CHAPTER 2
THEORY

2.1 Sound Scattering from Two Concentric
Fluid Spheres

In order to verify the ray tracing code, the solution to scattering of plane
waves by two concentric fluid spheres is solved. For computational simplicity,
the spheres are located at the origin of a spherical coordinate system (r, 6,
¢) as shown in Fig. 2.1. The source is either a plane wave propagating in the
—z direction or a point source located at (0, 0, R). Both source placements

eliminate any dependence on ¢.
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Figure 2.1: Concentric fluid sphere geometry. Infinite medium with density
po, sound speed ¢y, and absorption coefficient «y. The outer sphere has
density p;, sound speed c;, absorption coefficient oy, and radius r;. The
inner sphere has density ps, sound speed cs, absorption coefficient s, and
radius r5. The spheres are centered at the origin of a spherical coordinate
system (7,0, ¢) where r is the radial coordinate, 6 the azimuthal coordinate,
and ¢ the polar coordinate.



The pressure in the medium, pg, is the sum of the incident pressure py;,

and the scattered pressure po, [6].

Do = Poi + Dor (2.1)
poi = Po Y (2m+ 1) L Py (1) jm (ko + icg)r) e (2.2)
m=0
Por = Z Aum (,U,) h%) ((kO + 2.050)7’) €_th (23)
m=0

where p = cos () and %, is given by [7]

(=)™, plane wave

L = (2.4)

h ((ko + iap)R), monopole

The pressure in the outer sphere, p;, is the sum of an outward traveling

wave p1, and an inward traveling wave py;.

P1 = P1i + Pir (2.5)

P = Z By Py, (1) B2 ((ky 4 o )r) et (2.6)
m=0

Pir = Z Con P (1) B ((ky + iy )r) e7 (2.7)
m=0

The pressure in the inner sphere can be written as
P2 =Y DunPr (1) jim ((kz + ic)r) e (2.8)
m=0

Four boundary conditions are applicable to the current problem. The
first involves the pressure at the boundary between the outer sphere and the

medium:

poi (1) + por (11) = p1i (r1) + p1r (1) (2.9)

The second boundary condition involves the pressure at the boundary be-

tween the inner and outer spheres:

p1i (12) + p1p (12) = p2i (r2) (2.10)



The third boundary condition involves the radial velocity at the boundary

between the outer sphere and the medium:

Uo,rad (7'1) = U1,rad (7“1) (211)

The final boundary condition involves the radial velocity at the boundary

between the inner and outer spheres:

U, rad (7'2) = U2,rad (7“2) (212)

For the time harmonic case, the radial velocity becomes
i
Uprgd = — | =— | p (2.13)

where the ' symbol denotes derivative with respect to the total argument and

PnCn

Zy = —""_ 2.14
1+ Zawﬂ ( )
The radial velocities then become
ZO m=0
Ugy = _ZL Z AP, (1) hnp' (l%m‘) et (2.16)
0 m=0
Uy, = _ZL B P (M) hg)/ <]%1T) eiim (2'17)
1 m=0
i — - :
p == S CoP () B (R ) e 2.18
Uy 7 mz:() (1) by (Kar ) e (2.18)
i~ - :
i = = > DB (1) iy (For) e 2.19
Us 7 7;::0 (1) Gy ( Fear ) € ( )

where l%n = k, +1a,. The boundary conditions result in the following system



of equations:

. 1 .
2o (2m+ 1) Zng, <k07“1) + —Amh,(%), (74307’1)
Z() ZO
1 ~ 1 .
= ZBmhg), <k’17’1) + Zth&), <k17“1) (220)
L g ner (l%m) + Lo nor (l%lr2> _ L, (/22r2> (2.21)

P (2m 4+ 1) L (ot ) + Anhld) (o )
— Bh® (l%m) + ChD) (l%m) (2.22)

B2 (ars) + Ch (Firz) = Do (Far2) (2.23)
These equations can then be arranged into matrix form:

R’ (kzor ) hﬁ)/(iﬂrl) R’ (kir1)

—pth (]};071) h(2)_</;3117’1> h%)_@lﬁ“l)
B2 () hﬁ)’(klrz) kar2)

o O

o (i) W (i) e (ff ")
A, 7o (2m+1) % ( )

x g: - % (2m +1) mjm( o) (2.24)
D, 0

The coefficients can then be solved for analytically using Cramer’s rule or

numerically using LU decomposition.

2.1.1 Verification

By setting the outer sphere to have the same properties of the medium, or
setting the two spheres to have the same properties, the problem becomes
that of a single sphere of radius a which has the following solution for the

plane wave case [8].



The pressure for r > a is

p(r,0) = Z A Py (1) BY (Kppeqr) et
m=0

+ P00 2m A+ 1) (=)™ Poy (1) fim (kmear) e (2.25)
m=0
and for r < a is
p(r,0) = Z B Py (1) i (kinr) e (2.26)
m=0

This system of equations can be arranged to be of the form

h%) (kmeda) _]m (kspha> Am

pmedlcmedh%), (kmeaa) psp;clsphj;ﬂ (kspha) B
— P (2 1) (=)™ jpm (ke

_< 0 (24 1) (=) Gin (Fineac) ) .

B —L__ 2, (2m +1) (=)™ j. (kmeaa)

PmedCmed

where Kped, Cmed; Pmed are properties of the surrounding medium and kg,
Csph, and pgpp, are properties of the fluid sphere with radius a. The solution

is then

~

Ay = Po(2m+ 1) (=)™

(jyln (kmed@) ]m (kspha) psphcsph - jyln (kspha> N (kmeda) pmedcmed)

~ " (Knea) jun (spn@) psphCspn + G (kspn@) e (Kimea@) predCimea

(2.28)

By = Po(2m + 1) (=)™
(n;n (kmeda) jm (kmeda) - ];n (kmeda) N, (kmeda)) PsphCsph

_Zh%)/ (kmed&) ]m (kspha) psphcsph + 2]7/71 (kspha> hg’rll) (kmed@) PmedCmed
(2.29)

Outer sphere matched to medium

Let the outer sphere be matched to the medium. Then ky = ki = keq,

Co = C1 = Cmedy PO = P1 = Pmed- AlSO, let ro = a, k2 = kspha Co = Cgph,



P2 = pPsph, and 2, = (=)™ so the the problem now becomes equivalent to a
plane wave incident on a single fluid sphere of radius a. For the solution to

agree with that in [8], the following equations must be satisfied:
For r > rq,

Py (2m 4 1) (=) jim (kmear) + AmhtY (kpmear)
= A hY (kpear) + Po(2m 4 1) (=)™ jm (kmear)  (2.30)

SO
A, = A, (2.31)

For a < r < ryq,

Bunh!? (kpear) + ChY (kear) =
A h D (kpear) + Po(2m + 1) (=) jo (kmear)  (2.32)

The following identity is then used:

hY () + hE () = 2 (@) (2.33)
Then P.(9 . o
B, = 20 mz )(Z) (2.34)
and
For r < a,
Dy Py (1) Jim (Kspnr) = Bmpm (1) Jm (Kspnr) (2.36)
SO
D,, = By, (2.37)

The solution to Eq. (2.24) for the case when the outer sphere is matched
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to the medium is

Ap = —P(2m + 1)(—i)™
(j;n (kspha) ]m (kmeda) PmedCmed — j;n (kmed@) ]m (kspha) psphcsph)

.77/71 (kspha) h%) (kmeda) PmedCmed — h%)/ (kmeda) jm (kspha) psphcsph

Py(2m + 1)(—i)™

B, =
2

Co = —=Z(2m + 1)(—i)™

<.7;n (kspha) hg) (kmeda) PmedCmed — h%), (kmeda) ]m (kspha) psphcsph)

X
2];;1 (kspha> h%) (kmed@) PmedCrmed — 2h7(73)/ (kmed&) jm (kspha) psphcsph

Dy, = Zo(2m + 1)(—)™
(n;n (kmed@) jm (kmed@) - jyln (kmed@) N (kmeda>) psphcsph

Z.]qln (kspha) hgrll) (kmeda) PmedCmed — Zh%)/ (kmeda) jm (kspha) psphcsph

which satisfy Eqs. (2.30)-(2.37).

Inner and outer spheres matched

Now let the two spheres be matched to each other such that ki = kg = kg,
C1 = C2 = Copp, and p1 = pa = pgpp. Also let ko = kined, Co = Cmeds Po = Pophs
and .%,, = (—i)"™. By setting r; to a, the problem again becomes the problem
of a plane wave incident on a single sphere. The following equations must
then be satisfied:

For r > a,

Py (2m + 1) (=) G (kmear) + AmhtY (kmear)
= A hY (kpear) + Po(2m + 1) (=)™ jm (kmear)  (2.38)

SO

Apn = A, (2.39)



For a < r < ro,

Byuh? (kgpnr) + CothY (kspr) = B (kspr) (2.40)
SO .
B,
For r < rg,
Do (kspn) = Bunjm (kspnT) (2.42)
SO
D,, = By, (2.43)
Solving Eq. (2.24) for the matched spheres case results in the following
coefficients:

Ap = —-P(2m+ 1) (=)™
% (jyln (kspha) ]m (kmeda) PmedCmed — j;n (kmed@) ]m (kspha) Pspthph)

.77/71 (kspha) h%) (kmeda) PmedCmed — h%)/ (kmeda) jm (kspha) PsphCsph

Po(2m + 1) (=)™

7
(n;n (kmeda) ]m (kmeda) - jyln (kmed@) Nm (kmeda)) psphcsph
J;n (kspha) h%) (kmeda) PmedCmed — h%)/ (kmeda) jm (kspha) PsphCsph
0 _ Pm L D)

21
(n;n (kmeda) ]m (kmeda) - jyln (kmed@) N (kmeda)) PsphCsph

J;n (kspha) h%) (kmeda) PmedCmed — h%)/ (kmeda) jm (kspha) PsphCsph

Dy, = Zo(2m + 1)(—=0)™
(n;n (kmed@) jm (kmed@) - j;n (kmed@) N (kmeda>) psphcsph

Z]qln (kspha> hg’rll) (kmed@) PmedCmed — Zh%)/ (kmeda) ]m (kspha> PsphCsph

which satisfy Eqs. (2.38)-(2.43).
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2.2 Synthesizing Finite Duration Solutions
from Time-Harmonic Solutions

The solution to sound scattering from two concentric fluid spheres shown
above is for a time-harmonic excitation at frequency f. This time-harmonic
solution has an infinite duration while the wavefront reconstruction tech-
niques presented later on require a finite duration pulse. One can approxi-
mate the solution to finite duration pulse excitation from the time-harmonic
solution using Fourier analysis. Let v(f) denote the desired pulse and its
Fourier transform V' (f), where V(f) is zero for | f| greater than f,. Analyt-

ically, v(t) can be synthesized from its Fourier transform as

v(t) = / h V(f)el*™ It dt (2.44)
Jow

= / V(f)er* tat (2.45)
—fow

Computationally this would require an infinite number of frequencies to be
added and is therefore not realizable. One solution to this problem is to

create a T-periodic version of v(t), v((t))r, where

oo

v(t)r =Y v(t—kT) (2.46)

k=—00

This periodic version of v(t) therefore has a Fourier series representation,

v(t)r =Y VKT (2.47)

k=—o00

where
1

Vik] = /< ul(@eemt (2.48)

Since v(t) is band-limited, v((t))r is also, so V[k] is zero for |k| > T fy,. As

a result, the sum in Eq. (2.47) is now over a finite number of frequencies

= N

[T fouw]
v((t))r = Z V[k‘]eﬂﬂkt/T (2.49)

k=—=|T fow]
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Now let P(r,0,¢, f) denote the complex time-harmonic solution for a fre-
quency f to scattering from two concentric spheres derived earlier. One can

then find the approximate solution for pulse excitation using the equation

LbewJ
p((r,0,0,0)r =Y P(r,0,¢,—k/T)V[k]e>™ /" (2.50)
k=—|T fouw]

Assuming the pressure at (7,6, ¢) and the desired pulse are both real-valued,
Eq. (2.50) simplifies to

p((r,0,9,1))r = V[0]P*(r,0,9,0)

LT fow]
+2 Y Re{V[k]P*(r,0,¢,k/T)e*™ T} (2.51)

k=1
When using this method for simulation, one must be careful when choosing
the period T'. Choosing 7' to be small reduces computation time by limiting
the number of frequencies that are added in Eq. (2.51). By reducing this pe-
riod, though, pulses are effectively impinging on the spheres closer together;
so if the solution has a long impulse response, a new pulse will arrive before

the last pulse’s response died out and time-domain aliasing will occur.
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