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Abstract—Previous tomographic methods using ultra-
sound for reconstructing sound speed and attenuation im-
ages suffered from convergence issues for targets with mod-
erate speed of sound contrast. Convergence problems can
be overcome by the use of the multiple frequency, dis-
torted Born iterative method (DBIM). The implementa-
tion of DBIM for measurement configurations in which re-
ceiver positions are fixed was studied, and a novel regu-
larization scheme was developed. The regularization pa-
rameter needed to stabilize the inversion process initially
was found through the Rayleigh quotient iteration, then
relaxed according to the relative residual error between the
measured and estimated scattered fields. The DBIM was
successfully stabilized for both full and partial receiver an-
gular coverage without a significant loss in spatial resolu-
tion. The effects of variable density in the reconstructions
were briefly explored through simulations. The ability to
reconstruct targets with moderate contrast was validated
through experimental measurements. Speed of sound pro-
files for balloons filled with saline in a background of water
were reconstructed using multiple frequency DBIM tech-
niques. The mean squared error for speed of sound recon-
structions of the balloon phantoms with 16.4% sound speed
contrast was 1.1%.

I. Introduction

Acoustical imaging techniques have been used exten-
sively for many applications since as early as the de-

velopment of sonar in the 1910s. One of the most widely
used techniques based on the sonar principle is known as
B-mode imaging [1], which has applications in nondestruc-
tive evaluation and medical imaging. B-mode images are
qualitative representations of the changes in the acousti-
cal impedance function, which allows some differentiation
among different media. Spatial resolution on the order of a
wavelength can be obtained with the use of arrays [2] and
highly focused single element transducers. Even though
the image quality can deteriorate due to phase and ampli-
tude aberrations [3], the image formation process is both
simple and reliable.

The measured acoustic waves, however, carry much
more information than is exploited in B-mode imaging.
When an incident acoustic wave encounters an inhomo-
geneity, it is scattered in every direction. The scattered
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wave is a function of the shape and acoustic properties
of the inhomogeneity. The inverse scattering problem con-
sists of estimating the distribution of acoustic parameters
(i.e., sound speed, acoustic attenuation, and density) given
a set of measurements of the scattered field. From the dis-
tribution of acoustic parameters estimated through inverse
scattering, tomograms of the scattering object can be con-
structed. This technique allows a more detailed description
of the imaging target because parameters other than the
acoustic impedance can be imaged. Furthermore, unlike
B-mode imaging, which provides qualitative information
about the object being interrogated, the solution to the
inverse scattering problem is quantitative and related to
the mechanical properties of the object.

Despite its advantages, acoustic inverse scattering has
not been nearly as successful as other tomographic imag-
ing modalities such as X-ray tomography, nuclear tomogra-
phy (SPECT and PET), and magnetic resonance imaging
(MRI) [4]. One of the reasons is the lack of applications
that can successfully exploit the unique features of inverse
scattering in acoustics. Currently, the main application of
acoustic inverse scattering has been the imaging of the fe-
male breast for the detection of cancer [5]–[7]. Ultrasonic
computed tomography devices have been built for lower
frequency ultrasound (less than 3 MHz) with resolutions
on the order of a few millimeters [8], [9]. However, the con-
trast mechanism between benign and malignant masses in
breast tissue has not yet been identified. Some works argue
that the speed of sound is the main contrast mechanism
[10], but many researchers have found a stronger differ-
entiation on the acoustic attenuation, for which B-mode
imaging is insensitive [8], [11]. However, even for moder-
ate signal-to-noise ratios (SNRs), the attenuation images
are of lower quality than the speed of sound images [12].
Most likely, the contrast mechanism depends on more than
one parameter.

Another problem of inverse scattering techniques is the
lack of computational techniques that are both robust and
efficient. The first algorithms, developed in the early 1970s,
were based on the projection theory used in X-ray and nu-
clear tomographic techniques. These algorithms were used
to reconstruct maps of speed of sound [13] and attenuation
[14]. However, unlike other tomographic methods, straight
line propagation is not a realistic model for ultrasonic wave
propagation in biological media because of refraction and
diffraction effects. Therefore, these techniques had only a
limited success.
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Diffraction tomography then was developed, which is
based on first order approximations to the wave equation
using either the Born [15] or Rytov [16] approximations.
Despite its computational efficiency and mathematical ele-
gance, diffraction tomography is limited because the qual-
ity of the reconstructions degrades severely, even for mod-
erate values of sound speed contrast ∆c, i.e., moderate
changes in the speed of sound of target from background
[17], [18]. More recent algorithms solve for the full wave
equation without resorting to single scattering approxima-
tions. Newton-based approaches in frequency domain were
studied during the 1990s [19], [20], but they suffer from two
well-known problems. First, these methods can have con-
vergence issues [21], which can be addressed by the use
of multiple frequencies or frequency hopping [22]. Second,
these methods are computationally expensive. The method
of moments (MoM) is commonly used to discretize the in-
tegral wave equation, which requires the inversion of large,
nonsparse matrices. More recently, alternative inverse scat-
tering methods with lower computational cost [23], [24]
have been proposed, but they have yet to be extensively
tested. Therefore, reliable inverse scattering techniques are
not yet suitable for applications such as real-time breast
imaging because of their computational cost. In contrast,
pulse-echo imaging techniques such as B-mode allow for
real-time image formation.

In summary, inverse scattering techniques have reached
a certain level of maturity that has not been exploited so
far in applications that can take advantage of its unique
features. Currently, the use of inverse scattering techniques
for breast imaging has met with success, but it has yet to
become widely accepted by clinicians as a diagnostic tool.
Promising applications for this technology exist at higher
ultrasonic frequencies (larger than 20 MHz). For exam-
ple, a high-frequency, ultrasound-computed tomography
(HFUS-CT) device could be used to image the mechan-
ical properties of small samples of native or bioengineered
tissues under different biomechanical stresses. Such a de-
vice could have significant impact on functional tissue en-
gineering. Similarly, a HFUS-CT device could be used to
image the mechanical properties of large cells for the con-
struction of models of scattering from cells at conventional
ultrasonic frequencies.

The purpose of this paper is to develop techniques for
implementing the distorted Born iterative method (DBIM)
[19] for HFUS-CT applications and to validate experi-
mentally the ability to reconstruct objects with moder-
ately large ∆c. Several issues are discussed throughout the
present work. An overview of DBIM for negligible changes
in density is presented in Section II. The implementation
of DBIM for measurement configurations in which the re-
ceiver positions are fixed, and a method for the selection
of the regularization parameter needed to stabilize the in-
version process based on the Rayleigh quotient iteration
are presented in Section III. Simulation results, including
the effect of density changes in the reconstructions and an
experimental validation of the algorithms are presented in
Section IV. Conclusions are presented in Section V.

II. The Distorted Born Iterative Method

The goal of inverse scattering methods is to extract
acoustic parameters of an object from a set of measure-
ments of the scattered field. The relationship between the
acoustic pressure and the acoustic parameters in an inho-
mogeneous medium is given by the Helmholtz equation:

∇ · �−1(�ρ)∇p(�ρ) + ω2κ(�ρ)p(�ρ) = −φinc(�ρ), (1)

where � and κ are the density and compressibility, respec-
tively, p is the acoustical pressure, ω is the angular fre-
quency, φinc are the acoustical sources, and �ρ is the po-
sition vector. The solution to (1) can be represented in
terms of the Green’s function Gr(�ρ) corresponding to a
background with density �r(�ρ) and compressibility κr(�ρ).
For the case when the changes in density are negligible, the
inhomogeneities of the medium can be represented by the
wave number function k = ω/c, in which ω is the angular
frequency and c = 1/

√
κ� is the speed of sound. The wave

equation can be written in integral form as:

p(�ρ, k) = pinc,kr (�ρ)

+
∫

Ω
d�ρ ′ [k2(�ρ ′) − k2

r(�ρ ′)
]
, p(�ρ ′, k)Gr(�ρ, �ρ ′), (2)

where the notation p(�ρ, k) represents the acoustic pressure
when the wave number function is k(�ρ), pinc,kr(�ρ) is the
incident acoustic field when the background is kr(�ρ), and
Ω is the space region occupied by the object to be imaged.
Eq. (2) will be referred to as the forward solver equation. If
a reference kr with a known associated Green’s function Gr

is chosen, the forward solver equation can be used to cal-
culate p(�ρ, k), �ρ ∈ Ω if k(�ρ) is known. The most common
choice for the reference is a uniform background k0, for
which the Green’s function is proportional to the zeroth-
order Hankel function of the second kind H

(2)
0 (k0ρ) or to

exp (−ik0r)/r for two-dimensional and three-dimensional
spaces, respectively. Other choices can be used for more
specialized problems, such as imaging in layered media
[25]. The forward solver equation also can be used to calcu-
late the pressure at any point outside Ω, once the pressure
field has been calculated for all �ρ ∈ Ω. Because the Green’s
function satisfies the same differential equation as the pres-
sure field, the forward solver can be used to numerically
calculate the Green’s function for an arbitrary reference
background.

The reciprocal of the forward solver is to find k(�ρ) from
a set of measurements of the acoustic field p(�ρ, k) out-
side the scatterer. However, if k(�ρ) is not known, the in-
tegral equation (2) cannot be used because p(�ρ, k), �ρ ∈ Ω
also is unknown. Using a reference background kb(�ρ) with
corresponding Green’s function Gb(�ρ, �ρ ′), and by invoking
the first-order Born approximation p(�ρ, k) ≈ pinc,kb(�ρ) =
p(�ρ, kb), results in:

p(�ρ, k) − p(�ρ, kb) ≈∫
d�ρ ′ [k2(�ρ ′) − k2

b (�ρ ′)
]
, p(�ρ ′, kb)Gb(�ρ, �ρ ′). (3)
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Fig. 1. Schematic of the configuration used for the scattered data
measurement.

Eq. (3) will be referred to as the inverse solver equation.
For the chosen profile kb(�ρ), both p(�ρ, kb) and Gb(�ρ, �ρ ′)
can be calculated using the forward solver, and the only
unknown in (3) is the wave number function. However, be-
cause the inverse solver equation is just an approximation,
the obtained solution will not be exact. The DBIM [19] is
a Newton-type approach that solves the inverse scattering
problem by iteratively refining an initial guess kb(�ρ) us-
ing the forward solver to predict the pressure field and the
inverse solver to correct the guessed wave number profile.
The termination criterion depends on the relative residual
error (RRE), defined as:

RRE =
‖p(�ρ, k) − p(�ρ, kb)‖

‖p(�ρ, k)‖ . (4)

The process continues until the RRE falls below the
noise floor. Continuing beyond this point will cause the
left-hand side of (3) to be driven by noise and the solution
using DBIM to diverge [19].

III. Computational Issues in the Implementation

of the DBIM

A. Forward and Inverse Scattering Solvers

The region of interest encompassing the object to be re-
constructed is centered at the origin of a two-dimensional
space and discretized using N square pixels of side h. The
number of transmitters and receivers are represented by
Nt and Nr, respectively. For the present work, the trans-
mitters and receivers are placed on the same locations over
a circle of radius R, as shown in Fig. 1.

The MoM using sinc basis functions and delta testing
functions [26] is used to discretize the integral equations.
The resulting matrix equations for the forward and in-
verse solvers are quite different in behavior. The forward
solver matrix is square and well-conditioned because both
the nonradiating sources and the testing points lie inside
the integration volume. The forward solver matrix is com-
monly inverted using Krylov subspace methods such as the

biconjugate gradient stabilized (BiCGSTAB) [27] in com-
bination with fast Fourier transform (FFT) algorithms to
perform the matrix-vector multiplications [28]. This tech-
nique has a computational cost of O(NtN log N) and a
storage requirement of O(NtN).

In contrast, the inverse solver matrix is ill-conditioned
because the testing points are outside the integration vol-
ume and, therefore, away from the nonradiating sources.
In order to improve the conditioning of the matrix, there
must be enough diversity in the pressure field measure-
ments. The diversity can come from the spatial distribu-
tion of the transmitters and receivers, and/or from the use
of multiple frequency data. FFT-based solvers are not ap-
plicable because the transmitter/receivers are not placed
on a uniform grid. Therefore, one has to resort to inver-
sion methods such as the conjugate gradient applied to
the normal equations (CG-NR). The computational cost
and memory requirement of the CG-NR solver are both
O(NtNrN). The memory requirement is too large, even for
small sized problems, which makes it the main drawback
of the full-matrix implementation of the inverse solver.

An alternative approach can be used for any sampling
configuration for which the receiver positions are held con-
stant for all transmitter positions [29], such as the one
shown in Fig. 1. This formulation will be referred to as
the reduced-matrix approach. For these cases, the inverse
solver matrix can be decomposed as Nt decoupled matrix
equations, each one in the form:{

h2G diag
(
f int
i

)}
o = ei, (5)

where G is a Nr by N matrix with each row representing
the discretized Green’s function corresponding to kb(�ρ),
f int
i is the i-th column of the N by Nt matrix Fint repre-

senting the acoustic field inside each pixel per each trans-
mitter position, diag (·) denotes a diagonal matrix with
the argument on its main diagonal, ei is a vector of length
Nr corresponding to the error between the predicted and
measured pressure field when the transmitter is at the i-
th position, and o is a vector of length N corresponding
to the unknown object function

[
k2(�ρ) − k2

b (�ρ)
]
. If the in-

verse solver matrix is denoted by M, both the operations
y = Mx and y = MHx can be performed operating block
by block, which leads to a reduced memory requirement
of O([Nt + Nr]N). The computational complexity is the
same as for the full-matrix solver.

Matrix-free approaches [20], [30] also have been used
in order to avoid the formation of the inverse solver ma-
trix. These algorithms are based on the fact that the di-
rect and Hermitian multiplication by M can be cast as
wave propagation and backpropagation problems, respec-
tively. Therefore, these operations can be computed us-
ing the same class of algorithms as for the forward solver.
When implemented on a single node, the computational
cost is of O(C1NtN log N + C2NtNrN) with C1, C2 mul-
tiplicative constants. As a result, the computational cost
is larger than for the full and reduced-matrix approaches.
The memory requirement, as in the reduced-matrix ap-
proach, is O((Nt + Nr)N).
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Both the reduced-matrix and matrix-free approaches
can be parallelized easily on a single node. However, when
distributed on Nn nodes, the matrix-free approach also can
reduce the amount of memory per each node by a factor
of Nn with a minimum volume of data to be transmit-
ted along nodes and only a slight overhead in execution
time to allow for node communication [31]. The reduced-
matrix approach does not share these benefits. Addition-
ally, the computational cost of the reduced-matrix ap-
proach is much higher than the one of the matrix-free ap-
proach if the receivers are not fixed for every experiment,
because this implies that several Green’s function matrices
G need to be calculated.

B. Use of Frequency Hopping

The main limitation of frequency domain inverse scat-
tering methods is that they diverge when the contrast in
the wave number function is above a certain threshold [21].
The divergence condition is called the phase wrapping ef-
fect. It occurs approximately when ∆φ > π, where ∆φ
represents the excess phase that the incident field accu-
mulates when traveling through the scatterer if refraction
effects are neglected. The frequency hopping method [20],
[22], [32] can be used to overcome the divergence limitation
for objects with moderate-to-large ∆c. This method con-
sists of solving the inverse problem first with a frequency
low enough so that the phase wrapping effect is avoided. To
improve the spatial resolution, the low-frequency solution
is used as starting guess for another DBIM reconstruction
using a higher frequency.

C. Proposed Regularization Scheme

The inverse solver is stabilized with the use of Tikhonov
regularization [33], which consists of solving the optimiza-
tion problem

ô = argmin
o

{
‖e − Mo‖2

2 + α‖o‖2
2

}
, (6)

where M is the inverse solver matrix and α is the regular-
ization parameter. The effect of Tikhonov regularization is
to modify the singular values of the inverse solver matrix.
If the singular values of M are denoted by σi, applying
Tikhonov regularization is equivalent to filtering the con-
tribution of σi to the reconstructed image using:

H(σi) =
σ2

i

σ2
i + α

. (7)

Contributions from σ2
i � α will remain unchanged, but

the ones from σ2
i � α will be removed from the recon-

structed image. Therefore, choosing an appropriate value
for α is a very important issue when regularizing the in-
verse solver.

Several methods to determine the optimum α for linear
matrix equations are available in the literature, such as the
L-curve [34] or the generalized cross validation (GCV) [35].

However, the applicability of these methods is warranted
mainly because of two reasons. First, in order to deter-
mine the optimum α value, both GCV and the L-curve
methods involve solving (6) several times using different α
values, and, therefore, these techniques are computation-
ally expensive. Second, and more important, choosing the
regularization parameter using these methods may have
a detrimental effect on the convergence of DBIM. The L-
curve method will be used to exemplify this assertion. Eq.
(6) was solved for values of α = 10β, with β ∈ [−23,−9].
For reference, the square of the dominant singular value
of the matrices M was on average around 10−11. In or-
der to form the L-curve, (6) is solved by inverting the
regularized pseudo-inverse (MHM + αI) using Gaussian
elimination. The CG-NR method is not used to solve (6)
because the typical shape of the L-curve is not achieved
unless a very large number of iterations is used due to the
self-regularizing properties of the method [36]. This is yet
another limitation of the use of the L-curve for the selec-
tion of α.

Fig. 2 shows the L-curves corresponding to the third
DBIM iteration of the reconstruction of circular cylinders
with radius 2.4λ and speed of sound contrasts of 4% and
10%, which correspond to ∆φ values of 0.369π and 0.873π,
respectively. The first case converges to an RRE of 5% at
the fourth iteration with a root mean square error (RMSE)
of 20.84%. The regularization parameter for all iterations
was chosen as the one that maximized the curvature of
the corresponding L-curves. For all iterations, the L-curves
showed a smooth shape similar to the one in Fig. 2(a).
The second case, however, diverges from the true solution
even though ∆φ < π. The RMSE at the third iteration
is 286.21%, and even further, the shape of the L-curve is
not well defined, which makes it impossible to determine a
proper value of α for the following iterations. This is due
to the fact that deviations from the true solution are due
to not only random noise in the scattered pressure data,
but also mostly from inaccuracies in (3) due to the Born
approximation, which becomes more significant when the
speed of sound contrast increases.

Some other approaches to find α can be found in the
literature. Haddadin and Ebbini [37] used a truncated sin-
gular value decomposition (SVD) approach to regularize
the inverse solver. However, SVDs are very expensive to
calculate. Furthermore, even for moderate-sized problems
M is too large to be constructed, which compromises the
calculation of its SVD. Liu [38] used 1% of the first diago-
nal element of the matrix MHM as the regularization pa-
rameter. Franchois and Pichot [39] proposed an approach
that related the regularization parameter to a monomial
function of the RRE. This scheme depended on two pa-
rameters that were empirically determined. Wang et al.
[40] devised a heuristic rule using two parameters: an ini-
tial regularization parameter between 0.1 and 10, and a
contraction factor between 1.25 and 5. Even though these
schemes relate α to properties of M, it is not clear how
these choices relate to the SVD of M. Furthermore, these
choices of α depend on selecting values for independent
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Fig. 2. L-curves corresponding to the third iteration of the DBIM reconstruction of circular cylinders with 2.4λ radius and speed of sound
contrasts equal to (a) 4% and (b) 10%.

Fig. 3. SVD of the inverse solver matrix using kb = k0, a 32 by 32
grid with pixel size λ/5, and full angular coverage. A total of 46 line
transmitters/receivers are placed at a distance 300λ from the center
of the discretization grid, as shown in Fig. 1.

parameters, and it is unclear how to properly choose them
for different scanning configurations. Therefore, a system-
atic and yet efficient approach to select the regularization
parameter needs to be developed.

If no a priori information is available, the initial guess
for the profile kb(�ρ) usually is chosen to be k0, which is
equivalent to using diffraction tomography. The SVD of
the inverse solver matrix corresponding to this choice of
kb(�ρ) is shown in Fig. 3. In fact, the structure of the SVD
of the matrix M does not change significantly during the
DBIM process. When the measurements are performed
deep in the farfield, the maximum spatial resolution of in-
verse scattering methods is constrained to 0.3536λ–0.5λ
[41]. This agrees with the typical SVD curve shown in
Fig. 3, which is highly uniform for all singular values
that correspond to frequencies below the spatial resolu-
tion threshold.

The initial regularization parameter α is chosen to be
comparable to the square of the first singular value σ0
of the inverse solver matrix. This choice is sufficient to
avoid rapid variations in the initial reconstructed profiles,
which have been found to be critical to the convergence of
inverse scattering algorithms [39]. As the RRE decreases,
the value of the regularization parameter can be relaxed to

TABLE I
Regularization Parameter Selection Scheme as a Function

of the Forward Error.

RRE Regularization parameter α

0.5 < RRE σ2
0/2

0.25 < RRE ≤ 0.5 σ2
0/20

RRE ≤ 0.25 σ2
0/200

allow for contributions from higher frequencies. Because of
simplicity, the relaxation process used in this work is based
on RRE thresholding. The proposed scheme is shown in
Table I.

In order to apply the regularization parameter selec-
tion scheme, one has to estimate the value of σ0. This
task was performed using the Rayleigh quotient iteration
[42]. This technique only requires matrix-vector multipli-
cation operations, which can be calculated using either the
matrix-free or reduced-matrix formulations. Furthermore,
this method does not require the explicit formation of the
inverse solver matrix. For all cases analyzed in the present
work, less than eight iterations were required to converge
to the actual value of σ0 with a precision of 0.001%.

IV. Results

A. Single Frequency DBIM Simulations with Synthetic
Data

The reconstruction algorithm and regularization
method were tested first through simulations. For compli-
ance with previous works [21], the inversion method was
tested with analytic scattered data generated for infinite-
circular cylinders [43], using n by n grids with n = 32, 64,
128, and 256. The scattered data were contaminated using
5% Gaussian noise (SNR = 26 dB). For all the simulations
in the present work, the number of transmitter/receivers
was chosen so that Nt = Nr =

√
2N , and h = λ/5. The

radii of the cylinders were 2.4λ, 5λ, 10λ, and 22λ, respec-
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Fig. 4. Execution time in minutes of the DBIM algorithm when using
as a function of the number of pixels per grid dimension.

tively. The speed of sound contrasts were 11%, 5%, 2.5%,
and 1.1%, respectively. These values were chosen so that
∆φ ≈ 0.95π, so no frequency hopping was required to per-
form the inversions. The DBIM execution time in a dual-
processor Opteron 248 computer (AMD, Sunnyvale, CA)
with 4 GB of memory, using both the reduced-matrix and
matrix-free approaches, is shown in Fig. 4.

For all cases, nine DBIM iterations were required to
complete the reconstructions, and the RMSE in the re-
construction of the wave number function was about 12%.
These results verify the scalability of the regularization
scheme, which does not alter the performance when re-
constructing equivalent targets in terms of ∆φ for differ-
ent grid sizes. None of the reconstructions diverged even
though the ∆φ value was larger than the ones used in Sec-
tion III-C for the L-curve analysis. For a complete com-
parison with the L-curve results, a 2.4λ radius cylinder
with ∆c = 4% also was reconstructed using the proposed
regularization scheme. The RRE dropped below 5% at the
fifth iteration with an RMSE of 16.32%. Therefore, even
though the inversion required one additional iteration, the
error using the proposed method is lower than the one
obtained with α chosen by the L-curve.

As expected, the computational performance of the
reduced-matrix implementation is somewhat better than
for the matrix-free algorithm. The execution time improve-
ment factor was approximately 7.5 for the 32 by 32 grid,
and it decreased to 5.8 for the 256 by 256 grid. As ex-
pected, the improvement factor decreased slowly as the
number of unknowns increased. Therefore, even for a sin-
gle node implementation, the performance gain provided
by the reduced-matrix approach over the matrix-free algo-
rithm was not too significant.

B. Frequency Hopping Reconstructions with Synthetic
Data

Frequency hopping simulations were performed using a
phantom target similar to the one used by Haddadin and
Ebbini [32]. The phantom was constructed using homo-
geneous cylinders with different centers, radii, and speed
of sound contrasts. The specifications of the phantom are
given in Table II. The maximum ∆φ when using frequen-
cies of 1 and 2 MHz are 1.07π and 2.14π, respectively.

TABLE II
Specifications of the Phantom Used for the Frequency

Hopping Simulations.
1

Cylinder Center Speed of sound
number position Radius contrast

1 [0,0] 10λ (outer) 5.5%
10.6λ (inner)

2 [0,0] 10λ 3.9%

3 [−3.4λ, 3.4λ] 3.4λ 6%

4 [3.4λ, −3.4λ] 3.4λ 6%

5 [−5λ, −5λ] 0.4λ 0.6%

6 [5λ, 5λ] 0.2λ 0.6%

1The dimensions are given in terms of the wavelength λ at 2 MHz.

Fig. 5(a) shows the ideal speed of sound contrast dis-
tribution. Fig. 5(b) shows the result of applying single fre-
quency DBIM at 2 MHz, for which the algorithm diverges
as expected. Even though the reconstruction has some
qualitative value (i.e., the positions and radii of the cylin-
ders have been identified correctly), it completely lacks
quantitative value. The range of sound speed values for
all cylinders is incorrect. Negative speed of sound contrast
values have been reconstructed even though the contrast
in the actual profile is always positive. Fig. 5(c) shows a re-
construction at 1 MHz terminated when the RRE dropped
below 25%. In the presence of noise, if the low frequency
reconstruction is terminated when RRE ≈ SNR, the ini-
tial residual for the high-frequency iterations is close to
the noise floor and resolving the finer resolution features
of the image becomes difficult. Fig. 5(d) shows the recon-
struction at 2 MHz using Fig. 5(c) as initial guess. The
reconstruction was terminated when RRE ≈ SNR. The
RMSE in the speed of sound reconstruction was 0.4% (∆c
RMSE = 9%, and the two inclusions with size smaller than
a wavelength were recovered, which suggests that the re-
constructed profile has both numerical accuracy and good
spatial resolution. Therefore, the proposed regularization
scheme effectively stabilizes the inversion without severely
degrading the quality of the reconstructions.

C. Effect of Density Variations

A common assumption in inverse scattering studies is
that density variations are negligible. However, the con-
trast mechanism in soft tissues is not completely under-
stood, which suggests that actual contributions to inverse
scattering from density variations may not be negligible.
Therefore, the effect of density variations in reconstruc-
tions using the DBIM algorithm need to be considered.

To examine the effects of density variations on inverse
scattering, consider the case of a homogeneous scatterer
embedded in a homogeneous background. The background
has acoustic parameters κ0, ρ0, and k0. The scatterer has
constant acoustic parameters κ, ρ, and k. The integral
wave equation in complete form can be written as:
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Fig. 5. Reconstruction of phantom target using frequency hopping. (a) Ideal speed of sound contrast distribution. (b) Single frequency
reconstruction at 2 MHz. (c) Single frequency reconstruction at 1 MHz. (d) Frequency hopping reconstruction at 2 MHz using (c) as initial
guess.

psc(�ρ, k) =
∫

Ω
d�ρ ′ [k2 − k2

0
]
p(�ρ ′)G0(�ρ, �ρ ′)

+
∫

Ω
d�ρ ′ [∇γ�(�ρ ′) · ∇p(�ρ ′)]G0(�ρ, �ρ ′), (8)

where γρ = �0
� − 1 and psc(�ρ, k) = p(�ρ, k) − pinc,k0(�ρ). The

only difference between (2) and (8) is the integral involving
the divergence of the density. Therefore, for scatterers with
piecewise constant density, the effect of neglecting density
variations when reconstructing the wave number distribu-
tion will be localized around the discontinuities in �.

Simulations were performed to evaluate the effects of
changes in density for piecewise homogeneous scatterers.
The simulated targets were two circular symmetric cylin-
ders. The scattered data was generated using the analyti-
cal solution for cylindrical wave illumination. The deriva-
tion of the expression for the scattered field is described
in the Appendix. The speed of sound contrasts and diam-
eters were set to 4% and 10.4λ for the outer cylinder, and
6% and 5.2λ for the inner cylinder, respectively. This cor-
responds to a maximum phase change of approximately
0.99π. The results for several density variation distribu-
tions are presented in Fig. 6. No noise was included in
the simulated scattered data in order to isolate the ef-
fect of the changes in density. The reconstructions were
truncated when the RRE dropped below 1%. Fig. 6(a)
is a reconstruction when there are no variations in den-
sity, and it is shown as a reference. The reconstruction
follows the ideal contrast profile very closely, with some
minor ringing at the edges of the cylinders. Fig. 6(b) cor-
responds to density variations equal to the corresponding

speed of sound contrasts inside each cylinder, i.e., 4% in
the outer cylinder and 6% in the inner one. The edges of
the cylinders appear more distorted than the ones shown in
Fig. 6(a). Some minor fluctuations appear away from the
edges. Fig. 6(c) corresponds to density variations equal to
four times the corresponding speed of sound contrasts in-
side each cylinder, i.e., 16% in the outer cylinder and 24%
in the inner one. As expected, the reconstruction appears
more distorted than in the previous two cases. However,
the mean value of the speed of sound inside each cylinder
has been correctly determined. Fig. 6(d) corresponds to
density variations equal to four times the speed of sound
contrast of the first cylinder for both cylinders, i.e., 16%
on both cylinders. The inner cylinder is reconstructed with
minimal distortion because there are no density variations
between the inner and outer cylinders. The edges of the
outer cylinder, however, appear distorted as in Fig. 6(c).
These simulations verify the fact that, for piecewise con-
stant density distributions, the effect of density changes is
localized at the density discontinuities and does not largely
affect the speed of sound reconstructions if the density
changes are comparable to the speed of sound changes and
the scatterer is large compared to the acoustic wavelength.

Neglecting density changes can have a large impact on
the reconstruction of acoustic impedance. The estimated
acoustic impedance contrasts are 4% and 6% for the cases
shown in Fig. 6(b)–(d) because the density contrast is as-
sumed to be 0%. But the true acoustic impedance contrast
values are approximately 8% and 12%, 20% and 31%, and
20% and 23%, respectively. Therefore, in order to construct
a more accurate acoustic impedance model, density vari-
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Fig. 6. DBIM reconstructions when the inversion algorithm neglects changes in density. The speed of sound contrasts and diameters are
4% and 10.4λ for the outer cylinder, and 6% and 5.2λ for the inner cylinder, respectively. The density contrasts were set equal to (a) 0%
for both cylinders. (b) The corresponding speed of sound contrasts inside each cylinder. (c) Four times the corresponding speed of sound
contrasts inside each cylinder. (d) Four times the speed of sound contrast of the outer cylinder for both cylinders.

ations may need to be considered. Some studies of the
numerical solution to the variable density wave equation
are available in the literature [44]–[46].

D. Experimental Results

Experiments were conducted to validate the ability to
perform DBIM inversions when dealing with real data. The
scanning configuration shown in Fig. 1 was simulated using
two transducers. The first transducer was used as source
and had a fixed position. The second transducer was used
as receiver and rotated in a circular arc around the sam-
ple. Both transducers were unfocused circular pistons, with
nominal center frequency of 1 MHz and reported radius of
0.0625 inches. The diameter of the transducers was chosen
to be small relative to the acoustic wavelength (ka = 6.65
at 1 MHz) in order to generate a relatively uniform field
covering the object to be imaged in both transmission and
reception.

The source transducer was excited using a one-cycle si-
nusoidal burst at a center frequency of 1 MHz, generated
by a high-power pulser/receiver (Ritec Advanced Measure-
ment System RAM5000, Warwick, RI). The received sig-
nals were amplified by 20 dB and filtered between 300 KHz
and 5 MHz using a Panametrics 5800 pulser/receiver (GE
Panametrics, Waltham, MA). The overall −6 dB trans-
mit/receive bandwidth was approximately 0.7 MHz, cen-
tered around 0.92 MHz. A GPIB-connected digital oscil-
loscope (LeCroy, Chestnut Ridge, NY) was used for digi-
tization and averaging of the signals. The scans were con-
ducted at a temperature of approximately 18.1◦C.

The imaging targets were phantoms built using soft rub-
ber balloons filled with a saline solution. The speed of
sound and thickness of the balloons were estimated to be
1.54 mm/µs and 0.23 mm. These estimates were found by
using pulse-echo, time-of-flight (TOF) measurements with
a 20 MHz focused transducer. The saline solution was ob-
tained by diluting 25 grams of salt in 100 milliliters of wa-
ter. The speed of sound was estimated to be 1.718 mm/µs
using transmission TOF measurements with the 1 MHz
unfocused transducers used for inverse scattering imag-
ing. This value agrees with results previously reported [47].
The diameter of the inflated balloon was measured to be
7.3 mm with an electronic caliper. A small metallic dead-
weight was attached to the bottom of the balloon phantom
to keep it vertical.

The actual scanning configuration is shown in Fig. 7.
The distances between the phantom and the source and re-
ceiver transducers were 104 mm and 91 mm, respectively.
The receiver transducer was mounted on a vertical rod at-
tached to an L-shaped mechanical element with adjustable
horizontal length. The vertical segment of the L-shaped
element was coupled to a five-axis (three translational,
two rotational) precision positioning system (Daedal, Inc.,
Harrison City, PA). With this arrangement, rotating the
vertical segment of the L-shaped element resulted in the
transducer describing a circular arc around the balloon
phantom, with radius given by the length of the horizon-
tal segment. The angle between the axis of the source and
receiver transducers was changed between −60 and 60 de-
grees in increments of 1 degree.
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Fig. 7. Experimental configuration. (a) Schematic of the configuration setup. (b) Photograph of the experimental setup showing the source
transducer (left), balloon phantom (middle), and receiver transducer attached to the rotating arm (right).

The current configuration does not allow for the trans-
mit transducer to be rotated around the object. However,
for radially symmetric phantoms like the one used in the
experiments, the scattered data is independent of the inci-
dent angle if the relative positions of the transmit and re-
ceive elements remains the same. A complete dataset was
generated by replicating the scattered field measured at
one incident angle. The drawback of this approach is that
asymmetries in the actual phantom, errors in the scattered
field calculation, and noise in the measurements will prop-
agate to all the angular views, which introduces radially
symmetric artifacts.

Two sets of measurements were collected: one without
the sample in the water tank to measure the incident field,
and one with the sample in the tank to measure the total
acoustic field in the presence of the scatterer. The scattered
field is obtained by subtracting the incident field from the
total field. The three fields are shown in Fig. 8 as a func-
tion of the receiving angle from −60 to 60 degrees. From
Fig. 8(c), it can be observed that the incident field was
not completely canceled (noticeable residual incident field
of about ±25 degrees) due to variations in the background
speed of sound caused by slight variations in the temper-
ature. However, the incident field residuals had very low
amplitude and did not significantly affect the scattered
field measurements.

The scattered fields at frequencies of interest were
obtained by taking the Fourier transform of the mea-
sured waveforms for all receiver positions. A frequency of
1.2 MHz was chosen for the DBIM reconstructions. At this
frequency, ∆φ ≈ 1.6π according to the phantom model
and, therefore, frequency hopping was required. A lower
frequency of 0.64 MHz, for which ∆φ ≈ 0.85π, was used
for the coarse reconstruction. Fig. 9 shows the measured
scattered fields as a function of the receiver angle. For
comparison, the ideal scattered field also was generated us-
ing the DBIM MoM forward solver. The RMSEs between
the measured and expected scattered fields were 4.1% and
7.8% for 0.64 MHz and 1.2 MHz, respectively.

The phantom reconstructions are shown in Fig. 10. For
comparison, the DBIM reconstruction using the scattered
data generated using the MoM solver also was calculated.
Both reconstructions are in very good agreement. All the
reconstructions were performed using a grid with pixel
size equal to 0.3075 mm (four pixels per wavelength at
1.2 MHz). The mean speed of sound and radius of the
phantom were accurately reconstructed. Some minor ar-
tifacts are present in the final reconstructions (even with
MoM data) due to the limited angular coverage and the
small width of the balloon with respect to the wavelength.
As expected, the reconstruction at 0.64 MHz had a poor
spatial resolution due to the small pixel size (approxi-
mately 7.5 pixels per wavelength at that frequency), the
limited angular coverage in reception, and the lack of a
good initial guess. The resolution was greatly improved
with the use of the frequency hopping approach, as evi-
denced by the reduction of the edge blurring in the recon-
structed speed of sound profile. This also indicates that the
proposed regularization scheme was capable of producing
an accurate solution even with reduced k-space coverage,
without causing an excessive blurring of the reconstruc-
tion. The RMSE in the speed of sound contrast ∆c was
19% when using the 0.64 MHz experimental data only. Us-
ing the 1.2 MHz experimental data to refine the 0.64 MHz
rexonstruction allowed the RMSE to be reduced to 12%.
The overall RMSE in the speed of sound reconstruction
using the balloon model as a reference was approximately
1.1%.

V. Conclusions

Inverse scattering methods can be used to measure me-
chanical properties of materials, which makes them suit-
able for material characterization. A DBIM implementa-
tion in which the transducers are distributed on a circle
surrounding the sample has been studied, and a new reg-
ularization scheme is outlined. The proper choice of regu-
larization parameter not only allowed for high-quality re-
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Fig. 8. Measured pressure fields in decibel scale with a dynamic range of 40 dB. (a) Incident field. (b) Total field. (c) Scattered field,
calculated as the difference of (b) and (a).

Fig. 9. Magnitude in decibels (left column) and phase in radians (right column) of the scattered pressure at (a) 0.64 MHz and (b) 1.2 MHz.
Both the measured (solid line) and MoM (dashed line) data are shown.

constructions, even in the presence of noise, but also re-
sulted in the same number of DBIM iterations regardless
of spatial scaling of the imaging target while keeping ∆φ
fixed. Furthermore, by relaxing the regularization param-
eter with the RRE, a significant loss in spatial resolution
was not observed.

The DBIM implementation and novel regularization
scheme was validated using both simulation and experi-
ments on targets with moderate ∆c. Frequency hopping
was used to reconstruct high resolution images of the
simulated and real phantoms from coarse reconstructions
made at a lower frequency. Experimental measurements
from a balloon phantom with moderate ∆c at 1.2 MHz,
∆φ = 1.6π, yielded speed of sound reconstructions with
a relative RMSE of 1.1%. Therefore, the current work
presents preliminary validation of the use of ultrasound-
computed tomography to accurately reconstruct objects
with moderate ∆c.

The current work presents three contributions to the
acoustic inverse scattering community. First, a computa-
tionally efficient and robust regularization approach has
been developed and tested. Second, to the authors’ knowl-
edge, no other peer-reviewed article has presented exper-

imental DBIM frequency hopping results with acoustic
data and nonambiguous imaging targets for which the va-
lidity of the reconstructions can be assessed. Finally, to
the authors’ knowledge, no other peer-reviewed article has
discussed the effect of variable density in inverse scattering
reconstructions using the DBIM.

Appendix

Scattering of a Cylindrical Wave by Two

Concentric Circular Cylinders

The analytical solution for the acoustic field scattered
by two concentric circular cylinders is derived here. A sim-
ilar derivation is presented elsewhere [48] for the scattering
of a plane wave by two concentric circular cylinders. The
major difference between the derivation presented here and
the one in [48] is that a closed-form solution to the scat-
tering coefficients is given, as opposed to expressing the
boundary conditions as a matrix equation to be solved.
The corresponding radius, speed of sound, density, and
wave number values are a, c1, �1, and k1 for the outer
cylinder, and b, c2, �2, and k2 for the inner cylinder, re-
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Fig. 10. DBIM reconstructions of the balloon phantom. (a) The speed of sound corresponding to the phantom model. (b) The reconstructed
speed of sound profile using DBIM and measured data. (c) Profile of the reconstruction at 0.64 MHz. (d) Profile of the reconstruction at
1.2 MHz. For (c) and (d), the ideal profile according to the model (solid line) and the DBIM reconstructions using ideal (dot-dashed line)
and measured (dashed line) data are shown.

spectively. The incident field is generated by a line source
parallel to the z axis and can be expressed as:

pinc(ρ, φ) =
∞∑

m=0

AmH(2)
m (k0R)Jm(k0ρ) cosmφ,

(9)

where H
(2)
m (x) is the m-th order Hankel function of the

second kind, Jm(x) is the m-th order Bessel function, R is
the distance from the point source to the origin, ρ is the
distance from the observation point to the origin, and φ
is the angle between source and observation points, and
Am = 2 if m = 0 or Am = 1 otherwise. The scattered field
can be expressed as:

psc(ρ, φ) =
∞∑

m=0

BmH(2)
m (k0ρ) cos mφ. (10)

The field in the outer cylinder is a combination of traveling
and standing waves and can be written as:

pC1(ρ, φ) =
∞∑

m=0

[
CmH(2)

m (k1ρ) + DmJm(k1ρ)
]
cosmφ,

(11)

and the field inside the inner cylinder is a standing wave
and can be expanded as:

pC2(ρ, φ) =
∞∑

m=0

EmJm(k2ρ) cosmφ. (12)

The normal component of the particle velocity satisfies
ur = i

Z
∂

∂kρp, where Z = �c is the acoustic impedance.

Altogether, for each harmonic m, a matrix equation with
four unknowns (Bm, Cm, Dm, and Em) and four equations:
continuity of pressure and normal particle velocity at ρ = a
and ρ = b, can be formed and solved. The coefficients Bm

are of particular interest because they are the only ones
needed to calculate the scattered field using (10), and are
given by:

Bm =
{

[Zr1J
′
m(k1b)Jm(k2b) − Zr2Jm(k1b)J ′

m(k2b)]

×
[
H(2)

m (k1a)J ′
m(k0a) − Zr1H

′(2)
m (k1a)Jm(k0a)

]

−
[
Zr1H

′(2)
m (k1b)Jm(k2b) − Zr2H

(2)
m (k1b)J ′

m(k2b)
]

× [Jm(k1a)J ′
m(k0a) − Zr1J

′
m(k1a)Jm(k0a)]

}
(13)

÷
{[

Zr1H
′(2)
m (k1b)Jm(k2b) − Zr2H

(2)
m (k1b)J ′

m(k2b)
]

×
[
H

′(2)
m (k0a)Jm(k1a) − Zr1H

(2)
m (k0a)J ′

m(k1a)
]

− [Zr1J
′
m(k1b)Jm(k2b) − Zr2Jm(k1b)J ′

m(k2b)]

×
[
H

′(2)
m (k0a)H(2)

m (k1a)−Zr1H
(2)
m (k0a)H

′(2)
m (k1a)

]}
,

AmH(2)
m (k0R),

where Zr1 = Z0/Z1, Zr2 = Z0/Z2, and the prime symbol
in the Bessel and Hankel functions denote the derivative
with respect to the total argument. For the special case
when the inner and outer cylinders are matched (i.e., k1 =
k2 = k, Zr1 = Zr2 = Zr), the scattering coefficients from
(13) can be simplified to:
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Bm = −Am [Jm(ka)J ′
m(k0a) − ZrJm(k0a)J ′

m(ka)]

÷
[
Jm(ka)H ′(2)

m (k0a) − ZrJ
′
m(ka)H(2)

m (k0a)
]

H(2)
m (k0R),

(14)

which corresponds to the scattering of a cylindrical wave
by a homogeneous fluid circular cylinder [43].
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