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A detailed theoretical analysis of the operation of thermocouple probes used to determine absolute sound 
levels or acoustic absorption coefficients is presented. 

The probe consists of a thermocouple imbedded in a sound absorbing medium which closely matches 
in density and sound velocity the medium in which the sound level is to be determined. In use the transducer 
which generates the acoustic field is excited to generate sound pulses with a rectangular envelope. The 
initial time rate of change of the temperature at the thermocouple junction is determined. In addition to the 
measurement of the temperature change, the calculation of the absolute sound intensity requires only a 
knowledge of the absorption coefficient of the imbedding material and its heat capacity per unit volume at 
the temperature at which the measurements are made. 

The theoretical discussion includes an analysis of the relation between the temperature rise at the junction 
resulting from absorption in the body of the imbedding medium and the sound level. In addition, the effects 
of (a) viscous forces arising from relative motion between the thermocouple and the imbedding fluid and (b) 
heat conduction between the thermocouple and the fluid, in contributing to the temperature change at the 
thermocouple junction are analyzed. 

Based on the analysis, a set of design formulas is obtained which are summarized and illustrated for the 
convenience of other investigators who may wish to design and use such probes. 

I. INTRODUCTION AND TABLE OF SYMBOLS 
AND DEFINITIONS 

HIS paper includes a detailed theoretical analysis 
of the operation of thermocouple probes used to 

determine absolute sound levels and acoustic absorption 
coefficients in liquid media. For absorption coefficient 
determinations a wire thermocouple is imbedded in the 
medium and the combination is subjected to a sound 
pulse of known intensity. The effect of scattering can be 
eliminated from the measurements by choosing a small 
sample and imbedding it in a liquid, with a low absorp- 
tion coefficient, which fairly closely matches it in den- 
sity and sound velocity. For intensity determinations 
in liquids the probe consists of a thermocouple and 
supporting chamber which is filled with a suitable sound 
absorbing medium. The analysis is concerned with both 
the temperature change which resuRs from absorption 
of sound in the interior of the liquid and with the con- 
version of acoustic energy into heat in the neighbor- 
hood of the boundary between the thermocouple and 
the liquid through viscosity and heat conduction 
mechanisms. 

In discussing the relation between the temperature 
rise caused by acoustic absorption in the interior of 
the liquid and that indicated by the thermocouple 
we are concerned with the effect of (1) the finite 
heat capacity of the thermocouple wires; (2) heat 
conduction in the thermocouple wires; (3) the tem- 
perature dependence of the absorption coefficient and 
characteristic impedance of the fluid medium; (4) 
heat conduction in the fluid; (5) a dependence of 

* This research was supported by Contract AF33(038)-20922 
with the Aero Medical Laboratory, Wright-Patterson Air Force 
Base. 

acoustic absorption coefficient on space coordinates; 
and (6) the variation of temperature through the wire. 

The analysis of the viscous and heat conduction 
mechanisms includes (1) calculation of the magnitudes 
of these effects and (2) estinmtes of their time course. 
Cooling of the thermocouple junction, by removal of 
heat generated at the wire-liquid boundary, resulting 
from relative motion between the wire and imbedding 
medium is not discussed since it is assumed that the 

particle amplitude is small compared to the diameter of 
the wire. No treatment of scattering is included since: 
(1) It is assumed that the thermocouple wire diameter 
is chosen sufficiently small that the effect of scattering 
from the wire on the temperature distribution can be 
neglected. A diameter equal to or less than 1/20 of a 
wavelength is suffÉciently small for the probes used in 
our experimental studies reported in the accompanying 
paper. (2) For intensity measurements, differences in 
density and acoustic velocity between the absorbing 
fluid in which the thermocouple is imbedded and the 
liquid in which the intensity is to be measured do not 
impose a basic limitation on the method since these 
properties could be accurately matched by suitably 
choosing the absorbing material. (3) In practice, for 
intensiW measurements, the effect of scatteringcan in 
many instances be rendered negligible by first choosing 
an absorbing liquid which matches reasonably closely 
in density and acoustic velocity the liquid in which the 
sound field exists and second in choosing an appropriate 
geometry for the probe. For example, a design such 
that the thermocouple is imbedded in a thin disk of the 
absorbing liquid has been convenient for much of our 
measurements. The disk is oriented so that the direction 

of propagation of the sound is normal to the plane of 
the disk. 
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Symbols and Definitions 

Symbols whose use is restricted to only one section 
of the paper are not included in this list. 

B defined by expression (98). 
C heat capacity of the imbedding medium per 

unit mass at constant pressure. 
Cp heat capacity of the imbedding medium per 

mole at constant pressure. 
C, heat capacity of the imbedding medium per 

mole at constant volume. 

C• heat capacity per unit mass of the wire at 
constant pressure. 

CJ = p•C•o. 
f(x),f(r) functions describing the variation of the 

acoustic intensity of the beam of radiation. 
The coordinate x indicates variation in the 

direction of the wire. The symbol r designates 
the radial coordinate measured from the 

beam center. The intensity is given by [of(x), 

G =kM' or =2hM'. 

h defined by expression (66) and tabulated in 
Table II. See also expressions (69a) and (70a). 

h' defined by expression (66) and tabulated in 
Table II. See also expressions (69b) and 
(70b). 

I acoustic intensity. 
k see Table I and expressions (53a) and (56a). 
k' see Table I and expressions (53b) and (56b). 
t 

K heat conductivity coefficient of the absorbing 
medium. 

K• heat conductivity coefficient of the wire. 
log natural logarithm 
m defined by expression (90). 

m, = M'+G. 
M mass per unit length of wire. 
M' mass of fluid displaced by unit length of wire. 
M• =M+G. 

p acoustic pressure. 
Q, heat generated per second per unit length of 

wire by the viscous forces. 
r radial coordinate. 

ro radius of the wire. 
R = k',,,M' or = 2h',.,M'. 

.4 velocity of the wire in the direction of propa- 
gation of the sound. 

t, time required to practically realize 
•T difference between the temperature of the 

absorbing medium (linear phase thermo- 
couple absent) and the temperature of the 
thermocouple junction resulting only from 
heat conduction away from the junction by 
the wires. 

bTc difference between the temperature rise of 
the absorbing medium for •/pC dependent 
on the temperature and 

$T,l difference between ,XTa and the temperature 
rise of the absorbing medium with heat con- 
duction present. 

•T, "equilibrium" difference between the tem- 
perature of the absorbing medium, during 
the "linear" phase of the temperature rise, 
(thermocouple absent) and the temperature 
of the thermocouple junction imbedded in 
the medium under the same conditions of 

irradiation./iT, represents only the difference 
resulting from the finite heat capacity of the 
thermocouple wires. 

AT, temperature rise of the absorbing medium, 
•/•C independent of temperature. 

•Ta temperature rise in the absorbing medium 
neglecting heat conduction in the medium. 

•T• temperature rise in the absorbing medium in 
the absence of a thermocouple junction. 

(dT/dt)a time rate of change of the temperature of the 
imbedding medium at the time of initiation 
of an acoustic disturbance (rectangular 
envelope). 

U0o particle velocity amplitude of fluid. 
V acoustic velocity in the imbedding medium. 
• molar volume of the imbedding medium. 

IV time rate of conversion of acoustic energy 
into heat per unit length of wire resulting 
from the mechanism of heat conduction 

across the boundary. 
x coordinate distance along thermocouple wires. 

70 the ratio of the equilibrium temperature rise 
at the thermocouple junction resulting from 
the action of the viscous forces and the 

temperature rise resulting from acoustic ab- 
sorption in the body of the imbedding medium 
in time t. 

e a constant which is numerically of the order 
of two. 

•' compressibility of the imbedding medium. 
n coefficient of shear viscosity. 
• acoustic intensity absorption codfficient per 

unit path length (imbedding medium). 
u = •!/P. 
• particle velocity of the fluid. 
• density of the imbedding medium. 

p• density of the wire. 
ß coefficient of thermal expansion (volume) of 

the imbedding medium. 
ß 0 period of acoustic disturbance. 

= (,0/2) 
= 

H. THEORETICAL ANALYSIS 

A. Temperature Change Resulting from Absorption 
in the Liquid 

When a region of a fluid medium having an acoustic 
intensity absorption coefficient • per unit path length 
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is suddenly subjected to a beam of acoustic radiation of 
intensity I the initial time rate of change of the tem- 
perature, (tiT/tit)o, is given by 

(at/at) o= ,tloC. ( ) 

This relation is a consequence of the fact that at the 
time of initiation of the acoustic disturbance in the 

medium the conduction process does not enter the 
picture. If the absorption coefficient, t•, and the quantity 
pC for the medium are known, relation (1) can be used 
to determine the absolute sound intensity at any given 
location provided the initial time rate of change of 
temperature can be measured at that location. In the 
absence of any temperature measuring device placed 
at the point, the temperature rises linearly at first as 
indicated by (1). The time interval during which the 
rise is closely linear is determined by: the uniformity 
and width of the beam of radiation, the magnitude of 
the heat conductivity coefficient for the medium, the 
rapidity of variation in homogeneity of t• as one moves 
away from the point, and the temperature coefficients 
of t• and pC. As the temperature rises the heat conduc- 
tion process becomes of increasing importance and 
equilibrium is approached. 

We are interested in determining the temperature as 
a function of time during the initial linear phase. This 
can be done by means of a thermocouple. However, the 
insertion of the thermocouple in the field gives rise to 
a number of complications which require analysis if 
we are to obtain, from temperature measurements 
made with it, accurate values for the temperature rise 
with the thermocouple absent and values for the 
initial time rate of change of the temperature with the 
thermocouple absent. One of these complications is the 
heating in the region of the boundary between the 
thermocouple and the imbedding medium which occurs 
because of (1) the action of viscous forces resulting from 
relative motion between the thermocouple wires and 
the fluid medium, (2) a thermal conductivity mecha- 
nism involving flow of heat between the wire and the 
fluid. These mechanisms will be analyzed in the follow- 
ing section. In this section we are concerned first with 
the difficulties which result because the thermocouple 
wires have a finite heat capacity and because heat is 
conducted to or away from the junction by the wires. 
We assume throughout the analysis in this paper that 
the contact between the fluid and the wire is such that 

at the surface of separation the temperatures in the two 
media are the same, i.e., there is no contact resistance. 

1. Effect of the Finite Heat Capacity 
of the Thermocouple Wires 

In the following analysis we assume that the diameter 
of the thermocouple wire is small compared to a wave- 
length of the acoustic disturbance. 

In the absence of the thermocouple the first or linear 
phase of the temperature change, AT. in the medium, 

after initiation of the acoustic disturbance, satisfies the 
following relation 

AT,,= (•I/pC)t. (2) 

This follows directly from (1). When the thermocouple 
is present the temperature rise, resulting from absorp- 
tion only, experienced by the thermocouple is less than 
that of expression (2). Heat conduction in the wires is 
neglected. Let AT,•, designate the rise in the tempera- 
ture of the medium at the wire under this condition 

(with the thermocouple present). Let 

ttT----AT,•--AT,•,. (3) 

The quantity/•T is zero at initiation of the disturbance. 
It subsequently increases at any fixed point in the 
medium and asymptotically approaches a value inde- 
pendent of time as the time of irradiation increases. 
For sufficiently small wire diameters this time inde- 
pendent function will be practically realized during the 
early part of the initial linear phase of the temperature 
change. Criteria to insure this will be obtained from 
the analysis in this and subsequent sections. 

Since we require only an estimate of the magnitude 
of 6T at the junction an approximate method of calcula- 
tion will suffice. Consider the system illustrated in 
Fig. 1. The radius of the wire is designated r0. Let the 

! 

I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

e- • r I 
I 

I 

! 
! 

1. Thermocouple wire of radius re surrounded by 
cylinder of imbedding medium of radius rx. 
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intensity of the beam be constant to a distance greater 
than ra from the axis of the wire. Choose the radius r• 
so that the heat capacity per unit length of the medium 
within the cylinder of radius r• is much greater than the 
heat capacity of a unit length of the wire of radius r0. 
ff the medium is castor oil (specific heat 0.48) and the 
wire is either copper (specific heat 0.092) or constantan 
(specific heat 0.098) a value of 20 for the quantity r•/ro 
yields a ratio of heat capacities greater than 2000. The 
temperature change at the distance ra can then be 
taken equal to the right hand side of relation (2). When 
the expression for zXT,•c obtained from (3) is substituted 
into the heat flow equation 

K•(/xT,,•)+t•I=pC (4) 
Ot 

we obtain 

\K I ot 

where K is the coefficient of thermal conductivity for 
the fluid medium. As indicated above /iT ultimately 
becomes independent of the time. When this situation 
is realized let/iT--8T,. Then/iT, satisfies the differential 
equation 

:ø' (6) 
We are assuming that there is negligible variation of 
temperature along the length of the wire in the neigh- 
borhood of the junction. The solution of (6) is 

/iT,= D 1ogr+E. (7) 

At r=r•,/iT,=0 therefore, E-- -D 1ogr• and (7) can 
be written 

/iT,= D log(r/tO. (8) 

At r=ro the time rate of flow of heat into the wire per 
unit length is 2•roK(OAT,•c/Or)ro which is equal to 

-- 2•rKD. (9) 

Since the coefficients of heat conductivity of the 
metal thermocouple wires are in general much higher 
than the value of this quantity for the fluid, we can 
assume that the temperature in the wires is independent 
of the coordinate r. (See the discussion of this at the 
end of this section.) In the absence of heat flow along 
the length of the wire the heat which enters the wire 
per second per unit length can also be expressed in 
terms of the time rate of change of temperature of the 
wire as •rro•p,oC•(OAT,,,/Ot) which is equal to 

2 [p,.C,. \ 

Expressions (9) and (10) yield D. The value of/iT, at 
r=ro can then be evaluated from (8). The following 
relation results 

•,I IpwCw\ 

As a specific example choose r•/ro=20 as indicated 
above. Let the remaining quantities assume the follow- 
ing values. The values given for •, K, and pC are 
characteristic of castor oil at about 25øC. The values 

for p•C• and K• are for copper. 

I 25 watts/cm • 
p•C• 3.4 joules/cma/C o 
pC 2.0 joules/cm•/C ø 
/• 0.12 1/cm (frequency of 

one megacycle) 
K 0.0018 watts/cm/C ø 
K•o 4.6 watts/cm/C ø. 

(5) For a wire diameter of 0.003 in. (0.0076 cm) the value of 
(/iT,)•o is calculated as 0.062 C ø. A wire diameter of 
0.0005 in. (0.0013 cm) yields a value of (/iT,)•0 of 
0.0018 C ø . 

The percentage difference between the temperature 
at the thermocouple junction and the temperature in 
the medium, under similar conditions, after a period 
of time sufficient to insure that (/iTO•o has been prac- 
tically realized is obtained from the ratio of (11) and 
(2) as 

(/iT,)•0 1001p•C,o\ 

100 = •-•-)ro21og(r•/ro). (12) AT,• 

The ratio r•/ro can be taken equal to 20. 
A rough estimate of the time necessary after initiation 

of the acoustic disturbance for practical realization of 
the temperature difference (/iT,)•0 is required. We first 
observe that the time rate of change of the temperature 
of the thermocouple is zero at the instant of initiation 
of the disturbance. This follows from the observation 

that the initial temperature gradient between thermo- 
couple and fluid is zero. The situation is illustrated in 
Fig. 2 for the values of the parameters given above 
when a copper wire of diameter 0.003 in. is used. 

An exact solution for the temperature distribution 
from the time of initiation of the acoustic disturbance 

to a time when /iT closely approaches /iT, would be 
quite complex and would not readily yield a simple 
formula for estimating the time for close approach of 
/iT to bT,. Accordingly, we will forego any attempt at a 
precise solution and will use a multiple of the intercept 
value, on the time axis, of the line (/XT,•),0=/XT,-$T, 
as an appropriate formula for estimating the time, t•, 
required for/iT to practically reach the value/iT,. 

Symbolically 

(10) •o= ,•-•-)ro = log(r,/ro) (13) 
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Fro. 2. The initial phase of the temperature rise as a function 
of the time in an •tbsorbing medium in response to a pulse of sound 
(a) thermocouple absent (AT,•), (b) recorded at thermocouple 
junction imbedded in the medium, (zXTm0•0. 

where • is of the order of two as suggested by the graph 
of Fig. 2. It should be noted that t, is independent of 
the sound intensity and the acoustic absorption 
coefficient. 

For the specific example given above with the 0.003 
in. diameter copper wire the value of t, is of the order of 
0.08 second. For 0.0005 in. diameter copper wire 
the time is of the order of 0.002 second. These nu- 

merical results are not inconsistent with experimental 
measurements. 

2. Effect of Heat Conduction in the Thermocouple Wires 

We proceed now with an analysis of the effect of 
conduction of heat away from the junction by the 
thermocouple wires on the relation between the tem- 
perature of the junction and the temperature of the 
medium with thermocouple absent under similar condi- 
tions of acoustic irradiation. Since we require only an 
estimate of the magnitude of the effect we base a 
calculation on the following assumptions. 

(1) We choose the radius rx, at which distance we let 
the temperature be described as before by relation (2), 
such that the heat conducted away by the thermo- 
couple wires during the time interval of acoustic irradia- 
tion will lower the temperature of a cylinder of the 
fluid of radius r• and length L by an amount which is 
small compared to the temperature rise produced in the 
same cylinder of fluid by absorption of the sound. In 
order to develop a basis for specifying rx we first obtain 
an approximate expression for the heat conducted 
away by the wires. Consider the situation illustrated 
in Fig. 3. The thermocouple junction is at position x0. 
For the purpose of this evaluation we can assume that 
the temperature distribution along the wire, in the x 
direction, is the same as if the wire were not present 
(this follows because we are only interested in situations 
in which the percentage difference between the tem- 
perature at the wire and the temperature in the medium 
with the thermocouple absent is small). The tempera- 
ture distribution to be used in this evaluation can then 

be obtained by using relation (2) in conjunction with 
the intensity beam pattern of the irradiator. The length 
L is small enough that the intensity does not d•ange 
by a large factor in a distance L. For wires with equal 
heat conductivity coefficients, the heat, dtt/dt, con- 
ducted away per unit time by the wires from the length 
L is given approximately by the expression 

dH ! 02AT,, \ 
--= -•ro•K•l--/ L. (14) 
dt \ 8x • 

If the wires have different heat conductivity coefficients 
then the heat, H, conducted away from the length L per 
second by the wires is expressed approximately by 

dt L \ Ox •o-L t• 

_ ( OAT,•\ 1 K•o2 O\ )•0+•l•I' (15) 
The total amount of heat, He, removed from the region 
by conduction through the wires during the period of 
irradiation is given by the integral 

f* dH Hr=jod-•t . t (16) 
where r is the period of irradiation. It is convenient to 
express the intensity beam pattern in the form 

•of(x) (17) 

where x designates the coordinate distance along the 
direction of the wire, f(0)= 1, and x=0 designates the 
position of peak intensity. The temperature function 
to be inserted into (14) and (15) is then obtained, as 
indicated above, by combining (2) and (17) 

AT,•= (•/pC)laf(x)t. (18) 

Consider a specific example. Choose the value of the 
peak intensity Ia so that OATdOt= 1.5Cø/sec., i.e., 
3T,,= 1.5f(x)t. Let the thermocouple be placed at the 
peak xo=0. The beam pattern for the focusing irra- 
diator used in the studies reported in this paper is shown 
in Fig. 4. This pattern was taken transverse to the axis 

xo!% x, 
Fzo. 3. An dement of the thermocouple wire. Coordinates used 

in the analysis of the effect of heat conduction along the length 
of the wire. The junction is positioned at xo. 
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of the beam in the focal region. A parabolic curve fitting 
near the peak yields f(x)= 1-1.48x •. The temperature 
function then has the form 

AT",= 1.5(1-- 1.48x")t. (19) 

If one wire of the thermocouple is copper and the other 
constantan we combine (15), (16), and (19) and obtain 
(the heat conducted by the constantan can be neglected 
since the thermal conductivity coefficient of copper is 
twenty times that of constantan) 

i ,• dH 
Hr= [ -•clt= 1.1 Drr•K,o•Lr:, 

do dt 
(20) 

where K,,.• is the thermal conductivity coeffiient of 
copper (K=•=4.6 watts/cm/Cø). For a wire diameter 
of 0.003 in. (0.0076 cm), L/2=20r0 and r= 1.0 sec the 
value of Hv is 3.5(10) -s joule. The energy which is 
imparted to the fluid medium (castor oil) by absorption 
of acoustic energy in the cylinder of radius r• (choose 
r•= 20r0) and length L in one second is equal to the 
product of the time rate of change of the temperature, 
the heat capacity per unit volume and the volume. 
This is 8.3(10) -a joule. The heat absorbed by the fluid 
medium is thus over 200 times that conducted away by 
the thermocouple wires. 

(2) We assume that the gradient of the temperature 
in the direction of the wire (x axis) at r=ro is small 
enough and that the temperature distribution adjusts 
quickly enough so that a function of r of the form used 
in the analysis of the effect of the finite heat capacity 
of the wire can describe approximately the temperature 
distribution between r0 and rr at each instant of time. 
Refer to expressions (3) and (8). 

Consider first the variation of temperature in the 
direction of the wire. We are interested in the fractional 

change, $, in the temperature along a length, L/2, of 
wire where the magnitude of L/2 is of the order of rx, 
say L/2=rx. The fractional change in temperature is 
given by the expression 

I oa rdo. I 
i• •L/2) (21) 

AT., 

where ATto is given by (18). Combining (18) and (21) 
we obtain for the fractional change in the temperature 
along the length L/2 of wire 

(L/2) (22) dx • 

Let/.]2= 20 r0 as before. For a wire diameter of 0.003 
in. and with the thermocouple positioned at the peak 
of the beam pattern, Fig. 4, we obtain $--0.017. In the 
calculation, the maximum value of Idffdx[ in the in- 
terval O<x<L/2, i.e., [df/dx ILl: was used. For a wire 
diameter of 0.0005 in. we obtain /i=0.00047. These 
values make our assumption regarding the form of the 

i I { 

0 I • I I 
-0.2 -o.I o +o.I •-o.2 
COORDINATE TRANSVERSE TO 

BEAM AXIS 

Fro. 4. Beam pattern in the focal region transverse 
to the direction of propagation. 

temperature distribution function reasonable if the 
second requirement, that the time rate of change of the 
temperature is sufficiently slow, is satisfied. 

We consider next the assumption that the tempera- 
ture distribution adjusts quickly enough so that an 
equilibrium distribution is a reasonable approximation 
to this distribution. We first estimate the temperature 
difference, between the thermocouple junction and the 
medium with the thermocouple absent, caused by heat 
conduction in the thermocouple wires. 

Refer to Fig. 5. In line with the previous discussion, 
we take for the temperature distribution function 
in the space between ro and r• the form (combining (3) 
and (8)) 

,x T•,• = --t- D log (r/rO. (23) 
oC 

The quantity D varies only slowly with x as discussed 
above; it is also a function of the time. Consider the 
element of wire between x• and xt-I-Ax. We assume 
that the temperature is uniform across the wire. In 
order that the temperature of this dement of the wire 
remain constant the heat transferred per unit time to 
the wire from the fluid medium must just balance the 
heat conducted away per second from the element by 
the wire. When this is expressed symbolically we have 

(24) 

where LIT is the increase in temperature of the wire 
over its initial value. Upon taking the limit as LIx--•0 
and combining with (23) we evaluate D 

K•oro: O2LIT 
O=-- (25) 

2K 0x • 
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Fro. 5. An element of 
the thermocouple wire. 
Coordinates for analyz- 
ing the effect of heat 
conduction. 

The difference in temperature, •iT, between the wire 
and the medium without the wire present is then 

[•t ] Kø'ø21og(r,/ro)O'*T (26) •T= -- AT,•c 2K Ox • 
In order to evaluate numerically •T from (26) we 

can take for AT, as we did in the previous analysis, a 
temperature distribution function along the wire corre- 
sponding to the intensity distribution function of the 
acoustic disturbance. The magnitude of OaTlOw x for 
this distribution will not be smaller than that for the 
actual distribution since conduction in the wires acts 

to decrease the temperature gradients. We let (refer to 
08)) 

AT= Ar,•=--Io/(x)t. (27) 
pC 

We compute the ratio of •iT to AT, 

•T K•ro 2 f" (x) 
•= -- 1og(r,/ro) . (28) 
aT 2K 

As a specific example we consider a copper wire of 
diameter 0.003 in., castor oil as the fluid medium and 
the beam pattern introduced previously. The ratio 
r•/ro is taken equal to 20. Then bT/AT=O.17 at the 
peak of the beam. For a copper-constantan thermo- 
couple, 0.003 in. wire diameter, in this position, the 
value of •T//XT is about one-half of the result just 
obtained since the thermal conductivity coefficient of 
constantan is about 1/20 that of copper, i.e. 
: 0.09. When the copper wire diameter is 0.0005 in. the 
computed value of ltT//XT from formula (26) is 0.0046. 

We consider now the limitation imposed on the 
system by the requirement, made for the purpose of 
simplifying the analysis, that an equilibrium distribu- 
tion can be used to approximately describe the tempera- 
ture distribution between r0 and r• at each instant of 
time. We note first that at the time of initiation of the 

acoustic disturbance the temperature difference, •iT, 
between surfaces r• and r0, is zero. After initiation of the 
disturbance it increases monotonically. A rough esti- 
mate of the time, t,, required for the temperature dis- 

tribution function, which describes the difference in 
temperature of the medium between r• and ra with the 
thermocouple present and the temperature with the 
thermocouple absent, to practically attain its equilib- 
rium form for any specified temperature difference, 
8T•, between the wire and r• can be obtained from rela- 
tions (11) and (13). If we combine the two relations 
we obtain 

t,=•T, (29) 
O[/oc) 

where { is numerically of the order of two. Now (29) 
was derived from relations obtained in the analysis 
of the effects of the finite heat capacity of the wire 
neglecting conduction. The value of t. for the physical 
situation is, therefore, probably somewhat less than 
the value computed from (29) since conduction in the 
wire would tend to bring about an "equilibrium" dis- 
tribution more quickly than in the case of no conduction 
for equal temperature differences between the wire and 
the surface r=r•. If we insert into (29) for ST. the 
value of 8T from (26) and substitute for fit the right 
hand side of expression (27) we obtain an expression for 
the ratio of the time required for practical equilibrium, 
t., and the time of irradiation, t, 

-= -- 1og(r,/ro) •. (30) 
t 2K /(x) 

This expression is identical in form with expression (28) 
with the exception of the factor •. If the-quantity tdt 
is a small fraction, say of the 'order of s • or less, then 
it is considered that the use of the equilibrium distribu- 
tion function is reasonable. We obtain now numerical 

estimates of t•/t for specific cases. Refer to the nu- 
merical results following expression (28). For 0.003 in. 
diameter copper placed at the peak of the beam pattern 
with castor oil as the medium, t,/t= 0.33. For a copper- 
constantan junction at the peak t,/t=O.17. For 0.0005 
in. diameter copper wire at the peak tdt=O.0092. It is 
clear that a 0.0005 in. diameter copper-constantan 
thermocouple in castor oil used in conjunction with a 
focusing irradiator having a beam pattern approxi- 
mating that of Fig. 4 easily satisfies the above criterion. 
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From the above analysis of the effect of the finite heat 
conductivity of the thermocouple wires and the con- 
duction of heat by the wires it follows, to the extent 
that these two mechanisms are involved, that an 
acoustic probe consisting of a 0.0005 in. diameter copper- 
constantan thermocouple in castor oil is entirely satis- 
factory to use with a focusing irradiator having a beam 
pattern as narrow as that illustrated in Fig. 4. 

We are concerned next with the factors which, in the 
absence of the thermocouple, ultimately cause a devia- 
tion in the temperature time functions from the linear 
form quantitatively described by (2). 

3. Effect of the Temperature Dependence of the Quantity 
u/pC on the Initial Phase of the Temperature Change 

We are interested in the deviation of the temperature- 
time functional relation from the linear form, described 
by expression (2), caused by the dependence of the 
quantity u/pC on the temperature. Since we are in- 
terested in the initial phase of the deviation from 
iinearity, it is sufficient to use only the first two terms 
in the power series expansion of the quantity •/pC as a 
function of the temperature, i.e., 

•,/oC= 6alpC)0+ (05,10C]/0T)0,xT,, (31) 

where AT,• is the temperature change in the medium 
resulting from absorption of acoustic energy. The sub- 
script zero indicates evaluation of the subscripted 
quantity at the temperature of the medium before ab- 
sorption of the sound. In place of relation (1) we have 
the following: 

--= E b,/oC)o- t0aT]I (32) 
dt 

where 

to = - (O•,1oC•'O•o. 

Now at t = 0, A T,•= 0 • that the appropriate •lution of 
(3•) i• 

aT.= (33) 

Restrict the values of t under consideration • that 

fdt((1. Then 03) •n be written in the approximate 
fo• 

aT•= •/•)dt[l-•d(t/2)]. (34) 

The term •d(t/2) is a m•sure of the devotion from 
the l•r b• described by e•r•sion (2). For con- 
venience in applying corrections to e•er•en•l data 
either br the evaluation of acoustic absoftion coe•- 
cients or for determination of absolute sound levels 

this quantity can be written in the following approxi- 
mate fo•: 

•I (t/2)•d2 •/•)0]aT.. 05) 

As a sp•c example the value of fd2&/•)0 is about 
0.• for •stor oil at 25øC. Thus for a IøC tempe•ture 
rise the devotion of the temperature time function 
from a liner relation will •ount • about 4 percent. 

4. Effect of Heat Conduction in the Fhdd on the 
Initial Phase of the Temperature Change 

We consider now the deviation of the temperature- 
time relation from the linear form, described by expres- 
sion (2), caused by heat conduction in the fluid with 
the thermocouple absent. Since we are primarily in- 
terested in the magnitude of this effect for the purpose of 
evaluating the uncertainty in the determination of 
absorption coefficients or absolute sound levels, we will 
restrict the discussion here to the effect in the neighbor- 
hood of the peak of the beam of radiation. The extension 
to other locations in the beam is readily accomplished. 
Consider a circular cylinder of radius /Xr in the fluid 
whose axis is oriented in the direction of propagation 
of the sound, and coincides with the intensity maximum 
of the beam. (See Fig. 6.) 

The fractional deviation of the temperature at the 
peak of the beam, with heat conduction present, from 
the value of the temperature with heat conduction 
neglected (described by relation (2)) is equal to the 
limit of the ratio of the heat conducted away from the 
cylinder per unit length and the acoustic energy ab- 
sorbed in the cylinder as/Xr--•0. Since we are interested 
in situations in which this ratio is small, it is suitable 
for the purpose of evaluating the heat conducted away 

Fro. 6. A circular cylindri- 
cal element of an absorbing 
medium. 
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from the cylindrical element to use the temperature 
distribution which would be produced by the beam in 
the fluid medium ff conduction is neglected. Let AT 
represent this temperature distribution. It is a function 
of the coordinate r and the time. We assume that the 

beam pattern has cylindrical symmetry. Then the heat 
H• conducted away from the cylinder per unit length 
per unit time is --2•'ArK(Ot, T/Or)ar. The partial 
derivative is expanded about r=0. Since the beam 
maximum is positioned at r=O, (OAT/Or),•o=O and 

tt• = -- 2,rX (Ar)" (O•/x T/Or 2) r•. 06) 

The heat H• absorbed in the cylinder per unit length 
per unit time is 

H,=,•(•Xr)¾C(OAT/Ot),=o. (37) 

Let the intensity beam pattern be represented by Iof(r) 
where ,f(0) = 1. Then the temperature distribution func- 
tion ,•T can be expressed in terms of this beam pattern 
function as was done previously: 

AT= (•/t•C)Io[.f(r)]r-ot. (38) 

The heat Htc• conducted away from the cylindrical 
element in time t is obtained by integration of ex- 
pression (36) where AT has the form given by (38). 
The following form results 

He,= - •rK (ar) 2 (•I0/•C)ff' (r)t*. (39) 

Similarly the heat Hat absorbed in the element of 
volume in time t is evaluated by integrating (37); 

H•,= •(ar)•M0](r)t. (40) 

The limit of the ratio H•t/Ht,•t as At--}0 is then 

(40 

As a specific example consider the situation for the 
beam pattern of Fig. 4, .f(r) = 1 -- 1.48 r a, and for castor 
oil as the fluid medium. The value of (i.i•,/i.i•)o for 
this case is 0.0027t. The deviation of the temperature 
caused by heat conduction in the oil from the value 
given by relation (2) is, therefore, less than 0.3 percent 
at the end of a one second period of irradiation. 

5. E.l]ect of a Dependotce of • on the Space Coordinates 
on the Initial Phase of the Temperature Change 

This paper is primarily concerned with a study of the 
temperature changes which are experienced by a thermo- 
couple imbedded in a homogeneous fluid medium which 
is exposed to an acoustic disturbance. An important 
objective is the analysis of various factors which would, 
if not understood with respect to magnitude, result in 
uncertainties in the values of absolute sound levels 

calculated from data obtained with a probe operating 
on the principle of initial time rate of change of tem- 
perature. However, if the absolute sound level is known 

the same data yield a value for the acoustic intensity 
absorption coefficient for the imbedding fluid. In non- 
homogeneous material, such as tissue, it is desirable to 
determine the absorption coefficient as a function of 
position in the material. For such materials an estimate 
of the effect of space variations of/• on the form of the 
temperature-time function is desirable. This is neces- 
sary in order to specify the accuracy with which. a 
given space distribution of t• is determined by this 
method for a particular experimental arrangement and 
procedure. The detailed analysis is not included here 
but it is noted that estimates can be made by letting u 
of expression (38) be a function of r. The differentiation 
indicated in (36) would then include a term involving 
(dt•/dr). The limitation on t in order to realize an 
arbitrarily specified degree of accuracy in the determina- 
tion of • at the position of the thermocouple junction 
would then follow from the ratio (H•t/H,u)o. 

6. Uncertainty in the Thermocouple Junction Temperature 
Resulting .from the Variation of the Temperature 

Within the Wire with the Radial Coordinate 

We are concerned herein with the magnitude of the 
uncertainty in the temperature of the thermocouple 
junction resulting from the nonuniformity in the tem- 
perature distribution over the cross section of the wire. 
For the purpose of estimating the magnitude of this 
effect, we let the temperature change at the interface 
between the wire and the imbedding medium be given 
by the relation (2). Since we are only interested in the 
effect of a variation of the temperature with radius, and 
not with conduction along the length of the wire which 
has been analyzed previously, we take •[/oC) constant 
along the wire. At the time of initiation of the irradia- 
tion, the temperature difference between the interior 
of the wire and the boundary is zero. The temperature 
difference then begins to increase and after a period 
of time attains a value which is essentially constant 
in time. We consider the situation after this constant 

value has been realized. Let the temperature change, 
AT,o, in the wire be written as 

where/lT• is independent of the time. When this ex- 
pression for ATe, is substituted into the equation 

K•,V2(AT,o)=odV,oO(AT,o)/Ot, (43) 

the following result is obtained: 

r drL dr l---•\-•-I' (44) 
The appropriate solution of (44) is 

at.= l--I--(r/- r•). (45) 
\ oC 14K,o 
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The maximum temperature deviation, aT•,,•, from the 
value at the boundary of the wire is obtained at r= 0 

aT•o,•= -- r0L (46) 
pC ] 4K,o 

The ratio, aT,o,•/AT,•, of this temperature deviation 
from the boundary value and the value, AT,•-- Od/oC)t, 
at the boundary is 

AT,• \4K•] t ' 

For constantan wire of 0.003 in. diameter (0.0076 cm) 
and t = 1.0 sec this ratio is of the order of (10) -4. 

B. Temperature Changes Resulting from 
Conversion of Acoustic Energy into Heat 

at Wire Boundary 

1. Viscosity 

The temperature changes produced when the region 
of a fluid medium in which a wire thermocouple is 
located is subjected to acoustic radiation result par- 
tially from the action of the viscous forces between the 
wire and the fluid. It is necessary to estimate, at l•ast 
roughly, both the magnitude of the temperature change 
resulting from this and the time required for the dis- 
tribution to reach a specified fraction of its equilibrium 
value. Since we do not require accurate theoretical 
values for these quantities, we will consider only the 
plane wave case. In order to understand the direction- 
ality characteristics of such a probe, it is desirable to 
carry out computations for two orientations of the wire 
with respect to the direction of propagation of an 
acoustic disturbance. The two cases considered are: 

(a) direction of propagation along the direction of the 
wire, (b) direction of propagation at right angles to 
the direction of the wire. Any other orientation can be 
treated by compounding these two in a suitable linear 
combination. 

We will first obtain expressions for the time rate of 
conversion of acoustic energy into heat at the wire. 
Since the diameter of the wire is of necessity small 
compared to one wavelength of the sound, we will 
utilize expressions for the forces of frictional resistance 
and inertia experienced by an oscillating incompressible 
wire in an incompressible viscous medium. 

(a) Wire transz. erse to direction of propagation.--Con- 
sider a wire immersed in a fluid medium in which a 

plane wave of sound is propagating in a direction at 
right angles to the axis of the wire. See Fig. 7 (a). Let • 
represent the particle velocity of the fluid and let • rep- 
resent the velocity of the wire in the direction of propa- 
gation of the sound. The following differential equation 
is used to describe the motion 

M•= --R(•-- •)-G(g-- •)+M'• (48) 

FIo. 7. (a) A wire subjected to a plane acoustic wave propa- 
gating in a direction perpendicular to the axis of the wire. (b) A 
wire immersed in a fluid medium which is flowing in the direction 
of the axis of the wire. 

where M is the mass per unit length of the wire and 
M • is the mass of fluid displaced by unit length of wire. 
The first and second terms on the right hand side of the 
differential equation represent the frictional and inertia 
forces experienced by an oscillating cylinder in an in- 
compressible fluid medium and the third term represents 
the driving force of the incident sound wave. The dif- 
ferential equation (48) can be written in the following 
form • 

•+ (R/M,)•= (R/M•) •+ (m,/M•) • (49) 
where 

M•= M+G 
rn•= M'+ G 

We will designate M• the "effective mass of the wire 
per unit length" and m• the "effective mass of the 
fluid element displaced by unit length of the wire." 
Let •= Uood% Under steady state conditions the 
amount of acoustic energy, Q•, converted into heat per 
second per unit length of wire is 

ø 
We now require expressions for the "effective" mass 
and the frictional constant per unit length of wire. 
Relations for these quantities were obtained by Stokes 
for a circular cylinder oscillating in an incompressible 
viscous medium in a direction perpendicular to the axis 
of the cylinder. a In this investigation the inertia forces 
were neglected. Following Stokes we write for the 
effective masses the expressions 

m,= M'+kM' 

• This equation appears for example in a paper by Angerer, 
Barth, and Guttrier, Strahlentherapie 84, 60I (1951). 

•G. G. Stokes, Trans. Cambridge Phil. Soc. 9, Part II, 15-62 
(1851). 
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0.0 .•0 oo 0.0000 0.0000 2,1 1.677 0.7822 7.395 3.450 0.1 19 48.63 0.1970 0.4863 2.2 1.646 0.7421 7,966 3,592 
0.2 9.166 16.73 0.3666 0.6691 2.3 1.618 0.7059 8,557 3,734 
0.3 6.166 9.258 0.5549 0.8332 2.4 1.592 0.6730 9,168 3,877 
0.4 4.771 6,185 0.7633 0.9896 2.5 1.568 0.6430 9.799 4.019 
0.5 3,968 4.567 0.0920 1.142 2.6 1.546 0.6154 10.45 4,160 
0.6 3,445 3,589 1.240 1,292 2.7 1.526 0.5902 11.12 4,303 
0.7 3.082 2.936 1.510 1.439 2.8 !.507 0.5669 11.81 4.444 
0.8 2.812 2.477 1.800 1.585 2.9 1.489 0.5453 12.52 4.586 
0.9 2.604 2.137 2.110 1.731 3.0 1.473 0.5253 13.25 4.728 
1.0 2.439 1.876 2.439 1.876 3.1 1.457 0.5068 14.01 4.870 
1.1 2.306 1.678 2.790 2.021 3.2 1.443 0.4895 14.78 5.012 
1.2 2.104 1.503 3.160 2.164 3.3 1.430 0.4732 15.57 5.154 
1.3 2.102 1.365 3.552 2,307 3.4 1,417 0.4581 16.38 5.296 
1.4 2.021 1.250 3.961 2.450 3.5 i.405 0.4439 17.21 5,437 
1.5 1.951 1.153 4.389 2.595 3.6 1.394 0.4305 18.136 5.580 
1.6 1.891 1.069 4.841 2.739 3.7 1.383 0.4179 18.93 5.721 
1.7 1.838 0.9965 5,312 2.880 3.8 1,373 0.4060 19.82 5.863 
1.8 1.791 0.9332 5.804 3.024 3.9 1.363 0.3948 20.73 6,005 
1.9 1.749 0.8767 6.314 3.165 4.0 1.354 0.3841 21.67 6.145 
2.0 1.711 0.8268 6.845 3.307 •o 1.000 0.0000 • • 

and for the frictional constant R the expression 

R= k'M%. (52) 

The quantities k and k', which arc expressed as func- 
tions of a parameter •, are tabulated by Stokes for a 
range of values of the parameter over which numerical 
computation is most tedious. The parameter •o is equal 
to (ro/2)(w/v) t where r0 is the radius of the wire and v 
is the kinematic coefficient of shear viscosity. For con- 
venience we include Stokes' table of calculated values 

of k and k' as Table I of this paper. The symbol qa 
replaces the bold-faced lower case letter m of Stokes' 
paper. 

As • >0 k and k' are given by the following expres- 
sions obtained by Stokes 

k= 1+ (1/v') 0r/4)/[ 0og•+1,)'+ 0r/4)'] (53a) 

k'= (1/•)[--- (1og•+?)-]/[(log•-F1,)2+ 0r/4) •-] (53b) 

where 1' is Euler's constant (1,=0.577- - .). 
Now insert for • in (53b) its explicit form in terms 

of •o and substitute the resulting expression for k' into 
(52). We then observe that the frictional constant 
R-o0 as co-->0. It is of interest to compare this result 
with the following. The resistance per unit length of a 
circular cylinder moving with a constant velocity of 
translation, U1, perpendicular to its axis through a 
viscous liquid is given accurately by the expression 

4rnU•/[•--v--log(roUl/4V)] (54) 

when the Reynolds number, 2roU1/v, is numerically 
less than one. a-• The quantity • is the coefficient of shear 
viscosity. The frictional parameter, R', for this case, 
which corresponds to the frictional constant R of the 
preceding analysis, is equal to the resistance divided 
by the velocity. Thus 

R' = 4•/[-•-- V-- log (ro U,/4v)-]. (55) 
a It. Lamb ttydrod:ynamieg (Cambridge University Press, 

Cambridge, 1932), sixth edition, p. 614. 
• S. Tomotika and T. Aoi, Quart. J. Mech. and Appl. Math. 3, 

140-161 (1950). 
• S. Tomotlka and T. Aoi, Quart. J. Mech. and Appl. Math. 4, 

401-406 (1951). 

Now the expression obtained by Stokes for the frictional 
constant for the vibrating cylinder was obtained under 
the condition that the amplitude of the motion is small 
compared to the radius of the cylinder. As • this 
implies that the velocity amplitude approaches zero. 
We, therefore, consider expression (55) as Ui--•0. It is 
readily seen that R'-o0. For values of •o>_4, k and k' are 
given by the approximate expressions 

1+ (sda) 

k'= (V2/•)+-• •?. (56b) 

The quantity Q• can be written as follows: 

Uoo •R E •- { ( • + k) lE (M/M')+ k-l} J' 
Qo = -- (57) 

2 

Before obtaining a formula for estimating the change 
in temperature of the wire which results from the con- 
version of acoustic energy into heat as given by ex- 
pression (57) we will obtain a corresponding formula 
for the ease of acoustic propagation along the axis of 
the wire. 

(b) Wire in direction of propagation.--Since the diam- 
eter of the wire is small compared to one wavelength 
of the sound, we will calculate the effective masses and 
frictional resistance for a wire vibrating in the direction 
of its axis in a viscous incompressible medium with all 
elements of the wire in the same time phase. We will 
then apply these results to the acoustic case where the 
time phase of the relative motion between wire and 
fluid varies in the direction of the axis of the wire. 

Let the direction of the axis of the wire lie along the 
• coordinate as illustrated in Fig. 7 (b). Since the motion 
in the fluid is caused by the oscillatory motion of the 
wire, which is considered infinitely long, the only non- 
zero component of velocity in the fluid is v• which is a 
function only of r and t. The equations of motion then 
reduce to 

(58a) 

op op 
--=0, --=0. (ssb) 
O0 Or 

From (58) we note that Op/oa must be independent of •. 
Let 

V•= Ue i,•t 
p = Poaei. • (59) 

where U is a function of r and P0 is a constant. Then 
expression (58a) yields 

d•U l dU jcoo Po 
+ .... U=--. (6O) 

dr • r dr *t • 

Since the disturbance must not become infinite as 
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r•oo the solution of (60) appropriate to the problem is 

where 

TABLE II. 

U = A K0 (fir) n t---, (61) 0.! 1.!428 3.7483 
cop 0.2 0.9350 2.4314 

0.3 0.8573 1.9379 
0.4 0.8163 1.6732 

iS----- (jco/v) i. 0.5 0.7916 1.5•0 
0.6 0.7749 1.3888 

Now •t r= ro, U= Uo where Uo is the velociW ampli- 02 0.?•0 1.3030 
rude of the wire in the direction of its length. Therefore O.8 0.7542 1.2370 
(61) b•omes 0.9 0.7474 1.1845 1.0 0.7420 1.1416 

l.l 0.7377 l.,• 

Ko•r) • (62) •.s o.•s• L0S0• U• ø--• ] Ko•ro) • 1.4 0.7288 1.0277 
1.5 0.7267 1.•81 

When Uo= 0 it follows that U must be zero eve•where, 1.6 0.7249 0.9•8 1.7 0.7233 0.9754 
under steady s•te conditions, so t•t Po in e•ressions 1.S 0.7220 0.9616 
(60) must be zero and (62) reduces to 1.9 0.7•8 0.9401 

2.0 0.7197 0.9378 

U• U•o •r)/Ko•ro). (63) •.s o.• o.so• 
3.0 0.7137 0.8•7 

The force, F, which •e fluid exerts on the wire, per unit 3.s 0.7122 0.•32 
length of wire, is then given by 4.0 0.7111 0.8269 

?= Ov,/ OO,o (64) 
or 

F= -- 2M'(•/•)fiK' (•j•) Uod% (65) 
Ko(•j •) 

where •= (o/Oiro and M • is the mass of fluid displaced 
by a unit length of wire. Let 

a'+ja. (66) 
• Ko(fj •) 

The added inertia per unit length of wire is then 

2hM' (67) 

and the frictional constant, R, per unit length is ex- 
pressed as 

R= 2h%M'. (68) 

The quantities h' and h are tabulated as a function 
of the variable ½ in Table II. In computing values of 
Kn the function was expressed in terms of a series of 
positive powers of the variable. For values of •>_4 an 
asymptotic expansion for Kn may be used? As 
h and h' are given by the following expressions: 

1 
h (69a) 

tb 2 [1og(•/2)+•,]2+ 0r/4) 2' 

t - Elog (f/2)+-•] 
h' = (69b) 

f, Elog(f/2)+-•]•+ (r/4) •' 

The frictional constant, R, given by (68) and (69) 
approaches zero as ,., or r0--•0. The solution for this case 

ø G. N. Watson A Treatise on tl• Theory of Bessd Functions 
(Cambridge University Press, Cambridge 1944), p. 202. 

zero zero 

•=o •,'=o 

is not subject to the limitation imposed on the corre- 
sponding solution to the case discussed above since the 
nonlinear terms in the hydrodynamical equations are 
identially zero for the case under discussion. 

For values of • _> 4, k and h' can he computed from 
the formulas ø 

1 1 

,,=-[,+-1, 
2¾L 8•,'•J 

21½L 2¾ 8•a' (70b) 
Now consider a wire immersed in a fluid medium in 

which a plane acoustic wave is propagating in the 
direction of the wire as illustrated in Fig. 7 (b). If the 
length of the wire were much smaller than one wave- 
length and the diameter were much smaller than the 
length, differential equation (49) could be used to 
describe the motion. The effective masses and frictional 
constant can be calculated by employing expressions 
(67) and (68). In the configuration of interest in this 
paper, the wire is many wavelengths long. In order to 
estimate the time rate of conversion of acoustic energy 
into heat in this case, we will assume that the wire 
does not move, i.e., g= 0. In place of expression (50) for 
Q,, the amount of acoustic energy converted into heat 
per second per unit length of wire, we have for this case 

1 1 "ø Uoo•R 

O,=•J ø R{•dt= • (71) 2 

where R is given by expression (68). 
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REGION 2 

FiG. 8. Thermocouple wire and subdivision of the imbedding 
medium which are used in the computation of the temperature 
rise at the wire resulting from the action of viscous forces. 

If the angle between the direction of propagation of 
an acoustic disturbance and the direction of the wire is 

designated by 0, then the appropriate value Qo is 
realized by adding the expressions obtained by in- 
serting for Uo0 in Eqs. (57) and (71) the quantities 
U• sin0 and U, cosO respectively. The quantity U, des- 
ignates the particle velocity amplitude of the incident 
wave. 

(c) Temperature rise at lhe wire.--A formula for 
estimating the temperature rise at the wire resulting 
from the time rate of production of heat Q• (given by 
expressions (57) and (71)) will now be obtained. 

The disturbance of the fluid resulting from the action 
of the viscous forces on the wire thermocouple decays 
rapidly at distances from the wire greater than several 
diameters, for the range of diameters and acoustic 
frequencies of interest in this paper. We will, therefore, 
estimate the magnitude of the temperature rise at the 
thermocouple by assuming that all of the heat generated 
by the mechanism under discussion is produced at the 
boundary of the wire and the fluid. Under conditions 
such that the disturbance extends with appreciable 
amplitude to distances of many wire diameters, the tem- 
perature change calculated under the assumption that 
all heat is produced at the boundary between thermo- 
couple and fluid serves as an upper limit. At equilib- 
rium the temperature is maximal and we now obtain 
an appropriate relation. 

The "diameter" of the sound beam determines the 

length of the wire along which the disturbance resulting 

from viscous forces extends. Since the beam "diameter" 

for the cases of interest is large compared to the wire 
diameter (ratio of 20 or greater) we will choose a 
cylindrical distribution function for describing the tem- 
perature change in the cylindrical region between r0, 
the wire radius, and ra, a radius which is dependent on 
the size of the beam. At distances from the junction 
greater than ra we choose a spherical distribution func- 
tion to describe the temperature change. See Fig. 8 for 
an illustration. The two distribution functions are 

matched at r•. This approximate method of analysis is 
considered sufficiently accurate for obtaining an esti- 
mate of the temperature rise at the junction resulting 
from the action of the viscous forces. 

Accordingly we let the temperature distribution in 
region 1 be described by 

AT• = D• 1ogrq-E•. (72) 

In region 2 the temperature function is chosen as 

Ara= -- (D•/r)-t-E•. (73) 

If we assume that the wire conducts away no heat then 
the boundary condition at ro is 

--K (&XT,/dr),o=Q, (74) 

where Q is the heat generated per unit area per second 
at the wire boundary by the viscous forces (Q,= 2r0Q). 
As r-->o• ATx-->O, and at r=r2 AT•=AT•. At r=r• we 
can also obtain another relation between the constants 

of expressions (72) and (73) by observing that at 
equilibrium the amount of heat generated per second 
at the wire boundary along a length 2r2 centered at the 
junction must equal that passing per second through 
the spherical surface r=r2. This yields the following 
approximate relation 

(2r•)(2a'ro)Q ro 
=-Q. (7s) 

4•rr• • r2 

When the distribution functions (72) and (73) are re- 
stricted by the four conditions just noted we obtain the 
following expression for the temperature rise, ATo, at 
equilibrium at the thermocouple junction: 

a To = Qu[ 1 + log (rdro) ]. t (76) 
2•rK 

The ratio, 1f0, of this temperature change to that 

• If the heat conducted away by the thermocouple wires is 
taken into account formula (76) is replaced by (this formula 
applies to the case in which the junction is placed at the peak of 
the beam used previously as an example) 

AT O• f ...... 1 -- (ra/Z)'(K•/IQ1.48 
ø=2-• •*'øgt'•/'ø•i+ (,olL)•(• l•g(,d,ø);' 

In deriving this formula the heat conductivity coefficients of the 
two wires were chosen equal, (K,,). The quantity L has the units 
of length and is numerically equal to one when the centimeter 
is used as the unit of length. 
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caused by absorption is therefore 

Q•pC 
y0 = [l+1og(r2/ro)-]. (77) 

2•r K•lt 

As a specific example let the wire be oriented transverse 
to the sound beam. In this case (77) can be written as 

C [1- 0+k)/I (•r/•l')+ k} ] 2 
•,0 = R- 

2•rK•tV [l+(k'/{(M/M')+k}) •] 

X[l+log(rdro)] (78) 

where R is given by expression (52). 
Let the diameter of the wire be 0.0005 in. (0.0013 cm) 

and the temperature of the castor oil imbedding 
medium be 25 øC (n = 6.5 poises). If the frequency of the 
acoustic disturbance is 1.0 mc and the duration is 1.0 

sec and we choose rz/ro= 200, which is a reasonable 
value for the beam pattern of the transducer used in 
obtaining the experimental measurements, we obtain 
•0=0.9. Heat conduction in the thermocouple wires 
makes no appreciable change in this calculated value. 
This value of •'0 is in agreement with the experimental 
results given in the accompanying paper. 

If the direction of propagation of the sound is along 
the direction of the wire the above expression (78) is 
replaced by 

C 

•0= R[l+log (r2/,0)-I, (79) 
2•rK•tV 

where R is given by (68). If we again choose r2/ro= 2{}0 
we obtain •0 = 2.2. As indicated previously if the direc- 
tion of propagation of the sound is neither along the 
wire nor perpendicular to the wire one can compute the 
value of •o by first obtaining the components of the 
particle velocity in these two directions. It is noted 
that for a sound intensity as high as 100 watts/cm a the 
Reynolds number for this example is only about 0.05. 

(d) Time required for the temperature rise to realize a 
given titfaction of the equilibrium value.--We require an 
estimate of the time necessary for the temperature rise 
at the wire, resulting from the time rate of production 
of heat Q• (see (57) and (71)), to realize a certain frac- 
tion of its equilibrium value. A rough estimate is ob- 
tained for the situation in which the junction is located 
at the beam maximum. Consider a linear array of spher- 
ical surface sources of heat each of a diameter equal to 
the diameter of the thermocouple wires. Adjacent 
spheres are tangent as illustrated in Fig. 9. The length 
of the array is determined by the "diameter" of the 
sound beam. We choose a length of 2 mm for the 
following calculations. Let the heat produced by each 
source be the same. The behavior of the temperature 
change as a function of time at the surface of the middle 
sphere will be used as an indication of the behavior of 
the temperature as a function of time at the thermo- 

Fro. 9. A linear array of tangential spherical 
surface sources of heat. 

couple junction. At any arbitrary time after the initia- 
tion of heat production, the temperature rise AT at the 
surface of the middle sphere of the linear array can be 
calculated by using the following formula given by 
Carslaw and Jaeger ? for the temperature change re- 
sulting from a spherical surface source of heat. 

•T= q •(ffil 1 
4•rl•ri •rt r0 

X {exp[-- (r--ro)2/4•t]--exp[-- (r+ro)2/4•t]} 

erfc[r--'ø]+ (r+rø)ec[r+ro] J (80) 
2r0 L2 (•t)•J 2r0 L2(ft)H I 

where •= K/•, ra is equal to the radius of •e sphere, 
q is equal to the time rate of production of h•t over 
the surface of •ch sphere divided by •. At equilibrium, 
i.e., as t•m, the above expression r•uces to 

q 
aT=--- (81) 

4•rfr' 

For the purpose of obtaining the approximate result 
desired in this section, we sum the temperature changes 
resulting from each of the spherical surface sources at 
distances r---ra, 2ro, 4ra-.-150ro. At the distance r0 we 
have the contribution of only one sphere, the middle one, 
but at all other distances two spheres contribute to the 
temperature rise. This summation is then taken as an 
approximate value for the average temperature rise at 
the surface of the middle sphere. For a wire diameter 
of 0.0013 cm (r0= 0.0013/2) the temperature rise at the 
surface of the middle sphere, calculated as indicated, 
realizes 55 percent of its equilibrium value in 0.1 second. 
The temperature at the surface of the middle sphere 
of a 4 mm array with equal heating over each sphere 
realizes 50 percent of its equilibrium value in 0.1 second. 

2. Heat Conduction 

Under the action of an acoustic disturbance heat is 

transferred across the boundary between the fluid and 
the wires of the thermocouple. This periodic transfer 
of heat at the boundary gives rise to a term in the func- 

• H. S. Carslaw and J. C. Jaeger, Condiction of Heat in Solids, 
(Oxford University Press, London, 1948), p. 222. 
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tion describing the periodic temperature change in the 
fluid which is not in phase with the pressure. Hence, 
acoustic energy is transformed into heat in the fluid 
which is located in the immediate neighborhood of the 
boundary. This effect has been discussed by Herzfeld 
for plane waves incident normally on a plane wall. s 

In this section an expression for the time rate of 
conversion of acoustic energy into heat (per unit length 
of wire) will be obtained for thermocouple wires im- 
bedded in a fluid medium. Since the compressibility of 
the wires is of the order of 1/20 that of the oil we will 
assume that the metal wires are incompressible in 
carrying out the following calculations. Since the 
diameter of the wires is small compared to one wave- 
length of the acoustic disturbance, we will assume that 
the pressure is independent of the space coordinates 
over the region of the fluid in which the effect considered 
in this section is important. The following analysis 
shows that this assumption is justified since the dis- 
turbance is shown to be limited to a region of the fluid 
in the immediate vicinity of the wire. This assumption 
concerning the pressure considerably simplifies the 
analysis. 

The relation expressing the conservation of energy 
in the fluid can be written as 

KW(Ar)-- (C,/•)O (Ar)/Ot 
-- E Co)/2]œ (Og/Op)/(Og/Or)-lopø/ot = 0, (82) 

where AT is the function describing the temperature 
change in the fluid, ½ is its molar volume and C• and 
Co are the heat capacities per mole at constant pressure 
and constant volume respectively. The symbol po des- 
ignates the time dependent part of the pressure. The 
relation g(p, •, T)=0 is the equation of state for the 
fluid. The compressibility, •, (at constant temperature) 
and the coefficient of volume expansion, r, (at constant 
pressure) of the fluid are expressed in terms of the 
partial derivatives of the function g as follows: 

r = (g,l•)l ½, _ (83) 
r = (-- ga'/g•)/V. 

Since the wire is assumed to be incompressible the 
relation describing the flow of energy is the common 
heat conduction equation, 

K• (z•T•)-- CJO (ATw)/at = O. (84) 

Since the space variation of acoustic pressure is small 
over distances of the order of the wire diameter, the 
analysis will be restricted to functions describing the 
temperature changes which are independent of the 
coordinate along the direction of the wire. 

Let AT of (82) and /XT• of (84) designate only the 
periodic temperature change, i.e., 

AT= AT' e •'ø', (85) A T• = ATJei• •, 

8 K. F. I-Ierzfeld, Phys. Rev. 53, 899-906 (1938). 

and let 

pø= p'd•'. (86) 

From relations (82) and (84) we obtain 

+ jo,[ (C,-C.)/F'-J[-g,/gr]p'=O (87) 
and 

KwV•(ArJ)--jo, CJ(ArJ)=O. (88) 

Since p' is independent of the space coordinate, we 
obtain the following solution to (87); AT • must ap- 
proach zero as r--}oo, 

A rr= A p' + GKo(mr), (89) 
where 

,• = (jW K) (C •/ •) (90) 
and 

C•--C• 
= 

C• 

The solution to (88) is 

A TJ= Itlo(nr), (92) 
where 

n • = ]•i'•/K.. (93) 

The boundary conditions at r= r0 are 

•T •= 
(94) 

These conditbns • the following relations on 
H and G: 

A pt + GKo (toro) • H Io(nro), (95) 

K•Ko' Onto) = K•nHIo • (nro). (96) 
The mlution for G is 

G= --Ap'/BKo(mro), (97) 
whe• 

B= (K/K•)(m/n)(Kx(mro)/ 
(98) 

where use has been rode of the relatb• Ko'• 
and Io•I•. The periodic temperature change • •e 
fluid as d•cdbed by (89) is now completely determed. 
• •e next step in the determimtbn of the rate of 
conversion of acoustic ener• •to hint, we •quke an 
expressbn for the periodic volume change in the liquid. 
This can be obta•ed by using the equation of s•te in 
conjunctbn with (89). From the equatbn of s•te we 
obtain 

Upon substituting into (99) the expre•bn for 
given by (89) we ob•in the volume change • terms of 
the pre•ure 

•½ ,[ [ Ko(mr) 
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The work done on an element of the fluid of volume v 
during one period of the acoustic disturbance is given 
by the integral 

,Jo PRLdtJ 
where to is equal to one period of the acoustic distur- 
bance, p=p0q-p'cos-t and R[-dv/dt] represents the 
real part of dr/dr. An expression for dv/dt can be ob- 
tained from (100). We note that av/v0 =/x V/V so that 
(100) yields 

BKo (mr0)l 

Thus 

--=jwv0p' rA 1- 
dr BKo(mro)J I 

We note that in the absence of heat conduction 

Rr&/dt3=o 

and the integral (101) is therefore zero, i.e., no acoustic 
energy is converted into heat. 

If we perform the integration indicated by (101) the 
following result is obtained 

B--Ym0ij-r j. (104,) 
The symbol R designates the real part of the complex 
expression. Let v0=2a'rhtdr and integrate over r from 
from r0 to oo in order to obtain the work done through- 
out the fluid. Since the disturbance resulting from heat 
conduction dies out very rapidly as one moves away 
from the wire (the second term of expression (89)), 
practically the entire contribution to the integral is 
furnished over a range of values of r close to r0, and one 
need not be concerned with the fact that the distance 
from r0 to o, is not less than one wavelength. The 
quantity ht is the length in the direction of the wire of 
the column of fluid under consideration. This integral 
can be written as 

If the fluid is castor oil and the acoustic frequency is 
1.0 mc then I m21 = o.7 (10) cm -2. If r0 >_ 5 (10) -4 cm 
then [mr01 >-30 and Ko(mr) can be approximated 
closely by the expression Or/2mr)le -•. We then obtain 

f • rKo (mr)dr• (•r/2) t/- (mro) le -'•ø 
q- (•r«/2) erfc(mro)l•/m •. (106) 

When J (mr0) •] >_ (40)• the erfc function is given ap- 
proximately as follows: 

0r¾2) erfc (mro)•e -'•ø/2 (mro) •. (107) 

The symbol W designates the time rate at which work 
is done on the fluid per unit length in the direction of 
the wire and is equal to the product of (105) and the 
frequency of the sound divided by h. The following 
result is obtained, Ko(mro) has been approximated as 
indicated above. 

W= •(p')2EC,-C•/C•q 
X[-K/ (Cv/P)•R{ (mroq-«)/B}. (108) 

It is of interest to compare this result with that for 
the time rate of conversion of acoustic energy into heat 
resulting from the action of the viscous forces given by 
expressions (57) and (71). We form the ratio W/Q• 
where Q• is given by (71). Use of expression (57) in 
place of (71) yields a result numerically of the same 
order for the wire sizes of interest in this paper. An 
expression for the ratio W/Q• follows: 

W *r•CoV)•(C,'C• K Q-•= h'o•M' \•-•-• / (C--•) R{(mrø+«)/B}' (109) 
For a wire of copper or constantan of a diameter 0.0013 
cm and for castor oil as the imbedding medium the real 
part of B is approximately equal to one. The imaginary 
part of B is small compared to one. It follows that since 
the argument of mro is a-/4 we can obtain an approxi- 
mate expression for W/Qo by letting B= 1 in (109). 
Relation (109) yields for a wire of this diameter in 
castor oil about 1.4, (10) -a for the ratio IV/Q,. 

IlL SUMMARY 

The formula basic to the determination of absolute 
sound levels or acoustic absorption coefficients by the 
method analyzed in this paper is 

/d' = •C . (110) 
0 

The evaluation of the quantity (dT/dt)o from the experi- 
mentally measured temperature-time relation yielded 
by the thermocouple can be readily accomplished if 
certain criteria are satisfied. 

The finite, nonzero, heat capacity of the thermocouple 
wires and the effect of heat conduction away from the 
junction by the wires impose limitations on the wire 
diameter. Symbolically 

•2', 3ro•(owC• AT,•-- •tt \-•--/(100) (111) 
and 

iST 3roS(K,•'•f"(x)(100 ) 
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yield the respective fractional uncertainties in (dT/dt)a. 
For 0.0005 in. diameter copper imbedded in castor oil 
and for a one second pulse of sound, beam width at half 
intensity equal to or greater than 4 mm, the calculated 
uncertainties are of the order of 0.1 percent and 0.5 
percent. 

The dependence of the magnitude of the quantity 
t•/oC on the temperature causes a deviation of the 
temperature-time functional relation from the linear 
form (absorption in the interior of the liquid). If 

is of the order of 0.1 or less the fractional deviation 

from lincarity can be expressed as 

(113) 

where To designates the temperature of the absorbing 
medium before irradiation. At a frequency of 1.0 mc for 
castor oil at 25øC and a temperature rise of 1 øC the ratio 
is equal numerically to about 0.04. Relation (i13) is 
used in the processing of experimental data to accurately 
evaluate the quantity (dT/dt)o of expression (110). 

The process of heat conduction in the absorbing 
medium limits the accuracy of intensity determinations 
(or absorption coefficients) as the beam width becomes 
small. An expression for the fractional uncertainty is 

tiT,l= _K__[f"(r) ] t (114) 
oct f(,) 

For castor oil and a beam width of 4 rnm the calculated 

uncertainty is of the order of 0.3 percent for a 1.0 
second period of irradiation. 

The uncertainty introduced by variation in tempera- 
ture in the wire as a function of the radial coordinate 

is calculated and shown to be negligible for pulse 
lengths of the order of one second. 

In addition to the temperature change which occurs 
as a result of the conversion of acoustic energy into heat 
in the body of the absorbing medium the temperature 
also changes in the neighborhood of the thermocouple 
because of viscous force action between the wires and 

the imbedding medium. The magnitude of the tempera- 
ture rise resulting from this action is of the same order 
as the temperature change resulting from absorption 
for wire sizes and pulse durations of practical interest. 
However, this temperature change can be separated 
from that caused by absorption in the interior of the 
fluid because of its rapid approach to equilibrium. The 
magnitude of the temperature rise relative to that 
caused by absorption can be estimated from expressions 
(78) and (79) of the analysis. For 0.0005 in. diameter 
wire in castor oil, at 25 øC, frequency 1.0 mc and a pulse 
duration of 1.0 second, the ratio is of the order of unity. 

The transfer of heat across the boundary between the 
wire and the imbedding medium during an acoustic 
disturbance results in a conversion of acoustic energy 
into heat and a concomitant temperature change. For 
the specific example used as an illustration in the 
previous paragraph, calculation shows (expression 
(109)) that this effect produces a temperature change 
of the order of 1/1000 that produced by viscous force 
action. 
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