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Abstract—An inverse-theoretic approach to ultrasonic
pulse-echo imaging based on nonquadratic regularization is
presented, and its effectiveness is investigated computationally by:
1) evaluating the quality of the reconstruction of speckle-based
images as a function of the transmit-receive bandwidth and focal
number of the transducer; 2) comparing the reconstructed im-
ages with those obtained by using conventional B-mode imaging.
The L-curve and the generalized cross-validation methods were
evaluated as automatic regularization parameter selection tech-
niques. The inversion using regularization produced better results
than conventional B-mode imaging for high signal-to-noise ratios
(SNRs). A lower bound of 30 dB for the SNR was found for this
study, below which several of the image features were lost during
the reconstruction process in order to control the distortion due
to the noise.

Index Terms—Inverse problems, pulse-echo imaging, regulariza-
tion, ultrasound imaging.

I. INTRODUCTION

B -MODE, array imaging, and synthetic aperture focusing
techniques (SAFT) have been studied in acoustic imaging

for a long time and their limitations are well documented
[1]–[3]. Such techniques suffer from spatial resolution limita-
tions due to the finite size of the resolution cell of the imaging
system, i.e., the area (or volume) that corresponds to the
smallest resolvable detail, and contrast resolution limitations
due to the presence of sidelobes. Because ultrasonic imaging is
coherent, when there are many scatterers randomly distributed
in a resolution cell, their reflections interfere constructively
or destructively depending on their positions relative to the
transducer, thus generating spots (speckle) of brightness and
darkness in the image. The resulting image has a granular
appearance resulting in speckle-based images [4]. Speckle is
very common in ultrasound medical imaging because tissue
is a semitransparent media. If the point spread function of the
imaging system has a wide mainlobe or high-amplitude side-
lobes, the spots generated by the speckle can mask regions of
low contrast. Inverse problem approaches [5] and regularization
techniques, such as truncated singular value decomposition
(TSVD) [6], Tikhonov [7], total variation [8], total least squares
[9], and others [10]–[14], have been proposed for acoustic
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imaging applications and their effectiveness has been explored
to a limited extent. It is of special importance to compare the
performance of this class of techniques with that which can
be obtained using conventional acoustic imaging methods.
In this paper, speckle-based images are proposed as targets
of reconstruction because of the limitations of conventional
techniques in dealing with this type of images. The goal of
this paper is to explore the feasibility and effectiveness of a
generalized Tikhonov regularization technique by 1) evaluating
the quality of the reconstruction of speckle-based images as a
function of imaging parameters (i.e., 6 dB transmit-receive
bandwidth and focal number of the transducer)
and 2) comparing the reconstructed images with those obtained
by using conventional B-mode imaging.

II. METHODOLOGY

A. Continuous Forward Model

The key concept for acoustic imaging is that an acoustic
wave propagating through a medium is scattered when inho-
mogeneities are encountered. Thus, inhomogeneities inside a
volume can be detected by radiating it with an acoustic wave
and measuring the scattered energy with sensors positioned at
different locations. The goal of ultrasonic pulse-echo imaging is
to provide a graphical representation of the acoustic reflectivity
function, that is, the distribution of the changes in acoustic
impedance that cause the scattering of the incident wave. For
monostatic pulse-echo ultrasonic imaging, a single-element
transducer is placed at scanning positions along a trajectory
(typically a straight line); in each scanning position, the trans-
ducer is excited to propagate an acoustic pulse into the region
of interest (ROI), and is also used to receive the corresponding
backpropagated acoustic echo signals. The time signal received
by the transducer when only one point scatterer is present in the
ROI is known as the spatially variant impulse response of the
transducer, which depends on the relative position between the
transducer and the scatterer, , and is denoted by . The
pulse-echo data received when the transducer is located at
are denoted by . The reflectivity function at the point
is denoted by . If multiple scattering can be neglected, the
contribution of each point to the signal will
be given by the spatially variant impulse response
weighted by the corresponding value of the reflectivity function

. For a two-dimensional (2-D) ROI, the signal can
be expressed in integral form as

(1)
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Fig. 1. Configuration for the monostatic pulse-echo imaging inversion. The
ROI is a rectangular region with x 2 [x ; x ] and y 2 [y ; y ], discretized
in n by m pixels. The transducer is shown as a black rectangle, and it scans the
ROI along the y axis in sampling positions (0; u).

B. Discrete Forward Model

The continuous model must be discretized in order to solve
for the reflectivity distribution. The ROI has been modeled as
a rectangular region with axial (or beam) axis and lateral (or
scanning) axis , as shown in Fig. 1. The transducer is moved
along the axis and the pulse-echo data are acquired at loca-
tions . The received signals are sampled at discrete values
of time denoted by . The sample at time of the signal
recorded at the position is denoted by . The ROI
is also discretized, with the discrete values of and denoted
by and , respectively. The reflectivity of a point at the po-
sition inside the ROI is denoted by . The spatially
variant impulse response of the transducer, when a point target
of unitary amplitude is located at the coordinates relative
to the position of the transducer, is denoted by .

The 2-D sequences and are stacked as vectors
to form a pair of one-dimensional sequences, which allows the
problem to be represented as a set of linear equations [15]. With
this reordering, the forward model can be written as the linear
system depicted in (2) at the bottom of the page, where
the matrix and the vectors and represent the linear forward
model, the unknown variables (in this case, the reflectivity dis-
tribution) and the measurements (the pulse-echo data), respec-
tively. (See equation at bottom of page)

C. Regularized Inversion of the Discrete Forward Model

The minimum mean square error (MMSE) solution to a linear
system such as the one described by (2) is calculated by finding
the solution to

(3)

The solution to (3) can be found using the pseudoinverse of the
forward model matrix [16]. The singular value decomposition
(SVD) of can be expressed as , where and
are unitary matrices and is a diagonal matrix with the singular
values of in decreasing order over the main diagonal. The
pseudoinverse is then defined as , where

is a diagonal matrix constructed by transposing and re-
placing the nonzero entries by their reciprocals. The solution to
the inverse problem in (2) is given by

(4)

where is the th singular value of the forward model matrix
, and are the th columns of the unitary matrices and
, respectively, and is the number of singular values of . In

practice, there will be noise present in the measurements, and
(4) can be rewritten as

(5)
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where is the noiseless data as predicted by the forward model
and is the additive noise present in the measurements (i.e.,

). Even though the singular values decrease for
increasing , the terms decrease accordingly and the con-
tributions of are bounded. However, the terms do not
satisfy the discrete Picard condition (i.e., on average, the terms

do not decay faster than the corresponding singular values
), so the contribution of the noise is amplified and the solution

is distorted [17]. The condition number of a matrix, defined as
the ratio of its largest to its smallest singular value, ,
gives a measure of the stability of the system to perturbations
in the measurements. Because the amplification of the noise de-
pends on the reciprocal of the singular values, as shown in (5), a
large condition number means that the system is more unstable.
The condition numbers of the forward model matrices used in
this paper are larger than , which means that the linear model
is highly unstable and, hence, the use of the pseudoinverse of
to solve the problem is precluded.

The method for the inversion of the forward model has to be
stabilized in order to obtain meaningful solutions. This can be
accomplished by applying generalized Tikhonov regularization
[18] to the MMSE inverse problem, which consist of modifying
(3) such that

(6)

The first term in (6) is referred to as the data discrepancy or
fit-to-data function, and corresponds to the MMSE solution to
the linearized problem. The second term is known as the regular-
ization penalty or cost function, and is a stabilizing term that in-
corporates a priori knowledge about the signal to be recovered.

The type of generalized Tikhonov regularization that has been
used in this paper corresponds to solving the following mini-
mization problem [19]:

(7)

This choice of the regularization cost function corresponds to
the norm (which is defined as ) of a linear
transformation of the vector of unknowns using a matrix op-
erator . The offset parameter is a small positive constant
introduced to allow the differentiation of the regularization cost
function with respect to around zero for . The param-
eter is known as the regularization parameter and controls the
amount of regularization imposed on the solution.

The solution to the regularized inverse problem is found by
evaluating the gradient of (7) with respect to , which results in

(8)

where is the linear operator relating and ,
and is a diagonal

matrix whose th diagonal element is the expression inside the

square brackets. Starting with an initial guess , this nonlinear
equation can be solved using the fixed point iteration

(9)

This process is stopped when the difference in the norm
between successive iterations is small enough, that is, until

, where is the desired
tolerance.

D. Methods for the Selection of the Regularization Parameter

The appropriate choice of values for the regularization param-
eter is crucial to obtain good results. Even though for simula-
tions one can estimate a range of optimal parameters by using vi-
sual inspection with a set of reference images, in practice the de-
sired images are not available, so quantitative parameter selec-
tion methods need to be used. Several parameter selection tech-
niques have been explored in the inverse problems literature,
such as the discrepancy principle [20], the unbiased predictive
risk estimator method (UPRE) [18], the generalized cross-val-
idation method (GCV) [21], and the L-curve method [22]. Un-
like the discrepancy principle and UPRE methods, GCV and
the L-curve methods do not require knowledge of the statistics
of the noise. Because of this, both the GCV and the L-curve
methods were evaluated as regularization parameter selection
techniques for this paper.

The L-curve method consists of plotting the norm of the
penalty cost term versus the norm of the data discrepancy
term, in a log-log scale. The resulting plot has typically an L
shape, and the optimal value of is chosen to be the one that cor-
responds to the corner of this curve, chosen as the point of max-
imum curvature. For Tikhonov regularization, even though the
curve will have an L shape, it will be nonconvergent if the gen-
eralized Fourier coefficients of the forward operator do not sat-
isfy the discrete Picard condition [23]. Also, when the residual
is very small, the L-curve method fails to converge [24]. The ap-
plicability of this method has already been proposed for norm
generalized Tikhonov regularization [25].

The GCV method is based on the minimization of the predic-
tive error. Because the ideal data are not available, an estimate
of the error is derived from the measurements as follows: for a
fixed regularization parameter , the -th equation is removed
from the linear system . This corresponds to removing
the -th row of the forward model matrix and the -th entry
of the measurements vector , which are denoted by and ,
respectively. The solution to the reduced set of equations is de-
noted by . The removed data point can be estimated using

, with a corresponding estimation error. The predic-
tive error is defined as the average of the estimation errors for all
points in . The optimum value of is the one that minimizes
the predictive error because it can discriminate better the data
from the noise in the measurements. The GCV estimator for the
predictive error can be calculated as [18]

(10)
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with as given in (8). The optimum value of is chosen to be
the one that yields the minimum of the GCV curve. The GCV
curve can have a very flat minimum, which makes it difficult to
choose an appropriate parameter value. This method has been
shown not to converge to the optimum parameter when the noise
is correlated to the signal [26]. Also, the GCV method is com-
putationally more expensive than the L-curve.

III. SIMULATIONS AND RESULTS

A. Simulations Setup

The simulated data were generated using Field II [27] using
focused transducers in a medium with speed of sound equal to
1500 m/s. The simulated transducers had a center frequency of
6 MHz (which corresponds to a wavelength ) and
a fixed focal length of 19 mm. The ROIs were placed at the
focus of the transducers for all the simulations. The sampling
frequency was set to 60 MHz. The bandwidth and focal number
of the transducers were not held constant for all simulations in
order to analyze their impact on the quality of the reconstruc-
tions.

The spectrum of the transmit-receive impulse response of the
transducer, , was modeled as a function of the frequency
as

(11)

where is the center frequency of the transducer. The variable
in (11) is used to adjust the 6 dB frequency band of the

transducer. For this paper, ranged between 0.9 and 1.
The variations of the acoustic field were smoothed by

apodizing the surface of the transducer. It is very common
in signal processing to use Hann windows for reduction of
sidelobes [1]. For this paper, the transducer was apodized using
a modified Hann windowing function , defined as

(12)

where is the diameter of the transducer and is
the radial distance from the center of the transducer. The vari-
able in (12) is used to control the level of apodization. For this
paper, was set to be 0.3.

For speckle-based images using focused transducers, the cor-
relation cell size was found to be on the same order as the spatial
resolution at the focal region [28]. The expressions for the axial

and lateral resolutions at the focus of the transducer
are given by [29]

(13)

(14)

where is the speed of sound and is the focal number of the
transducer, defined as the ratio of the focal length and the di-
ameter of the transducer. The apodization applied to the surface
of the transducer slightly increases the lateral size of the focal

Fig. 2. (a) Schematic of the ROIs used for the simulations. (b) Sample reflec-
tivity distribution used for visual evaluation of the reconstructions for the sim-
ulations.

region. Because the ROIs for this paper are 2-D, the size of the
resolution cell can be approximated by .

The ROIs used for the simulations consist on 2-D, square
regions of 3 mm 3 mm, divided into two concentric subre-
gions with the inner one having a diameter of 1 mm, which
corresponds to 4 wavelengths at the center frequency of the
transducers used for the simulations. The mean reflectivity am-
plitudes are uniformly distributed in the intervals [0.8,1] and
[0.08,0.1] for the outer and inner subregions, respectively. The
subregions that constitute the ROIs are depicted in Fig. 2(a). The
B-mode images and regularization reconstructions displayed in
the following subsections to visually evaluate the performance
of the reconstructions correspond to the sample ROI shown in
Fig. 2(b).

The positions of the scatterers in the ROIs were discretized
using a grid of at the center frequency of the trans-
ducers, which results in images of 49 49 pixels. A total of 750
scatterers were randomly distributed in the ROIs, resulting in an
average scatterer density of approximately 0.3125 scatterers per
pixel. Because the highest and the smallest used in this
paper are 100% and 1, respectively, the smallest resolution cell
used in the simulations corresponds roughly to a region of

. This means that a minimum average scatterer density of
2.5 scatterers per resolution cell is guaranteed for every simu-
lation. This is above the limit of 2 scatterers per resolution cell
determined by Tuthill et al. [30] for sparse scatterer density in
speckle-based ROIs. The minimum value of 2.5 scatterers per
resolution cell was also chosen to avoid using a large grid size
which would increase the computation time of the algorithm.

B. Evaluation of the Reconstructions

The pulse-echo data were generated by adding zero-mean
Gaussian noise to the data predicted by the forward model.
The signal-to-noise ratio (SNR) for this paper is defined as

(15)

The noise realizations were scaled in order to change the SNR so
that a fair comparison of the effect of several parameters could
be performed.

Selected reconstructed images are displayed logarithmically
with a dynamic range of 40 dB for a visual evaluation of the
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reconstructions. The numerical evaluation is performed based
on the normalized mean square error (MSE), which is defined
as

(16)

where and and are the ideal and reconstructed reflectivity dis-
tribution, respectively. The MSE was calculated using the data
both in linear and logarithmic scale. The former is used because
the reconstruction method is linear, and the latter because the
images are shown in logarithmic scale. In order for the numer-
ical results to have statistical meaning, 7 ROIs and 7 noise real-
izations were randomly generated, resulting in a total of 49 data
sets used for each set of simulation settings. The average of the
MSEs is used to quantify the performance of the reconstruction
algorithm.

C. Choice of the Parameters of the Regularization Method

The regularization matrix can be chosen as any stabilizing
linear operator that includes a priori knowledge of the solution
of the problem. In the case of speckle-based images, for which
the reflectivity distribution has a random nature by definition,
the optimum choice of is not clear. The most natural way of
regularizing an inverse problem is to remove the more unstable
singular values as the level of noise in the data increases, which
is know as TSVD regularization. A similar effect can be ob-
tained in Tikhonov regularization by choosing the matrix to
be the identity matrix [31]. This choice of has been used for
the simulations in this paper.

The regularization cost norm was chosen by inspection of
the effect of the norm on sample reconstructions. An example
of the visual appearance of the reconstructions with values of
of 0.5, 1, and 2 is shown in Fig. 3. The simulation corresponds
to a reconstruction using a transducer with a of 6 MHz

, of 1 and ROI at the focus, with a SNR
of 20 dB. This particular value of SNR was chosen because the
difference in behavior is clearer when the amount of noise in the
data is higher. The impact of the value of can be summarized
as follows.

• From Fig. 3(c), for the solution looks oversmoothed.
This case corresponds to the classical quadratic Tikhonov
regularization, for which the minimization problem re-
duces to

(17)

The solution to (17) can be written in terms of the SVD
of the forward model matrix as

(18)

The last expression corresponds to a static filtering of
the most unstable singular values. Because these singular
values are the ones that carry the high-frequency informa-
tion of the image, filtering them results in blurred images.

Fig. 3. Effect of different choices of regularization cost norm k in
the reconstruction of the reflectivity distribution. The optimum re-
construction was chosen using the L-curve criterion. Reconstructions
using (a) k = 0:5 (MSE(linear) = 99%, MSE(log) = 76%)
(b) k = 1 (MSE(linear) = 54%, MSE(log) = 55%) (c) k = 2
(MSE(linear) = 50%, MSE(log) = 102%).

• From Fig. 3(a), for the solution looks sparse; i.e.,
there is no smoothing effect on the reconstructed image at
the cost of losing many features from the original image.
This effect can be explained better starting from (7). The
regularization cost function when is chosen to be the
identity matrix and simplifies to , that is, the

norm of the data to be recovered. Because the solution
to the minimization equation is no longer linear, the sin-
gular value filtering process becomes image dependent,
extracting information even from the unstable singular
values, resulting in solutions that are not oversmoothed.
Smaller values of enforce a larger emphasis of the cost
function. Because the minimization of the cost function
will be accomplished for smaller values of (sparser
solutions), the sparsity in the reconstructions will be larger
when is smaller.

• From Fig. 3(b), for an balance between the afore-
mentioned behaviors is achieved. The solution is somewhat
sparse as in the case of and suffers from a slight
blurring which however adds visual cohesion to the image.
The average normalized MSEs calculated using the data in
linear scale are 99%, 54%, and 50% for values of of 0.5,
1, and 2, respectively. However, the average normalized
MSE calculated using the data in logarithmic scale in the
reconstruction with (55%) is smaller than the one
for the case of (76%) and (102%). Hence,
a value of allows for a significantly better perfor-
mance in terms of the MSE in logarithmic scale only at a
slight cost of accuracy in linear scale. This value of will
be used for the rest of the simulations in this paper.
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Fig. 4. Effect of the transmit-receive bandwidth of the transducer in the reconstructions. Average normalized MSE curves corresponding to the regularization
reconstructions using relative transmit-receive bandwidths of 100%, 50%, and 33%, and a focal number of 1. First column: MSE calculated using the data in
linear scale. Second column: MSE calculated using the data in logarithmic scale. The optimum reconstructions were selected using (a) the MMSE criterion, (b)
the L-curve method, and (c) the GCV method.

The value of has to be chosen large enough to avoid insta-
bility in the reconstruction process, but small enough to avoid
biasing the solutions. As increases, the sensitivity to variations
in decreases. An empirical value of was selected
for this paper.

The interval of analysis for the regularization parameter
was determined through simulations. For the regu-
larization effect is too weak and the distortion on the output due
to noise amplification is excessive even for a SNR of 100 dB.
For , the regularization constraint term is too large and
the MSE in linear scale reaches an asymptotic limit of 100%.
The values of the parameter were discretized using a uni-
form exponential grid with step size equal to 0.25, that is,

.

D. Effect of the of the Transducer

The effect of the of the transducer is analyzed by recon-
structing images from simulated data corresponding to scanning
the ROIs with focused transducers with an of 1 and rela-
tive s of 100%, 50%, and 33%, respectively, where

. When compared to the case of
, using s of 50% and 33% corresponds to increasing

the resolution cell size by a factor of 2 and 3, respectively. Fig. 4
shows the plots of the average MSE as a function of the SNR for
the regularization reconstructions. Fig. 5 shows sample regular-
ization reconstructed images selected using the L-curve crite-
rion for each simulated transducer for selected values of SNR
of 50, 30, and 10 dB. Fig. 6 shows the ultrasonic pulses used in
the simulations in both time and frequency domain.

Several observations can be made from the results of these
simulations. First, from Fig. 4 it is clear that the error in the re-
construction increases monotonically with the level of noise in
the measurements, as expected. This can also be visually veri-
fied by analyzing the quality of the images in Fig. 5; the images
corresponding to higher SNRs represent better the underlying
reflectivity distribution.

Second, it can be seen that the quality of the reconstruction
degrades as the bandwidth decreases; this trend is more notice-
able in the plots of the average MSE calculated from the data
in linear scale, where the separation of the error curves corre-
sponding to of 50% and 33% is more pronounced. As a
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Fig. 5. Effect of the transmit-receive bandwidth of the transducer in the reconstructions. Reconstructed images formed using a focal number of 1 and relative
transmit-receive bandwidths of (a) 100%, (b) 50%, and (c) 33%. First row: B-mode images at a SNR of 30 dB. Second to fourth row: regularization reconstructions
at SNRs of 50, 30, and 10 dB, respectively.

numerical example of the effect of the on the reconstruc-
tion error, for a SNR of 30 dB the average normalized MMSE
using the data in logarithmic scale is 22.5% for a of 100%
but it increases to 86.5% when the is 33%. For the data in
linear scale, the corresponding average normalized MMSEs are
18% and 79%. This behavior is expected because the forward
model matrix is a spatially variant convolution kernel, which is
more stable if its frequency content is larger. According to (13),
reducing the of the transducer will increase the axial dura-
tion of the impulse response and, hence, reduce the spatial fre-
quency content in the axial direction. This reduces the stability
of the forward model and, hence, increases the error of the in-
version algorithm. The results show that the algorithm is very
sensitive to the frequency content of the ultrasonic pulse.

Third, it can be seen from the reconstructions for SNRs of
50 and 30 dB that the low amplitude pixels are discarded before
the high amplitude ones. This is consistent with the sparsity con-

straint enforced by the regularization cost function, as discussed
in Section III-C.

E. Effect of the of the Transducer

Just like the axial resolution of the system is dependent on the
of the transducer, the 6 dB lateral resolution at the focal

region depends on the of the transducer as given in (14).
Hence, increasing the should also have an effect on the re-
construction algorithm. To evaluate this effect, simulations were
performed with focused transducers with a of 100% and

s of 1, 2, and 3, respectively. When compared to the case of
, using s of 2 and 3 corresponds to increasing the

resolution cell size by a factor of 2 and 3, respectively, which
are equal to the factors obtained when changing the in the
previous set of simulations. It is worth noticing that for three-di-
mensional (3-D) ROIs, the size of the ROI depends quadratically
on the (and not linearly as in the 2-D case) and, hence, the
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Fig. 6. (a) Time domain waveforms and (b) power spectrum of the pulses used in the simulations. The pulses correspond to relative transmit-receive BWs of 100%
(first row), (b) 50% (second row), and (c) 33% (third row).

scaling factors would be larger. The average MSE versus SNR
curves and sample reconstructed images are shown in Figs. 7
and 8, respectively.

Some important observations can be derived from the results
of these simulations. First, it can be noticed from visual inspec-
tion of the first row of Fig. 8 that the B-mode images corre-
sponding to s of 2 and 3 do not show a distinction of the
subregions in the ROI. This is not the case for the images recon-
structed using regularization for high values of SNR. This is a
clear example of the possibility of extracting more information
from the pulse-echo data than the one that can be obtained using
B-mode imaging.

Second, it can be seen that the effect on the performance of
the increase in is not nearly as critical as the one obtained
in the simulations for the reduction of the . As a numerical
example, with a SNR of 30 dB the average normalized MMSE
using the data in logarithmic scale increases from 22.5% to
37.8% when the increases from 1 to 3; for the data in linear
scale, the corresponding average normalized MMSEs are 18%
and 43.9%. This is to be compared against the average MSEs of
86.5% in logarithmic scale and 79% in linear scale for the case
of changing the to 33%. Also, it can be seen that the sep-
aration between the curves in both linear and logarithmic scale
is very similar. The difference in behavior can be explained be-
cause more destructive interference is expected when using a

pulse with a smaller due to the increase in coherence, as
it can be seen from Fig. 6. This corresponds to an increase in
the dimension of the nullspace of the forward model matrix .
In contrast, the increase of the does not affect the coherence
of the acoustic pulse; hence, the destructive interference of the
received echoes does not increase and the stability of the algo-
rithm is not severely degraded. The error curve for of 1 is
separated from the curves for s of 2 and 3; these last two
curves, however, are completely overlapping.

F. Comparison of the Performance of the L-Curve and GCV
Methods

As a final remark on the selection of the regularization param-
eter, it can be seen from the error curves for all the simulations
that there is not a significant difference in the performance of the
L-curve and GCV methods. Even though the L-curve method
seems to track better the MMSE curves, both methods select
regularization parameters that yield reconstructions with com-
parable levels of error.

IV. CONCLUSION

The performance of B-mode imaging is mainly limited by
the size of the resolution cell of the imaging system. For mono-
static imaging with a focused transducer, the spatial resolution
depends on the wavelength, the , and the . The goal of
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Fig. 7. Effect of the focal number of the transducer in the reconstructions. Average normalized MSE curves corresponding to the regularization reconstructions
using f of 1, 2, and 3, and a relative transmit-receive bandwidth of 100%. First column: MSE calculated using the data in linear scale. Second column: MSE
calculated using the data in logarithmic scale. The optimum reconstructions were selected using (a) the MMSE criterion, (b) the L-curve method, and (c) the GCV
method.

this paper was to analyze if regularization approaches are a fea-
sible alternative to B-mode imaging when the ROI is at the focus
of the transducer.

It was found from the simulations that more information can
be extracted from the pulse-echo data using a regularization ap-
proach compared to conventional techniques when the SNR is
high. However, as the noise in the measurements increases, the
MSE of the reconstructions also increases and the quality of the
reconstruction degrades because of measurement noise ampli-
fication and loss of features of the image. This mechanism of
image distortion is not present in conventional imaging tech-
niques.

The and of the imaging system also have an impact
on the performance of regularization techniques by determining
the lower threshold for the SNR for which these approaches
yield an image of better quality. This is a direct result of a lower
spatial frequency content of the forward model which results
in a more unstable inverse problem. A larger results in a
better performance as assessed by the MSE for fixed SNR. The
effect of the in the performance of the reconstruction was
found to be less severe.

The optimum reconstructions for the simulations occurred for
a of 100% and an of 1. For these settings and values
of SNR down to 40 dB, the average MMSE is below 10% in
both linear and logarithmic scales and good reconstructions are
obtained. For SNRs below 20 dB, the average MMSE is above
70% and the reconstructions appear severely distorted. A SNR
of 30 dB has been chosen as a lower threshold because it is
contained on the lower portion of the MMSE curve that serves
as a transition for the aforementioned behaviors.

It should be noted that whereas B-mode imaging only in-
volves envelope extraction from the measured waveforms,
which is a very inexpensive operation, the proposed inversion
method involves solving large matrix systems of equations
and, hence, is computationally costly. This implies that, unlike
conventional B-mode imaging, this technique in its current
implementation is not suitable for real-time processing, but can
be used as a complementary off-line tool. Our primary goal in
this paper was to assess the potential of the inverse technique
for improving the image formation. A detailed analysis of
computational considerations and tradeoffs is the subject of a
future study.
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Fig. 8. Effect of the focal number of the transducer in the reconstructions. Reconstructed images formed using a relative transmit-receive bandwidth of 100% and
a focal number of (a) 1, (b) 2, and (c) 3. First row: B-mode images at a SNR of 30 dB. Second to fourth row: regularization reconstructions at SNRs of 50, 30, and
10 dB, respectively.

This method can in principle be extended to deal with 3-D
distributions in a straight forward manner by replacing the
2-D spatially variant impulse response matrix of (2) by the
corresponding 3-D one. However, the computational expense
and memory requirement of the algorithm would increase. This
issue would have to be studied to analyze the feasibility of the
reconstruction of 3-D volumes with this technique.

Both conventional B-mode imaging and the regularization re-
constructions provide information about the ROI. The speckle in
B-mode images has been shown to provide useful information
for clinical analysis [32], [33]. For the simulations in this paper,
the regularization reconstructions provide information about the
localization of scatterers and, for the case of the simulations,
a better distinction among the subregions of the ROI. A combi-
nation of both imaging techniques may provide a better tool for
the evaluation of pulse-echo ultrasonic data.
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