function is updated as ,
where is given by the regularized optimization problem

(4)

where contains the difference between the predicted and
measured scattered fields and is the regularization parameter.
The Frechet derivative matrix has the form [10]

(5)

The iterative process is repeated until the relative residual error
(RRE), given by , falls within a de-
sired termination tolerance. The regularization parameter was
chosen using the method described in [33], i.e.,

(6)

where is the square of the dominant singular value of
calculated using the power iteration with Rayleigh quotient es-
timation. All reconstructions in the present work, unless indi-

cated, were terminated when RRE % and with noiseless
simulated data. The accuracy of the reconstructions was quan-
tified by using the mean average error (MAE)

(7)

where and are the reconstructed and ideal speed of sound
contrasts, respectively.

The single frequency DBIM diverges when the magnitude of
the excess phase accumulated by the acoustic wave when
traveling through the scatterer approaches [34]. For a homo-
geneous sphere, can be estimated as

(8)

where the relative speed of sound and is the sphere
radius. When using the linearized first-order Born approxima-
tion, the reconstructions degrade for even smaller values
[35]. Therefore, any scatterer with will be considered
to exhibit a large acoustic contrast in the present work.

III. 3-D RECONSTRUCTIONS BY SLICING USING

FOCUSED TRANSDUCERS

A. Data Generation

The scattered data for each slice were generated using (3)
with the computational domain discretized using cubic pixels of
size , where . The accuracy of the numerically
calculated scattered data is a key factor when assessing the va-
lidity of the reconstructions using the focused array. Therefore,
the quality of the data generated by the MoM solver was ana-
lyzed by calculating the scattering of a Bessel beam by a sphere,
for which the exact analytical scattering solution is available in
the literature [36]. This particular problem allows the valida-
tion of both the ability of the numerical solver to deal with inci-
dent fields for which the beamwidth is smaller than the imaging
target, and the choice of pixel size for data generation.

The incident field for a Bessel beam of zeroth-order propa-
gating in the direction is given by

(9)

where is the zeroth-order Bessel function,
, and and are the axial and radial wave

numbers which satisfy . The scattering of a
beam with ( -dB beamwidth ) caused by
a sphere with radius and was calculated.
The results are shown in Fig. 1. The properties of the sphere
were chosen so that was comparable to the largest values
obtained in the following sections. The total acoustic field
inside the computational domain had a root mean square error
(RMSE) of 0.56% when compared to the analytical solution.
Even further, the RMSE between the MoM and analytical
scattered fields was only 0.3%. These results indicate that the
numerical solver is capable of generating accurate scattered
data with beam incident fields.
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Fig. 1. Scattering of a Bessel beam by a circular cylinder of radius ��. Left:
pressure field inside the computational domain calculated with the MoM solver.
All distances are in units of �. Right: scattered pressure values as a function
of the scattering angle measured away from the Z axis on the XZ plane. Both
the MoM field (solid line) and the analytic solution to the scattering problem
(dashed line) are shown.

Fig. 2. Schematic of the transducer placement used for 2-D DBIM and slicing
imaging. The imaging target (dark volume) is placed within the overlap of the
focal zones of the transducers (gray volumes). The transducers are focused only
on elevation. Only two transducers are shown for simplicity.

B. Simulated Array Configuration

The simulated imaging system consisted of a ring array with
110 rectangular elements focused in elevation. Each element
had a width of and a focal distance of . The focal
number # was changed by modifying the height of the el-
ements. Different slices were calculated by introducing a ver-
tical offset between the transducers and the imaging target. A
schematic of the imaging configuration is shown in Fig. 2.

Both the incident field and were numeri-
cally calculated by dividing the array elements into small rectan-
gular subapertures and summing their far field radiation patterns
[37]. Focusing was accomplished by introducing phase delays
to the rectangular subapertures as a function of their vertical co-
ordinate.

C. Data Inversion and Results

In linear imaging modalities, such as X-ray tomography, the
effect of the finite slice thickness is the introduction of vertical
blurring which can be expressed as a convolution

(10)

where and are the reconstructed and ideal
object function profiles, and is the vertical point spread
function (PSF) of the imaging system. Deconvolution [38], [39]
and blind deconvolution [40], [41] techniques have been pro-
posed in other tomographic modalities to reduce the blurring

effect. Given that the geometric focal depth is large compared
to the dimensions of the imaging targets tested in this work,

is approximately proportional to transmit/receive trans-
ducer PSF at the focal depth, i.e.,

#
(11)

where . However, acoustic wave
scattering is a nonlinear problem and therefore results will not
necessarily correlate with linear imaging predictions, especially
when significant multiple scattering is developed.

The reconstruction for each slice was performed using the
2-D DBIM algorithm with both and propor-
tional to , the Hankel function of the second kind. The
computational domain per slice was divided into pixels of size

, which has been observed to provide accurate 2-D DBIM re-
constructions of both with simulated and experimental data
[14]. The vertical spacing between reconstructed slices was set
to . To obtain a continuous reconstruction in the vertical di-
rection, the reconstruction at the th slice was performed using
the reconstruction at the adjacent th slice as initial guess.

The performance of the 2-D DBIM and slicing algorithm
was studied by reconstructing homogeneous spheres of different
sizes and speed of sound contrasts. The scattered data per slice
were simulated with one transducer acting as a source and the
110 elements acting as receivers. A full dataset of 110 110
scattered pressure values per slice was obtained by exploiting
symmetries of the imaging targets.

1) Effects of Focal Number and Speed of Sound Contrast:
Spheres of radius and speed of sound contrasts
of 3%, 6%, and 9% were reconstructed using 2-D DBIM and
slicing. The objects were reconstructed using transducers with

# values equal to 2, 3, and 4. The reconstructed profiles along
the vertical direction are shown in Fig. 3. All plots show the ideal
profile, DBIM reconstruction, and the blurred profile predicted
by linear theory using (10).

For low speed of sound contrast values ( % for which
) the reconstructed DBIM profile was highly cor-

related with linear theory predictions for all tested #s, as ob-
served in the first column of Fig. 3. The MAE along the vertical
line passing through the origin between the reconstructions and
the predictions from linear theory are 4.9%, 5.1%, and 5.9% for
the , and transducers, respectively. Also, and as
expected from (10) and (11), the blurring is more severe when
using larger # values. The volumetric MAE values between
the DBIM reconstructions and the ideal distribution were
25.7%, 34.3%, and 42.3% for # values of 2, 3, and 4, respec-
tively.

For moderate values ( % for which ),
nonlinearities in the wave equation are manifested by an in-
crease in the slope at the edges of the reconstructed profile
when compared to the predicted profile, as evidenced in the
second column of Fig. 3. This effect was found to be more
severe for larger # values. The volumetric MAE values be-
tween the DBIM reconstructions and the ideal distribution
were 23.3%, 29.8%, and 36.0% for # values of 2, 3, and 4,
respectively.
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Fig. 3. Reconstructed vertical profiles of a �� radius sphere for speed of sound contrasts of 3% (first column), 6% (second column), and 9% (third column),
respectively. Top row: f/2 transducers. Center row: f/3 transducers. Bottom row: f/4 transducers. All plots show the ideal profile (dashed line), the DBIM profile
(solid line), and the profile predicted using linear convolution (dotted line).

Fig. 4. Reconstructions of spheres of radius �� using f/4 transducers and noisy data. The speed of sound contrast was set to (a) 3%, (b) 6%, and (c) 9%. All plots
show the ideal profile (dashed line), the DBIM profile (solid line), and the profile predicted using linear convolution (dotted line).

The most significant effect was found for even larger values
of speed of sound contrast, for which a significant amount of
multiple scattering was developed ( % for which

). Overshoots can be observed at the edges of the recon-
structed profiles (third column of Fig. 3). The magnitude of the
overshoots was more significant for larger # values. The volu-
metric MAE values between the DBIM reconstructions and the
ideal distribution were 21.4%, 25.9%, and 32.4% for #
values of 2, 3, and 4, respectively. The overshoot amplitudes
were 6.0%, 22.7%, and 53.2% above the intended values
for # values of 2, 3, and 4, respectively.

In order to validate the performance of 2-D DBIM and slicing
in the presence of noise, the inversions were also carried out
with noisy data. The scattered data were contaminated using 2%
Gaussian noise. Typical results are shown in Fig. 4. The regular-
ization approach resulted in reconstructions that were virtually
unaffected by noise. Therefore, noiseless data will be used for
the remainder of this work.

2) Effects of DBIM Initial Guess: It may be argued that the
artifacts are due to the choice of initial guess when performing
the 2-D DBIM inversions. In order to test this, reconstructions
were also obtained using two different initialization approaches
for the 2-D DBIM algorithm. For the first approach, 90% of the
ideal object function was used as initial guess. For the second
approach, frequency hopping [11] using an auxiliary frequency
of was used. For illustration, the reconstructed profiles in
the vertical direction of the % sphere using all three ini-
tialization procedures and f/4 transducers are shown in Fig. 5.
The overshoot artifacts were observed for all cases, and there-
fore were not caused by the choice of initial guess but were in-
stead related to diffracion effects on the measured scattered field
that could not be properly compensated for using 2-D imaging
algorithms.

3) Effects of Scatterer Radii: It is also of interest to study the
performance of 2-D DBIM and slicing when larger scatterers are
imaged. Therefore, spheres of diameters and were also
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Fig. 5. Reconstructions of a sphere of radius �� and �� � �% using three different initialization approaches. (a) Initial guess chosen as the previous slice
reconstructed. (b) Initial guess chosen as 90% of the ideal object function. (c) Frequency hopping with frequencies � �� and � . All plots show the ideal profile
(dashed line), the DBIM profile (solid line), and the profile predicted using linear convolution (dotted line).

Fig. 6. Reconstructed vertical profiles of spheres for speed of sound contrasts of ������ 3% (first column), ������ 6% (second column), and ������ 9% (third
column), respectively, using ��� transducers. Top row: � � ��. Center row: � � ��. Bottom row: � � 	�. All plots show the ideal profile (dashed line), the
DBIM profile (solid line), and the profile predicted using linear convolution (dotted line).

reconstructed for three different values. As the scatterer size
increases, the amount of multiple scattering for a fixed speed of
sound contrast also increases. In order to facilitate the com-
parison among different imaging targets, spheres with three ex-
cess phase values ( of approximately , and

) were reconstructed. The values were obtained by set-
ting the speed of sound contrast values to 3%,
6%, and 9%. With these values, the differences be-
tween the intended and actual values were of less than 3%.
The results are shown in Fig. 6.

Even though the overshoot artifacts were present for all
sphere sizes, their amplitudes were smaller when imaging
larger targets with similar values. This is to be expected
because if the sphere radius increases, relative geometrical
variations in the vertical direction are reduced throughout the

extent of the -dB vertical beamwidth if the transducer # is
kept constant. Therefore sections of the sphere within a vertical
beamwidth appear more cylindrical, which makes the 2-D
approximation more accurate and in turn reduces the artifacts
in the 3-D reconstruction.

IV. 3-D DBIM USING POINT-LIKE TRANSDUCERS

The results from Section III indicate that not taking vertical
diffraction into account may result in reconstructions with se-
vere distortions. Diffraction in all directions can be compen-
sated for by inverting the 3-D wave equation using 3-D DBIM.
Unlike the 2-D DBIM and slicing approach, distributions of
point-like transducers are used to collect the scattered data. For
proper sampling of the scattered data, uniform angular spacing
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Fig. 7. (a) Transducer distribution of a sphere array (dimensions in units of
�) with � � ���. (b) Reconstructed vertical profile of a sphere of radius ��
and �� � �% using the sphere array. Solid line: ideal profile. Dashed line:
reconstructed profile. Dotted line: reconstructed profile with median filtering.

between adjacent transducers is commonly used in acoustic to-
mography. For the 2-D case, such arrangement corresponds to
placing the transducers uniformly over a circular arc [14]. For
the 3-D imaging case, several arrangements have been proposed
since the developments of linearized inversion algorithms [42].
In this work, two kinds of arrays (spherical and cylindrical ar-
rays) were studied when reconstructing sphere targets using 3-D
DBIM.

A. 3-D DBIM With a Sphere Array

The more direct 3-D extension of the circular array con-
figuration for 2-D imaging is to distribute the transducers
uniformly over a spherical surface. This problem is commonly
solved using optimization routines [43]. In this work, a highly
uniform distribution of point-like transducers over a spher-
ical surface of radius was obtained by using a Coulomb
energy minimization algorithm [44]. This approach consists of
minimizing the energy function

(12)

where represents the location of the th transducer. The min-
imization is performed with the constraint of

.
For comparison with the results presented in Section III-C1,

spheres of radius and values of 3%, 6%, and 9% were
reconstructed using 3-D DBIM. The scattered data was gen-
erated by adapting the analytic solution of the scattering of a
plane wave by a sphere [45]. The computational region was dis-
cretized using 50 50 50 pixels of size . A sphere array
with and [shown in Fig. 7(a)] was simu-
lated, which provided an overdetermination factor (i.e., the ratio
between the number of simulated data points and the number of
unknowns) of approximately 1.6. Frequency hopping with an
auxiliary frequency of and a 25 25 25 grid was used so
that convergence could be achieved for all analyzed cases. The
reconstruction MAE were equal to 12.2%, 12.4%, and 11.8% for

values of 3%, 6%, and 9%, respectively. For illustration, the
vertical profile of the 3-D DBIM reconstruction corresponding
to % is shown in Fig. 7(b). A conventional median filter
[46] was used to smooth out the reconstructed profile.

Fig. 8. Reconstructions of a sphere of radius �� and �� � �% using (a) 2-D
slicing with ��� transducers, and (b) 3-D DBIM with a sphere array. All di-
mensions are in units of �.

The volumetric reconstructions of a sphere of radius 4 and
% using both 2-D DBIM and slicing with the array

and 3-D DBIM with the sphere array are shown in Fig. 8. For
the 2-D case, the diffraction effects are more severe when the
portion of the imaging target intersected by the effective trans-
ducer slice exhibits a larger vertical variation. As a result, ver-
tical slices closer to the top and bottom of the sphere appear
more distorted than the ones closer to the center. When using
the full 3-D approach, the spatial resolution is comparable in all
directions and no overshoot artifacts or excessive vertical blur-
ring are observed.

B. 3-D DBIM With a Cylinder Array

Even though the sphere array yields accurate 3-D DBIM re-
constructions, other array configurations may either be simpler
to construct or allow for easier imaging target placement. One of
those geometries consists of using a cylinder array with trans-
ducers arranged in circular rings with transducers per
ring [19]. In this case, the object to be imaged may be easily
placed in the bore of the cylindrical array for easier access than
a spherical array configuration.

The elevation angle of each ring was distributed uniformly
within a range centered around (corresponding
to the XY plane). The azimuthal angle of each transducer
within a ring was uniformly distributed between 0 and 360 .
The transducers were arranged in vertical columns, as shown in
Fig. 9(a). A simple variation consists of introducing an angular
shift between consecutive rings in order to obtain more data
diversity, which is illustrated in Fig. 9(b). For the present work,
the angular shift was chosen to be .

The quality of data diversity obtained with a particular sam-
pling configuration is difficult to analyze for the full wave equa-
tion case, but is a well understood problem if multiple scattering
can be neglected. Under this assumption, the Fourier diffraction
theorem [47], [48] states that if the transmitted field has an inci-
dent direction given by , measurements of the scattering pat-
tern at directions will provide information of the 3-D Fourier
transform of the imaging target at the k-space vectors

(13)
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Fig. 9. Geometry of two cylinder array configurations. (a) Cylindrical array
with the transducers arranged in columns (no angular shifting). The transducers
are arranged in � rings that span an elevation angle range�� around the XY
plane. (b) Cylindrical array with angular shifting between adjacent rings. The
large dot marks correspond to the locus of the first transducer for each ring.

For illustration, scatter plots of the k-space coverage as pre-
dicted by the Fourier diffraction theorem corresponding to some
sphere and cylinder ( and ) array
configurations are shown in Fig. 10. For simplicity in visualiza-
tion the projections in the and planes of only
the vectors for which and , respec-
tively, are displayed. Reconstructions of a sphere of radius
and % using each array are also shown. It is not in-
tended here to suggest that diffraction tomography theory is a
valid approach to reconstruct such a scatterer, and therefore the
k-space coverage plots are shown only with the intent of under-
standing the quality of the scattered field sampling.

As observed on the first row of Fig. 10, when using the sphere
array the k-space coverage was very uniform in every direc-
tion and the chosen imaging target was properly reconstructed

% . When using cylinder arrays with angular
shift (second and fourth rows of Fig. 10 for and

, respectively) the k-space coverage was relatively
uniform, although some clustering was observed especially at
high frequencies on the plane. The reconstructions ex-
hibited good accuracy ( % for and

% for ), with some blurring introduced
for reduced values as a consequence of the reduced k-space
coverage in the vertical direction. In contrast, the k-space cov-
erage when using the cylinder array without angular shift (third
and fifth rows of Fig. 10 for and , re-
spectively) exhibited a more significant amount of clustering
when compared to the other configurations, especially when
using reduced values. Even for relatively high values,
the reconstructed 3-D DBIM profiles were somewhat distorted
( % for ). The quality of the recon-
structions degraded dramatically as was further reduced.
When using , the reconstruction lacked both quan-
titative and qualitative value. Even further, the reconstruction
error % was nearly 2.8 times larger than the one
obtained with the equivalent array using angular shifting. There-
fore, angular shifting among rings resulted in improved k-space
sampling with no additional complications on the array manu-
facturing process when compared to the array with no shifting.

Even with the use of angular shifting, special care must be
taken when constructing a cylinder array in order to have an ad-
equate k-space sampling. The performance of the cylinder array
was briefly studied using two quality metrics.

1) The spatial resolution as measured by the MTF spa-
tial frequency (i.e., the spatial frequency at which the mod-
ulation transfer function drops by a factor of 20 dB). The
target for the estimation of the MTF was a sphere of
radius and %. Equation (13) can be used to
predict the maximum k-space coverage in the vertical di-
rection,

(14)

For the weakly scattering target used, it was assumed that
MTF . For illustration, the results when

are shown in Fig. 11(a), both as measured
from the simulation reconstructions and as predicted using
(14). As expected, the best resolution is obtained
when the angular coverage is closer to the maximum value
of 180 . At the point where the angular coverage drops
to 60 , the spatial resolution drops by almost a factor of

.
2) The numerical accuracy as measured by the MAE. Sev-

eral simulations were conducted to reconstruct a sphere of
radius and % using cylinder arrays with dif-
ferent and values, while fixing . The
results presented in Fig. 11(b) indicate that, even though
(14) indicates that larger are preferred in order to im-
prove spatial resolution, the numerical accuracy of the re-
constructions may be compromised if is not suffi-
ciently large (i.e., an excessive vertical separation between
adjacent rings) due to improper sampling of the target’s
scattering pattern.

V. DISCUSSION

This work was intended as a fundamental study of the lim-
itations of two approaches for 3-D acoustic inverse scattering
imaging. Even though the chosen imaging targets (i.e., homo-
geneous spheres embedded in a homogeneous background) are
not representative of typical medical ultrasonic tomography ap-
plications such as breast imaging, important results relevant to
3-D imaging using both 2-D DBIM and 3-D DBIM were ob-
tained.

A. 2-D DBIM and Slicing Approach

When using 2-D DBIM and slicing, loss of spatial resolu-
tion and the eventual appearance of overshoot artifacts in the
vertical direction as the speed of sound contrast increased were
observed. Both distortions were reduced when using smaller
focal numbers. However, the extent of the depth of field
for a focused rectangular aperture is approximately given by

# [49]. Therefore, using small # severely
reduces the size of the recoverable imaging targets. As an ex-
ample, a female breast in the low MHz range will have a size of
approximately , and therefore # would be required.
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Fig. 10. Different array configurations for 3-D DBIM imaging. For all configurations, the transducer distribution (first column), the k-space distribution on the
� �� (second column) and � �� (third column) planes using the Fourier diffraction theorem, and the reconstruction of a sphere of radius �� and�� � ���%
(fourth column) are shown. First row: sphere array with � � ���. Second row: cylinder array with angular shift, � � ��� � � ����� � ��� . Third row:
cylinder array without angular shift, � � ��� � � ��� �� � ��� . Fourth row: cylinder array with angular shift, � � ��� � � ��� �� � 	� . Fifth
row: cylinder array without angular shift, � � ��� � � ��� �� � 	� .

An important issue is to consider if the artifacts reported
in this work should be expected to occur in the context of
medical imaging. The most commonly proposed application
of ultrasonic tomography is breast imaging. In vitro measure-
ments reported by Yang et al. [50] corresponding to patients
with infiltrating adenocarcinoma and scirrhous duct cell car-
cinoma indicated that the mean sound speed in the tumors
and surrounding media were around 1565 m/s and 1422 m/s,
respectively. Measurements of properties of biopsy specimens

by Edmons et al. [51] indicated speed of sound values ranging
between 1400 and 1600 m/s when considering normal (ex-
cluding fat), benign, and malignant tissues. When using inverse
scattering imaging, Johnson et al. [52] reported speed of sound
values of benign and malignant inclusions ranging between
1450 m/s and 1600 m/s in vivo. Li et al. [53] reported mean
speed of sound values (considering the whole breast) of 1440
m/s and 1505 m/s for fatty and dense breasts in vivo using
refraction-corrected ultrasonic tomography. All these results
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Fig. 11. Performance of the cylinder array with angular shifting as a function of
��, as measured by (a) the MTF when reconstructing a sphere of radius ����
and �� � ��% and (b) the volumetric MAE when reconstructing a sphere of
radius �� and �� � ���%.

indicate that relatively large values may be found when
imaging soft tissues. Using the numbers reported in [50], a
speed of sound contrast of 10% (relative to the fatty tissue
background) could be expected when imaging a female breast.
These values are sufficiently large to potentially generate
distortions due to excessive vertical diffraction.

Finally, the results of this study were derived assuming negli-
gible changes in mass density. However, it has been observed in
recent studies [14], [33] that speed of sound reconstructions are
affected locally in regions of density variations. These effects
could even further degrade the quality of 3-D reconstructions
using 2-D DBIM and slicing in regions of large vertical varia-
tions, e.g., the top and bottom of the spherical targets presented
in this study.

B. 3-D DBIM Approach

3-D DBIM was also explored in the present work. Unlike
the 2-D DBIM and slicing approach, 3-D DBIM takes into ac-
count diffraction in the vertical direction. As expected, the re-
constructed profiles are free of artifacts in the vertical direction
and do not suffer from excessive blurring in any direction when
the transducers are properly distributed. The effects of trans-
ducer placement were illustrated through a brief exploration of
three different array configurations. The cylinder array without
angular shift is a clear example of how a uniform transducer
distribution may yield poor results due to high correlation in the
measurements.

However, 3-D DBIM is far more computationally intensive
than the 2-D slicing counterpart. Here it will be assumed that all

transducers are used for transmission and reception, and that
the computational domain is discretized using pixels per di-
mension. For the 3-D DBIM algorithm, and memory
in the order of is needed in order to store both the
total pressure fields and the Green’s function vectors for each
DBIM iteration without resorting to disk storage. In contrast,
for the 2-D DBIM algorithm and only one slice (
pixels per slice) is processed at a time. Therefore, the memory
requirement of 2-D DBIM is in the order of . A more
important issue is the execution time of the DBIM algorithm,
which is asymptotically dominated for large values by the
matrix-vector multiplications in both (3) and the iterative solu-
tion of (4). These operations are of order ( ,
with ) for the 3-D DBIM approach, but only of

order ( for all slices, with ) for the
2-D DBIM and slicing approach. These limitations may be over-
come by using parallel matrix-free implementations of DBIM,
which have effectively relaxed the computing requirements of
this algorithm by reducing both the amount of memory and ex-
ecution time per node [54].

Although the computational complexity of the algorithm in-
creases with the number of transducers used to collect the mea-
surements, large datasets are required to have an over-deter-
mined system of equations so that the measurements convey
all the information needed to obtain meaningful speed of sound
estimates. Recent studies on compressed sensing [55] have in-
dicated that reduced datasets can also provide highly accurate
results when reconstructing medical images [56]–[58], but the
required algorithms are usually more complex and therefore
a reduction in computational complexity may not necessarily
follow. Further, for current applications of ultrasonic tomog-
raphy, scanners capable of collecting up to 80 sets of 2-D data
using 256 elements for both transmission and reception in only
one minute are currently available [59]. Therefore, the potential
of sparse array technology [60] to alleviate some of the limita-
tions of fully 3-D acoustic tomography imaging remains to be
determined.

VI. CONCLUSION

Two approaches for 3-D inverse scattering reconstructions
of speed of sound were studied. When using 2-D DBIM and
slicing, artifacts due to large multiple scattering were identified
in addition to the limited spatial resolution in the vertical direc-
tion predicted by linear imaging theory. The magnitude of the
artifacts decreased when smaller focal numbers were used, and
also depended on properties of the imaging target (i.e., speed
of sound contrast and radius). Typical reconstruction MAEs
when using 2-D DBIM and slicing obtained in this work were
above 25%, and overshoot artifacts as high as 50% above the
intended speed of sound values were observed. In comparison,
when using 3-D DBIM no artifacts or excessive blurring were
observed when the transducers were properly distributed. A
uniform distribution of point-like transducers over a spherical
surface provided good results in terms of the reconstruction
MAE values, which were around 13% for the analyzed imaging
targets. Simulation results suggest that similar results in terms
of the reconstruction error can be obtained if the transducers
are arranged on a cylindrical surface. The cylinder array con-
figuration may allow for easier imaging target placement when
compared to the sphere array. Even further, it was observed
that introducing an angular shift between adjacent rings can
dramatically improve the image quality obtained with this
array configuration. The use of angular shifting was found
to reduce the reconstruction error by factors as large as 2.8
when compared to the simple cylinder array with transducers
arranged in columns.
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