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Abs t rac t  
A method f o r  app ly ing  the  f a s t  Four ie r  t rans -  

f o r m  t o  t he  convolut ions a r i s i n g  i n  the  i n t e r n a l  
f i e l d  equat ions o f  t h e  s i n c  b a s i s  moment method 
d i f f r a c t i o n  tomography a l g o r i t h m  i s  described. 
Exac t l y  equ iva len t  r e s u l t s  a re  obta ined,  w h i l  
redu i n g  the  order  o f  those computations from n f 
t o  n s l o g  n f o r  an nxn recons t ruc t i on .  

As o r i g i n a l l y  de r i ved ,  t h e  s i n c  ba i s  moment 
method has an order  o f  computation o f  ns f o r  an 
nxn recons t ruc t i on .  To reduce t h i s  order ,  spa- 
t i a l  convo lu t i ons  i n  the  i n t e r n a l  f i e l d  equations 
were performed by a somewhat unusual a p p l i c a t i o n  
o f  t he  FFT. S p e c i f i c a l l y ,  i f  f $ 1  and f 4 1 l n c  
represent ,  r e s p e c t i v e l y ,  t he  t o t a l  and i n c i d e n t  
u l t r a s o n i c  f i e l d s  evaluated a t  p i x e l  1 due t o  a 
t r a n s m i t t e r  a t  1 o c a t i  on $ , i s  the  o b j e c t  
f u n c t i o n  evaluated a t  p i x e l  j ,  ',id C l j  a re coef-  
f i c i e n t s  r e s u l t i n g  from t h e  s i n c  bas i s  expansions 
and i n t e g r a t i o n s  (Johnson and Tracy, 1983), 

i s  a d i s c r e t e  ve rs ion  o f  t he  corresponding i n t e -  
g r a l  equat ion,  s u i t a b l e  f o r  d i g i t a l  computers. 
The d i f f i c u l t y  i n  app ly ing  the  d i s c r e t e  Four ie r  
t rans fo rm (DFT) t o  the convo lu t i ona l  sum [ the  sum 
i n  Eq. 1 can be shown t o  be convo lu t i ona l  (Cavic- 
c h i ,  1987)] i s  t h a t  t he  reg ion o f  suppor t  o f  C j 
i s  R, ( numer i ca l l y ,  t h e  C 1 j  a re  s i g n i f i c a n t l y  
nonzeto f a r  ou ts ide  the  e x t e n t  o f  t h e  o b j e c t  
reg ion ,  R, n ) .  But  the reg ion  o f  eva lua t i on  o f  
t he  convo lu t i on  i n  Eq. 1 i s  only t he  o b j e c t  
reg ion .  Leaving i m p l i c i t  i n  t he  f i e l d  arguments 
t h e  spacing s c a l i n g  o f  t h e  i nd i ces ,  t he  convolu- 
t i o n a l  f o r m  o f  Eq. 1 i s :  

f 4 ( i x , i  ) = 
n-1 n-1  Y 

Note now t h a t  because 0 5 ix, i < n-1 (1  i n  Eq. 
1 i s  a p i x e l  w i t h  coord inates 8 5 i,,, iy 5 n-1) ,  
t h e  o n l y  va lues o f  C ( * , - )  t h a t  c o n t r i b u t e  t o  t h e  
a p e r i o d i c  convo lu t i ona l  sum a re  t,hose f o r  which 
0 I ix - j,, - j < n-1. Using t h e  maximum 
value o f  J ,ii-l, &a the  minimum value o f  i5,0, 
y i e l d s  the  Tower l i m i t  - (n-1) .  Using the minimum 
value o f  j x , O ,  and the  maximum va lue  o f  i,, n-1, 
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y i e l d s  t h e  upper l i m i t ,  n-1. Thus, p i c t o r i a l l y ,  
t h e  reg ion  o f  suppor t  t h a t  c o n t r i b u t e s  t o  t h e  
convo lu t i on  w i t h i n  the  o b j e c t  reg ion  i s  as shown 
i n  F i g .  1. That i s ,  s u b s t i t u t i n g  a t runca ted  C 
as i n d i c a t e d  i n  F ig .  1 w i l l  be mathemat ica l ly  
equ iva len t  t o  "us ing"  t h e  e n t i r e  C .  The s o l u t i o n  
o f  t he  present  problem becomes ev iden t  when an 
a l t e r n a t i v e ,  p i c t o r i a l  i n t e r p r e t a t i o n  o f  t he  pre-  
v ious  fo rma l i zed  statements i s  examined. F i r s t  
note t h a t  a l though one has, mathemat ica l ly  equi -  
v a l e n t l y ,  t h e  convo lu t i on  o f  two f i n i t e  reg ion  o f  
suppor t  sequences, t he  C sequence i s  centered on 
t h e  o r i g i n ;  t h a t  i s ,  t h e  C a re  nonzero n o t  o n l y  
i n  t h e  f i r s t  quadrant, b u t  i n  a l l  f o u r  quadrants. 
(Note t h a t  i n  none o f  t h e  f o l l o w i n g  i s  t h e  c i r c u -  
l a r  symmetry o f  t h e  C 1 .  recognized o r  used.) Yet 
y f  i s  centered on ( n h - l , n / Z - 1 ) .  Th i s  problem 
cannot be so l ved  by mere ly  s h i f t i n g  the  C 
sequence, f o r  then the values " c a l l e d "  i n  the sum 
w i l l  be i n c o r r e c t .  Consider the  p i c t o r i a l  t w o -  
dimensional convo lu t i on  i n  F i g .  2a o f  two f i n i t e  
r e g i o n  o f  suppor t  sequences f l  and f 2  centered as 
would be  des i red  i n  order  t o  use t h e  DFT. Now 
p e r i o d i c a l l y  extending f 2  a f t e r  zero-padding i t  
o u t  t o  N, which i s  chosen t o  avoid a l i a s i n g ,  
r e s u l t s  i n  hP, Fig .  Zb, (where the  under l i ne  
denotes zero-padding and p denotes p e r i o d i c  
ex tens ion ) .  Only one r e p e t i t i o n  o f  f l  was drawn 
because, l o o k i n g  a t  t he  convo lu t i ona l  sum, 

i t  i s  seen t h a t  t he  argument o f  f l  ranges o n l y  
w i t h i n  RN ,NI s o  t h a t  e q u i v a l e n t l y  one need o n l y  
p e r i o d i c a f l y  extend f 2 ,  as f a r  as the  eva lua t i on  
o f  t h e  convo lu t i ona l  sum i s  concerned. (There i s  
no harm i n  p e r i o d i c a l l y  extending f as l ong  as 
t h e  l i m i t s  o f  t h e  s p a t i a l  area 0) summation 
i nc luded  i n  t h e  a p e r i o d i c  convo lu t i on  are kept  i n  
mind.) Consider again the  p e r i o d i c  convo lu t i on  i n  
F i g .  2b. Another way o f  v iewing the  " a l i a s i n g "  
problem i s  t o  remember, as noted before, t h a t  i f ,  
i n  p a r t i c u l a r ,  one i s  i n t e r e  t e d  i n  values o f  t h e  
convo lu t i on  o f  f l  and f 2  on $NI,,,, t h e  arguments 
o f  f 2  w i l l  range from -(NI - 1) t o  (NI - 1). 
Thus, when " reaching back" f o r  values i n ,  say, 
t h e  t h i r d  quadrant, one should o b t a i n  zeros. But 
i f  f 2  i s  n o t  zero-padded and then p e r i o d i c a l l y  
extended, then ins tead  o f  having F i g .  Zb, one 
w i l l  have the  s i t u a t i o n  dep ic ted  i n  F ig .  3: now 
when reaching back f o r  a zero, one w i l l  i n s t e a d  
o b t a i n  a r e p l i c a t e d  (nonzero) va lue  o f  f Z p .  Th i s  
i s  another way o f  showing why and how much t h e  
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i n p u t  sequences must be zero-padded i n  order  t o  
s imu la te  a p e r i o d i c  convo lu t i on  w i t h  p e r i o d i c  con- 
v o l u t i o n .  

Now consider the  c o n t r i b u t i n g  b lock  o f  C f o r  
t h e  tomographic convolut ions.  Again, note t h a t  
these are the  o n l y  c o n t r i b u t i n g  values t o  the  
convo lu t i on  i n  the  reg ion  o f  i n t e r e s t  R I f  
t h i s  f u n c t i o n  i s  p e r i o d i c a l l y  ex tende l i n '  t he  
r e s u l t  i s  F ig .  4. Now i f  one chooses the  b lock  
o f  C i n  the  f i r s t  quadrant reg ion  bounded by t h e  
axes and t h e  dashed l i n e s  as t h e  sequence o f  
f i n i t e  suppor t  t o  be sen t  t o  the  FFT, and does 
- n o t  zero-pad, then when e v a l u a t i n g  the  convolu- 
t i o n a l  sum i n  Rn and " reaching back" i n t o  t h e  
t h i r d  quadrant f o r  r e p l i c a t i o n s ,  one ob ta ins  (as 
always) t h e  r e p l i c a  o f  t he  upper r i g h t  hand s ide  
s e c t i o n  o f  t h e  dashed-l ine f i n i t e  sequence, which 
i s  e x a c t l y  equal t o  what would be obta ined i n  the  
a p e r i o d i c  convolut ion;  t h a t  i s ,  these ve ry  con- 
t r i b u t i o n s  are necessary t o  s imu la te  the  aper- 
i o d i c  convo lu t i on .  O f  course, y f  must be zero- 
padded ou t  t o  the s i z e  o f  C, which i s  chosen f o r  
computational convenience t o  be t h e  lowest  power 
o f  two g rea te r  than o r  equal t o  2n - 1. Note 
t h a t ,  ou ts ide  o f  R,,,, t h e  r e s u l t  w i l l  be gar- 
bage, b u t  those values can be thrown away. 

For an example o f  t h i s  s i t u a t i o n  consider  two 
cases. The f i r s t  case i s  i l l u s t r a t e d  i n  F ig .  5a. 
I n  t h i s  case, t he  p o i n t  o f  eva lua t i on  i s  i n s i d e  
t h e  o b j e c t  reg ion.  Because one r e p l i c a t i o n  o f  C 
complete ly  covers the  o b j e c t  reg ion ,  t h e  o the r  
r e p l i c a t i o n s  o f  C make no c o n t r i b u t i o n  t o  the  
convo lu t i ona l  sum, matching t h e  s i t u a t i o n  o f  
a p e r i o d i c  convo lu t i on  w i t h  the  o r i g i n a l  C .  I n  the  
second case (F ig .  5b) the  p o i n t  o f  eva lua t i on  i s  
ou ts ide  t h e  o b j e c t  reg ion.  Note here t h a t  o the r  
r e p l i c a t i o n s  o f  C l i e  over p a r t  o f  t h e  o b j e c t  
reg ion ,  making c o n t r i b u t i o n s  t h a t  a re  erroneous 
w i t h  respec t  t o  t he  a p e r i o d i c  convo lu t i on  
des i  red .  The f i n a l  s s u l  tA t h e r e f o r e ,  upon 
inve rse  i nve rse  DFT o f  {yf . C} where 'Ir' i s  t h e  
DFT o f  C as descr ibed i n 3 e  above d iscuss ion,  i s  
shown i n  F i g .  6a, which i s  t he  p e r i o d i c  convolu- 
t i o n  o f  Y f  w i t h  t h e  f i n i t e  ex ten t ,  p e r i o d i c a l l y  
extended C . The r e s u l t  i n  the  small  square i s  
i d e n t i c a l  eo the  r e s u l t  i n  the  same reg ion  o f  t h e  
a p e r i o d i c  convo lu t i on  o f  Y f  w i t h  the  i n f i n i t e  
e x t e n t  C shown i n  F i g .  6b. 

The above theo ry  i s  v e r i f i e d  p r a c t i c a l l y  i n  
F ig .  7, which shows the  r e a l  p a r t  o f  t he  ac tua l  
convo lu t i ons  c a r r i e d  ou t  i n  t h e  s p a t i a l  (above) 
and F o u r i e r  (below) domains. They agree e x a c t l y  
i n  t h e  reg ion  o f  i n t e r e s t  and t h e  garbage values 
from the  FFT method ou ts ide  o f  these convo lu t i ons  
o b j e c t  reg ion  may be discarded. The computa- 
t i o n a l  com l e x i t  i s  reduced by t h i s  use o f  t he  

I n c i d e n t a l l y ,  i f  one considers again the  pos- 
s i b i l i t y  o f  us ing t h e  FFT by a s i m i l a r  method f o r  
t h e  measured sca t te red  f i e l d  equat ions 

FFT from n 8 3  t o  n l o g  n. 

n2 

j = l  
f$,Sc 1 D mJ .y.f J @J . ( 3 )  

where f Q~~~ i s  t he  s c a t t e r e d  f i e l d  measured a t  
r e c e i v e r  m due t o  t r a n s m i t t e r  c$ and D m j  a re  the 
associated c o e f f i c i e n t s  f rom the  s i n c  bas i s  
expansions and i n t e g r a t i o n s ,  t he  f i r s t  cons ider-  

a t i o n  w i l l  be which values o f  t he  D,. c o n t r i b u t e  
t o  t h e  convo lu t i ona l  sum. Given thag the  sub- 
s c r i p t  m r e f e r s  t o  the r e c e i v e r  and j r e f e r s  t o  a 
p i x e l  i n  the  o b j e c t  reg ion,  t he  d i f f e r e n c e  vec- 
t o r s  w i l l  f a l l  somewhere on a r i n g  centered a 
d i s tance  R f rom the  o r i g i n ,  g iven t h a t  t he  
r e c e i v e r s  are on a r i n g  a d i s tance  R f r o m  the  
o b j e c t  reg ion  center  (see F ig .  8a ) .  Consequently, 
what was a f i n i t e  square c o n t r i b u t i n g  reg ion  o f  
suppor t  f o r  t he  C l j  (see f i g u r e  8b) becomes 
rough ly  a r i n g  c o n t r i b u t i n g  reg ion  o f  support,  
ou ts ide  o f  which assuming zero f o r  Dmj  r e s u l t s  i n  
no e r r o r .  However, such a reg ion  i s  n o t  accept- 
ab le  f o r  FFT computations demonstrat ing t h e  
i n f e a s i b i l i t y  o f  t r y i n g  t o  use the  FFT f o r  t h e  
s c a t t e r e d  f i e l d  equations convo lu t i ons .  
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F igu re  1 Spa t ia l  reg ion  f o r  which C1 c o n t r i b u t e  
t o  the convo lu t i ona l  sum i n  {he i n t e r n a l  
f i e l d  Eq. 1, which i s  evaluated w i t h i n  t h e  
o b j e c t  reg ion  on ly .  Thus, even though t h e  C l j  
have an i n f i n i t e  reg ion  o f  suppor t ,  i n  t h i s  
con tex t  they may be t r e a t e d  as having f i n i t e  
support.  
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Figure  2 The aper iod i c  ( F i g .  2a) and t h e  p e r i -  
o d i c  ( F i g .  2b) convo lu t i on  o f  a f u n c t i o n  o f  
s p a t i a l  e x t e n t  o f  suppor t  N lxN l  w i t h  another 
f u n c t i o n  o f  s p a t i a l  e x t e n t  o f  suppor t  NzxN2. 
The r e s u l t  i s  shown a t  t he  bottom, where t h a t  
f o r  F ig .  2b i s  a p e r i o d i c a l l y  repeated ver-  
s i o n  o f  t h a t  f o r  F ig .  2a, w i t h  p e r i o d  N. I n  
F i g .  Zb, N was chosen l a r g e  enough ( v i a  zero- 
padding) so t h a t  t he  r e p e t i t i o n s  o f  f 2  do n o t  
i n t e r f e r e  w i t h  each other  (no a l i a s i n g ) .  

F igure 3 I n  F i g .  2b, when i n  the convo lu t i ona l  
sum a va lue o f  f 2  was c a l l e d  i n  the t h i r d  
quadrant, e.g., a zero was c o r r e c t l y  obta ined 
as i n  the  aper iod i c  convo lu t i on  because o f  
zero-padding. I f ,  however, t he  f u n c t i o n  f 2  i s  
merely repeated w i t h o u t  f i r s t  zero-padding, a 
nonzero va lue f r o m  another r e p e t i t i o n  w i l l  be 
obta ined f r o m  the  t h i r d  quadrant, causing the  
p e r i o d i c  convo lu t i on  t o  d i f f e r  from the  cor-  
responding a p e r i o d i c  convolut ion.  

F igu re  4 P e r i o d i c  extens ion o f  t he  reg ion o f  C 1 j  
c o n t r i b u t i n g  t o  t h e  convo lu t i ona l  f i e l d  sum 
evaluated i n  the  o b j e c t  reg ion  (see F i g .  1 ) .  
The f i r s t  quadrant reg ion  bounded by the  axes 
and t h e  dashed l i n e s  i s  t h e  sequence chosen 
as i n p u t  t o  t h e  FFT. 

4 t 

F igu re  5 P e r i o d i c  convo lu t i on  process c a r r i e d  
o u t  i n  the  s p a t i a l  domain. The convolvees 
a re  t h e  p e r i o d i c  extens ion o f  t runca ted  C 
(see F i g .  4 )  a n d Y f  zero-padded ou t  t o  the  
t r u n c a t i o n  s i z e  o f  C .  I f  the convo lu t i ona l  
sum i s  evaluated w i t h i n  t h e  o b j e c t  r e g i o n  
(F ig .  5a) ,  one r e p e t i t i o n  o f  t he  c o n t r i b u t i n g  
b lock  o f  C complete ly  covers the o b j e c t  
reg ion  (shown boxed), and the  p e r i o d i c  convo- 
l u t i o n  equals the  a p e r i o d i c  convo lu t i on .  I f  
the  convo lu t i ona l  sum i s  evaluated ou ts ide  
the  o b j e c t  reg ion  ( F i g .  5b), p a r t s  o f  more 
than one r e p e t i t i o n  cover the  o b j e c t  reg ion,  
making erroneous c o n t r i b u t i o n s  t o  the  convo- 
l u t i o n a l  sum. 

1987 ULTRASONICS SYMPOSIUM - 909 



F igu re  6 The r e s u l t  o f  p e r i o d i c  (C t runca ted )  
( F i g .  6a) and a p e r i o d i c  ( F i g .  6b) convolu- 
t i o n s  o f  C and Y f .  W i t h i n  t h e  o b j e c t  r e g i o n  
(shown boxed), t he  two r e s u l t s  a r e  i d e n t i c a l ,  
b u t  o u t s i d e  t h e  o b j e c t  r e g i o n  they  d i f f e r .  As 
o n l y  va lues w i t h i n  t h e  o b j e c t  reg ion  a r e  
needed, t h e  o t h e r  va lues r e t u r n e d  f rom t h e  
p e r i o d i c  convo lu t i on  a r e  s imp ly  d iscarded.  

F i g u r e  8 C o n t r i b u t i n g  reg ions  o f  Dmj  ( F i g .  8a) 
and C1. ( F i g .  8b) f o r  i n d i v i d u a l  p o i n t s  o f  
eva lua$ion o f  t h e  convo lu t i ons  i n  Eas. 3 
( F i g .  8a) and 1 ( F i g .  8b) ,  where h i s  t h e  
p i x e l  spacing. The p o i n t s  o f  e v a l u a t i o n  a re  
r e c e i v e r s  ( F i g .  8a)  and o b j e c t  r e g i o n  p i x e l s  
( F i a .  8 b ) .  The s i t u a t i o n  i n  F ia .  8b i s  amen- 
ab le  t o  FFT a p p l i c a t i o n ,  whereas t h a t  i n  F i g .  
8a i s  no t .  

F i g y r e  7 Real p a r t  o f  t h e  a p e r i o d i c  (above) and 
p e r i o d i c  (below) convo lu t i ons  o f  C and y f  as 
d e f i n e d  i n  Eq. 1. W i t h i n  t h e  o b j e c t  r e g i o n  
(square r e g i o n  where t h e  a p e r i o d i c  convolu- 
t i o n  i s  nonzero) t h e  a p e r i o d i c  and p e r i o d i c  
r e s u l t s  a r e  i d e n t i c a l ;  o u t s i d e  t h e  o b j e c t  
reg ion ,  t h e  p e r i o d i c  r e s u l t s  a re  d iscarded.  
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