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Abstract—Small-diameter cylindrical imaging platforms,
such as those being considered in the development of in vivo
ultrasonic microprobes, pose unique image formation chal-
lenges. The curved apertures they provide are incompatible
with many of the commonly used frequency-domain syn-
thetic aperture imaging algorithms. At the same time, their
frequently small diameters place limits on the available
aperture and the angular resolution that may be achieved.
We obtain a three-dimensional, frequency-domain imaging
algorithm for this geometry by making suitable approxima-
tions to the point spread function for wave propagation in
cylindrical coordinates and obtaining its Fourier transform
by analogy with the equivalent problem in Cartesian coor-
dinates. For the most effective use of aperture, we propose
using a focused transducer to place a virtual source a short
distance from the probe. The focus is treated as a diverging
source by the imaging algorithm, which then forms images
on deeper cylindrical shells. This approach retains the sim-
plicity and potential angular resolution of a single element,
yet permits full use of the available probe aperture and a
higher energy output. Computer simulations and experi-
mental results using wire targets show that this imaging
technique attains the resolution limit dictated by the oper-
ating wavelength and the transducer characteristics.

I. Introduction

An ongoing research project is developing very small
ultrasound transducers that can be fabricated on the

side of a needle and operated in vivo at high frequencies.
Such probes could eventually provide a minimally invasive
alternative to biopsy and speed the diagnosis of tumors.
Crucial to the success of this effort are imaging algorithms
adapted to the geometry imposed by these ultrasonic mi-
croprobes [1].

This image formation problem is challenging due to the
microprobes’ shape. With one probe, only two transducer
motions are possible: inward and outward travel, and rota-
tion about the needle axis. Therefore, the imaging aperture
is highly curved, and its spatial extent is severely limited.
Because the microprobe transducer will be surrounded by
a scattering volume, good resolution in three dimensions
is desirable so that quality two-dimensional (2-D) image
slices may be obtained. This can be accomplished using
synthetic aperture techniques, but a significant 2-D aper-
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ture is required. It is imperative, then, that the available
probe diameter be used efficiently.

Many of these constraints also apply to other imag-
ing systems. Some intravascular ultrasound (IVUS) sys-
tems, for example, use a circular array of transducers on a
catheter to image the interior of blood vessels [2]. As new
ultrasound imaging modalities are developed, it is antici-
pated that cylindrical apertures will become more common
and will benefit from ongoing work in this area.

II. Synthetic Aperture Imaging in a

Cylindrical Geometry

Circular apertures previously were used for IVUS imag-
ing systems, where synthetic aperture or array focusing
usually has been carried out in the time domain [2], [3].
Frequency-domain algorithms, however, have a large speed
advantage over traditional beamforming methods due to
the computational efficiency of the fast Fourier trans-
form [4]. (The computational requirements of conventional
beamforming and the proposed frequency-domain algo-
rithm are compared at the end of Section II.)

A frequency-domain imaging method recently was pro-
posed for use with IVUS systems [5]. The authors start
with a geometrically derived, 2-D point spread function
(PSF) and obtain the Fourier transform of the imaging
kernel for monostatic (co-located transmitter and receiver)
and bistatic cases using the method of stationary phase.

In the following derivation, the PSF for 3-D, mono-
static imaging from a cylindrical aperture is obtained us-
ing the Rayleigh-Sommerfeld formulation of scalar diffrac-
tion theory. This PSF then is compared with the PSF for
wave propagation in Cartesian coordinates, which has a
well-known Fourier transform. This approach makes clear
the narrow-beamwidth approximation necessary to put the
PSF for cylindrical coordinates into the same form and
obtain its Fourier transform. Because of the monostatic
imaging assumption, the resulting algorithm is best suited
to applications in which it is only practical to have a single-
element transducer.

We start with the Rayleigh-Sommerfeld formula [6],

U(P0) =
∫ ∫

Σ

1
jλ

U(P1)
ejkr01

r01
cos(�n,�r01)ds, (1)

which expresses the field at P0, located on the imaging
aperture, in terms of a source distribution on the surface
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Fig. 1. Cylindrical geometry for derivation of the point-spread func-
tion (PSF).

Σ shown in Fig. 1. Given monostatic data acquisition in
a constant-velocity, weakly scattering medium, no gener-
ality is lost by considering the scatterers on Σ to be the
original source of ultrasonic waves traveling at speed c/2;
this is the “exploding reflectors” model sometimes used in
exploration seismology [7]. Rewriting (1) using cylindrical
coordinates, we have

U(R,φ, z) =
∫ ∞

−∞

∫ π

−π

1
jλ

U(ri, φi, zi)

·exp(jk
√

R2 + r2
i − 2Rri cos(φ − φi) + (z − zi)2)

R2 + r2
i − 2Rri cos(φ − φi) + (z − zi)2

·(ri − R cos(φ − φi))ridφidzi.

(2)

This is a convolution integral; the point spread function is

h(φ, z) =
1
jλ

(ri − R cosφ) ri

·exp(jk
√

R2 + r2
i − 2Rri cosφ + z2)

R2 + r2
i − 2Rri cosφ + z2 .

(3)

If the transducer beamwidth is not too wide, the cosine
terms in the exponential and the denominator may be
approximated to second order as 1 − φ2/2. (For a justi-
fication and some analysis of this approximation, see the
Appendix.) If the other cosine term in the numerator is
approximated to first order, we have

h(φ, z) ≈ 1
jλ

(ri − R)ri

·exp(jk
√

(R − ri)2 + Rriφ2 + z2)
(R − ri)2 + Rriφ2 + z2 .

(4)

Now compare (4) with the PSF obtained for a rectangular
aperture in Cartesian coordinates:

h(x, y) =
1
jλ

· d exp(jk
√

d2 + x2 + y2)
d2 + x2 + y2 . (5)

Clearly they have the same form, except that the angular
variable is scaled by the geometric mean of the transducer
and reflector radii. The Fourier transform of h(x, y) is well-
known [6], and the transform of h(φ, z) follows easily using
the scaling property:

H(fφ, fz) ≈
√

ri

R
e

j2π(ri−R)

√
1
λ2 − f2

φ

Rri
− f2

z , (6)

where the fact that φ is an angular variable [and h(φ, z)
is thus periodic in φ] has been ignored, and λ = c/2f is in
accordance with the exploding reflectors model.

In the spatial-frequency (fφ, fz) domain, multiplication
by H is equivalent to propagating the wave field from
one concentric cylindrical surface to another. This is the
principle behind what are known as Fourier migration al-
gorithms in the seismic exploration community [8] and
wavenumber or ω − k algorithms in the radar community
[9]. The most significant difference here is that now H is a
function not only of the relative distance between the tar-
get and recording surfaces, but also of the absolute radii
of those surfaces.

Following [10], a simple way to obtain a 2-D image at
one desired depth is to first compute the 3-D FFT of the
raw data, taking it into the (fφ, fz, f) domain. Then, for
each temporal frequency f , the (fφ, fz) spatial frequency
planes are multiplied by the appropriate H(fφ, fz) for the
target reconstruction depth. Finally, the resulting data
cube is summed over temporal frequency f , and an in-
verse 2-D FFT yields the focused image. The required dis-
cretization of this process is straightforward, but the spa-
tial sampling in φ and z must be dense enough to prevent
artifacts; an in-depth discussion of this issue may be found
in [11].

In practice, if the full 3-D image is desired, the H op-
erator will be applied repeatedly to back-propagate the
wavefield in increments of the axial resolution. At each
iteration, the data are summed over f and inverse trans-
formed to yield the next cylindrical image slice. This is
analogous to the seismic migration technique known as
phase-shift migration [12].

To evaluate the computational efficiency of this ap-
proach, consider an experiment in which echoes are
recorded at Ns×Ns positions on a curved aperture. Let Nt

time samples be recorded for each signal. The imaging al-
gorithm will be tasked with computing N2

s Nt voxels in the
target volume. Conventional beamforming here is viewed
as a series of delay-and-sum operations on the raw (φ, z, t)
dataset. Operation counts for the frequency-domain algo-
rithm follow directly from the steps described above. The
results are listed in Table I.

For the parameters used in the simulations and experi-
ments of the following sections (Ns = 128, Nt = 512), con-
ventional beamforming would require about 1.4×1011 real
multiplies and adds. The proposed frequency-domain algo-
rithm requires about 1.8×1010 multiplies and adds, a sav-
ings of 87%. Although a host of implementation-dependent
factors make it impossible to categorically declare one al-
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TABLE I
Computational Cost of the Proposed Frequency-Domain Imaging Algorithm Compared to Conventional Focusing.

Operation Real multiplications Real additions

(Conventional beamforming)
Delay and sum N2

s

elements, N2
s Nt times N4

s Nt N4
s Nt

(Proposed algorithm)
3-D FFT 2N2

s Nt(2 log2 Ns + log2 Nt) 3N2
s Nt(2 log2 Ns + log2 Nt)

Mult. by H, Nt times 4N2
s N2

t 2N2
s N2

t
Sum over f , Nt times 0 2N2

s N2
t

2-D FFT, Nt times 4N2
s Nt log2 Ns 6N2

s Nt log2 Ns

Total 2N2
s Nt(2Nt + 4 log2 Ns + log2 Nt) 3N2

s Nt( 4
3Nt + 4 log2 Ns + log2 Nt)

Fig. 2. Using a focused transducer to create a virtual source element.

gorithm as “best,” the potential gains of working in the
frequency domain are evident. Other factors that might
favor a frequency-domain implementation are the ease of
parallelizing the FFTs and the elimination of oversampling
requirements.

III. Options for Effective Use of the

Available Aperture

When a single-element, unfocused transducer is signifi-
cantly larger than a wavelength and has an effective aper-
ture D, the best lateral resolution available with synthetic
aperture processing is approximately D/2 [13]. For high-
frequency ultrasound applications, this would seem to sug-
gest using a transducer that is extremely small, on the
order of one wavelength! Such a small transducer would
place severe limits on the available pulse energy in an ap-
plication in which the low signal-to-noise ratio is already
a major concern.

One possible solution is to use the full probe diameter
for a focused transducer and treat the focus as a virtual
source [14]. The virtual source traces out a cylindrical sur-
face, as shown in Fig. 2. The imaging algorithm proceeds
as if there were an unfocused transducer located at the
focus, treating that point as a source of diverging waves.
It can then form images at depths past the real focus. A
recent study exploring this technique found that the res-
olution achievable beyond the focus is comparable to the

resolution at the focus, this fundamental limit being set
by the focal ratio of the transducer [15].

Using a focused transducer to create a virtual source
has the advantage that more transducer area, and hence
more energy, is available for transmitting. It is important
to realize, however, that we are not getting something for
nothing. The usable aperture is still the same, even though
the virtual source may be traveling on a much larger sur-
face. For a transducer of some constant diameter, as the
focal length is increased, the width of the focal region in-
creases and the beamwidth past the focus decreases. These
factors conspire to limit the attainable resolution in the
virtual source case.

IV. Resolution

A. Axial Resolution

As in all pulse-echo imaging systems, the axial resolu-
tion is determined by the length of the pulse, although
this may be shorter than the actual transmitted waveform
if pulse compression is used. If the transmitted energy is
uniform over a bandwidth W , the axial resolution (using
the Rayleigh criterion) will be approximately

δr =
c

2W
, (7)

corresponding to c/2 times the interval from peak to first
zero-crossing of the sinc function sin(πWt)/πt.

B. Lateral Resolution

The lateral resolution attainable in this imaging geom-
etry is easiest to calculate when the transducer size is
small compared to the wavelength. As the probe moves,
the echoes from any given scattering point are phase mod-
ulated by the changing scatterer-transducer distance. The
amount of phase modulation governs the extent of the data
collected in the spatial frequency domain and, hence, the
resolution. Larger transducers cause a smearing of the raw
data that imposes a window on the data in the spatial
frequency domain and degrades the resolution.
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Fig. 3. Transducer beamwidth in relation to the positions of the
transducer and target in cylindrical coordinates.

From (2), the phase of the received signal at (R,φ, z)
due to a point reflector at (ri, φi, zi) is, using the exact
form of the distance function,

ψ(φ, z) = 2πf
2
c

√
R2 + r2

i − 2Rri cos(φ − φi) + (z − zi)2.
(8)

The spatial derivatives of this function yield the instanta-
neous spatial frequencies of the unprocessed data:

fφ =
1
2π

d

dφ
ψ(φ, z)

=
2f

c
· Rri sin(φ − φi)√

R2 +r2
i −2Rri cos(φ−φi)+(z −zi)2

|fφ|max =
2R

λ
sin

γrφ

2
, (9)

where γrφ/2 is the half-beamwidth of the ultrasound trans-
ducer in the rφ plane (Fig. 3). We also have

fz =
1
2π

d

dz
ψ(φ, z)

=
2f

c
· z − zi√

R2 +r2
i −2Rri cos(φ−φi)+(z −zi)2

|fz|max =
2
λ

sin
γrz

2
, (10)

where γrz/2 is the half-beamwidth of the transducer in the
rz plane.

We now can estimate the lateral resolution in the z
and φ directions for the case of a small transducer. The
variation of fz and fφ defines an approximate rectan-
gle in the spatial frequency domain, symmetric about
(fφ, fz) = (0, 0). Following [16], the resolution under the

Rayleigh criterion is determined from the extent of the
spatial frequency data as

δφ =
λ

4R sin γrφ

2
rad

=
λri

4R sin γrφ

2
m at depth ri

(11)

δz =
λ

4 sin γrz

2
m. (12)

What if the transducer is not small with respect to
the wavelength? In this case, the aperture impulse re-
sponse must be convolved with the transmitted pulse,
which causes the spatial frequency data to be windowed.
See [13] for a detailed derivation of this effect. If the trans-
ducer has an effective aperture of D, then the lateral res-
olution will be approximately D/2 (in the z-direction; the
resolution in the φ-direction is depth-dependent).

If the virtual source technique is used, calculation of
the expected lateral resolution is more difficult because of
the complex field pattern beyond the focus. The above for-
mulas are not applicable, for they assume a relatively flat
response within the transducer beamwidth and sharp cut-
offs at angles of ±γrφ/2 and ±γrz/2, leading to a sinc-like
response for point targets. For focused transducers, the
natural apodization provided by the past-focus beam pat-
tern will broaden the main lobe and reduce the sidelobes.
Simulations and experiments have shown the achievable
resolution to be about the same as the size of the focal
region: approximately Fλ, where F is the focused trans-
ducer’s focal ratio, or “f-number.”

V. Simulations

Two types of computer simulations were performed to
verify the performance of this imaging method. In the first,
an infinitesimally small, unfocused transducer was simu-
lated to test the algorithm and its inherent approxima-
tions, independent of the virtual source technique. Five
point reflectors in an “X” pattern at radius ri = 15 mm
were imaged by a transducer at radius R = 8 mm having
a beamwidth of 20◦. A Gaussian-weighted 5-MHz sinusoid
with a 3-MHz bandwidth was used for the transmit pulse.
Simulated echoes were collected on a 128 × 128 grid with
φ ranging from −55◦ to +55◦ and z ranging from −6.4 to
+6.4 mm. These data were processed with the algorithm
described in Section II; Fig. 4 shows the results. The lat-
eral resolution is comparable to the values predicted by
(11) and (12): 3.1◦ in φ and 0.43 mm in z. Due to the lack
of any apodization in the simulated beam pattern, high
sidelobes are to be expected, and in fact the first sidelobes
are only 22 dB down.

In the second type of simulation, the Field II program
[17] was used to simulate a spherically focused transducer
and thus validate the virtual source technique used in
the experiments. Point reflectors at radius ri = 57 mm
were imaged by an f/1.33, 19.1-mm diameter transducer
at radius 22.3 mm, yielding a virtual source radius of
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Fig. 4. Five point-reflectors at ri = 15 mm imaged with an infinitesimally small transducer at R = 8 mm. Focused image (left) and slice at
constant φ (right).

Fig. 5. Five point-reflectors at ri = 57 mm imaged using the virtual source technique with a (simulated) spherically focused transducer at
R = 22.3 mm. Focused image (left) and slice at constant φ (right).

R = 47.7 mm. A Gaussian-weighted 2.25-MHz sinusoid
with a half-power bandwidth of 1.1 MHz was used as
the transmit pulse. Simulated echoes were collected on a
128×128 grid with a φ step size of 0.14◦ and a z step size of
120 µm. All of these parameters were selected to match as
closely as possible the parameters of the first experiment
described in Section VI.

As can be seen in Fig. 5, in this simulation the main
lobe has broadened and the side lobes are lower, due to the
tapering of the transducer beam pattern beyond the focus.
The half-power resolution is about 600 µm; as expected,
this is comparable to the width of the focal region.

VI. Experimental Results

A number of experiments were performed in a wa-
ter tank with a precision positioning system and conven-

tional focused ultrasound transducers in pulse-echo mode.
In the first experiment, a 19.1-mm diameter, 2.25-MHz
transducer with a measured focal length of 26.5 mm was
mounted to a vertical support arm in the water tank and
used to scan a target consisting of three 100-µm wires
crossing at the center of a plastic holder (Fig. 6). The cen-
tral part of the target was approximately 10 mm beyond
the focus of the transducer. The transducer was scanned
up and down and rotated about the axis of its support
arm, covering an area of 15.4 mm by 17.9◦ in 128 by 128
steps.

After processing, “fly-through” movies were generated
showing the imaged wires on a series of cylindrical shells.
Reflections are present over a range of depths because the
imaging cylinder cuts through the planar target at differ-
ent places, depending on the depth chosen for focusing.
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Fig. 6. A 100-µm wire target (left) and close-up (right).

Fig. 7. Results of imaging a 100-µm wire target located beyond the transducer focus. Raw echoes summed absolutely over time (left); stack
of focused images summed absolutely over depth (right).
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Fig. 8. One-dimensional profiles of cuts across the in-focus wires taken at different reconstruction depths and wire orientations. At the
depths being considered, the linear distance scale is approximately the same on both the z and φ axes.

To create the right-hand panel in Fig. 7, these images
were summed over depth, creating a 2-D projection with
a complete view of the target. Compare the detail visible
in this image with that in the left-hand panel, which was
obtained from the raw echoes by an absolute summation
of the received waveform at each scan location. Fig. 8 plots
the 1-D profiles across the in-focus wires at two different
reconstruction depths. The measured half-power (synthe-
sized) beamwidth at the target distance is about 600 µm
in either the z or φ directions, due to the choice of step
sizes and distance to the target. This compares favorably
to the transducer’s resolution at focus, and is in excellent
agreement with the Field II simulation of Section V.

In another experiment, a 15-MHz transducer having a
12.7-mm diameter, a 19.1-mm focal length, and a theo-
retical resolution at focus of λD/f = 150 µm was used.
The target was a piece of ordinary 1.6-mm aluminum
screen held at constant radius from the transducer support

arm and about 5 mm beyond the focus of the transducer
(Fig. 9). The area scanned for this experiment was 6.4 mm
by 8.32◦ in 128 by 128 steps.

Fig. 10 shows two log-scaled images of the wire screen,
at distances of 5.17 mm and 5.30 mm beyond the focus
of the transducer. The mesh consists of vertical wires that
are nearly straight, parallel, and normal to the view direc-
tion, and horizontal wires that weave through them. The
upper image shows some of the vertical wires and the over-
crossings of the horizontal wires. In the lower image, the
deeper focus reveals other vertical wires, indicating that
the wire mesh was held at a not-quite-constant radius.
Most of the wire over-crossings are still visible, but the
rest of the horizontal wires remain invisible due to their
angles with respect to the view direction (note that the
wire diameter, at 280 µm, is much larger than the acous-
tic wavelength).
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Fig. 9. Experimental set-up showing transducer and wire mesh phan-
tom.

VII. Conclusions

An efficient and accurate 3-D image formation algo-
rithm has been obtained directly through simple approxi-
mations to the point spread function for 3-D wave propaga-
tion in cylindrical coordinates. Computer simulations and
experimental results verify its good performance. When
combined with the virtual source technique, this algorithm
should allow high quality, near-diffraction-limited imaging
from small cylindrical platforms, whether they be needles,
catheters, or others yet to be developed.

Appendix A

Validity of the Approximate Distance Function

The narrow-beamwidth approximation cosφ ≈ 1−φ2/2
will be examined in more detail. The square-root quan-
tity being approximated in (2) is r01, the distance from
the transducer to a reflector in the scattering volume, ex-
pressed in cylindrical coordinates. Set z = zi = 0 and
consider the angle range, ±φ, over which echoes may be
collected from a point reflector at radius ri. From Fig. 3,
φ is related to the transducer beamwidth γrφ by

ri sinφ√
R2 + r2

i − 2Rri cosφ
= sin

γrφ

2
. (13)

This is a quadratic equation in cosφ; the solution (assum-
ing all angles are in the first quadrant) is

φ = arccos


R sin2 γrφ

2 +cos γrφ

2

√
r2
i −R2 sin2 γrφ

2

ri


 .

(14)

A simple (though computationally demanding) recon-
struction method from synthetic aperture data is to back-

Fig. 10. Reconstructed images of wire mesh at 5.17 mm (top) and
5.30 mm (bottom) beyond the transducer’s focus.

project the time series recorded at each transducer po-
sition, smearing the data back onto the loci of constant
travel time in the target space. Even though the imaging
algorithm proposed here operates in the Fourier domain,
simple back-projection is a useful concept for understand-
ing the effects of the distance approximation (Fig. 11).

The validity of the narrow-beamwidth approximation
may be tested for a given cylindrical imaging problem by
imposing a limit on the distance error:

√
(R − ri)2 + Rriφ2 −

√
R2 + r2

i − 2Rri cosφ ≤ K,
(15)

with K = λ/2, for example. (For simplicity, it is assumed
that z = zi = 0.) Sample plots of the error (in wavelengths)
versus the ratio ri/R are given in Fig. 12 for three differ-
ent transducer beamwidths when R = 50λ, a typical value
for the high-frequency ultrasonic microprobes being devel-
oped. Although the exact errors will be different for every
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Fig. 11. The effects of the second-order cosine approximation may
be visualized by considering circles of constant travel time. Here, a
circular wavefront departing R = 2, φ = 0 at t = 0 is shown at
ct = 1.5 using the exact (dashed line) and approximate (solid line)
forms of the distance function. The close match at small angles is
evident.

cylindrical imaging scenario, the narrow-beamwidth ap-
proximation usually will break down only when the trans-
ducer beamwidth becomes extremely wide.
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