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ECE 473/TAM 413 
Homework Assignment #9 Solutions 

 
For your  information 

Hour Exam 2: Wednesday, November 18, 2009, 7:00-8:30 pm 
 
1.  For the rectangular flat piston case where a = b in Problem 2 (Homework Assignment #8), 
compare the axial acoustic pressure in the far field with that of the circular piston source of equal 
area.  The solution is: 

p r, !,", t( ) =
j#$o4abUoe

j #t%kr( )

2&r
Sinc kaCos!( )Sinc kbSin!Sin"( )  

For a = b, on-axis where ! = 90o  and ! = 0o ,  

p r,! ," , t( ) =
j#$ o4abUoej #t%kr( )

2&r
Sinc kaCos!( )Sinc kbSin! Sin"( )  

becomes 

p r,0,0,t( ) =
j!" o4a2Uoej ! t #kr( )

2$r
=

j !" oAUoej ! t# kr( )

2$r
 where A = 4a2  (area of square source) 

For the circular source of radius “d”: p r, ! ,t( ) =
j" ckUod

2e
j " t#kr( )

2r

2J1 kdSin!( )

kdSin!
$ 

% & 
'  

(  )   

On-axis (! = 0û) where the area of circular source is A = ! d2  

p r,!,t( ) =
j"ckUod

2ej "t#kr( )

2r
2J1 kdSin!( )

kdSin!
$ 
% & 

' 
( ) 

 

becomes 

p r,0,t( ) =
j! ckUod2ej ! t " kr( )

2r
=

j#o! UoAe j ! t " kr( )

2r$
 

Therefore, the far-field axial pressure distribution of both a square and a circular aperture of 
equal area is the same. 
 
 
2. Problem 7.8.2 in Kinsler et al. Use fresh water at 20˚C. 

a) !
d

=
N

N "1
=

30
29

= 1.0345 

! =
1481m / s

300 Hz
= 4.937m  

d =
!

1.0345
=
4.937m

1.0345
= 4.77m  

b) Sin! 1 =
1

N " 1
=

1
29

= 0.0345 # ! 1 =1.976o  

Beamwidth = 2!1 = 3.95o  
c) a disk 

d) D !
"
2

N =
"
2

30( ) = 47.12 

DI = 10Log10D = 10Log10 47.12( ) = 16.7 dB  
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3. Problem 7.8.5 in Kinsler et al. Use fresh water at 20˚C. 

a) !
d

=
2N

N "1
=

60
29

= 2.0690 

! =
1481m / s

300Hz
= 4.937m  

d =
!

2.0690
=

4.937m
2.0690

= 2.386m  

b) a straight line at ! = 90o  
c) From Eq. 7.8.16, the first null away from !

o
= 90

o  occurs when !  decreases from 90˚ until 
N

2
kd Sin!

1
" 1( ) = "# .  This gives 

Sin!
1
" 1 = "#

2

N

$
2#
1

d
= "

1

N

2N

N " 1
= "

2

29
; ! 1 = 69o  

So, the beamwidth is 2! 90o " 69o( ) = 42o  

d) D !
"
2

#
$%

&
'(

2

N =
"
2

#
$%

&
'(

2

30( ) = 74.02 

DI = 10Log10D =10Log10 74.02( ) = 18.7dB  
 
 
4. A line array of N = 40 equally spaced simple sources is operated at a frequency of 100 kHz in 
fresh water (20˚C).  (a) What spacing between elements will result in the narrowest possible 
main lobe and yet assure that there will be no major side (grating) lobe?  (b) For this spacing in 
(a), what is the width (in degrees between nulls) of the main lobe? 

k =
!

c
=

2"f
c

=
2" 1#105 / s( )

1481m / s
= 424.3/ m  

a) The directional factor of the linear array is H !( ) =
1

N

Sin
N

2
kdSin!

" 
# 
$ % 

& 
'  

Sin
1

2
kdSin!" 

# 
$ % 

& 
'  

 

Major side lobes occur when the directional factor’s denominator equals zero, that is, 

Sin
1

2
kdSin!

" 
# 
$ % 

& 
'  = 0 (

1

2
kdSin! m = m) , m = ±1, ± 2, ...   (see Eq. 7.8.8) 

whereas nulls occur when the directional factor’s numerator alone equals zero, that is, 

Sin
N
2

kdSin!
" 

# 
$ 

% 

& 
'  = 0 (

N
2

kdSin! n = n) ,
n
N

* 0, ± 1, ± 2,...  (see Eq. 7.8.9) 

It shows that there are (N-1) nulls between any two adjacent major lobes. 
 
Note that when !m = 90o , the first major side lobe (m = 1) is centered a exactly 90o . 
1
2

kdSin! m = m" #
kd
2

= " # d =
2"
k

=
2"

424.3/ m
= 14.8mm 
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However, under this condition, one-half of the first major side lobe is at ! < 90o .  Thus, this is 
not the correct answer to the problem. 
Let’s find the first zero of the first major side lobe, that is, when the directional factor’s 
denominator is zero, and when the directional factor’s numerator equals zero: 
N
2

kdSin! n = n"  

or when kd = 2!  (from denominator when the first major side lobe is centered at 90û) 
N
2

kdSin!n = n" #
N
2

2"( )Sin 90o( ) = n" # n = N  

To assure that the complete first major side lobe is just beyond 90o , n = N-1 (see bottom of page 
196, just above Eq. 7.8.12), which is a zero of the directional factor for the first major side lobe. 
Therefore, N

2
kdSin! = N " 1( )# for ! = 90o  

Thus, d =
2 N ! 1( )"
NkSin#

=
2 39( )"

40( ) 424.3 / m( )Sin 90o( ) =14.4 mm  

b) The first zero of the on-axis major lobe occurs when 
N

2
kdSin! = " for n = 1   and   N =

2 N ! 1( )"
kd

 

Sin! =
2"

Nkd
=

2"
2 N #1( )"

kd
$ 
% 
& ' 

( 
) kd

=
1

N #1
  (see Eq. 7.8.13) 

! = Sin" 1 1
N " 1

# 
$ 
% & 

'  
( = Sin" 1 1

39
# 
$ 
% & 

'  
( = 1.47o  

Thus, the zero-to-zero beamwidth = 2 1.47o( ) = 2.94o  
 
 
5. An underwater linear array has 50 elements equally spaced at d = 0.75! , where !  is the 
wavelength at its operating frequency. (a) Are there any grating lobes? If yes, determine the 
angular location of the first grating lobe. (b) Determine the angular width (to the nulls) of the main 
lobe of the array. (c) If the main beam of the array is steered 75û off the array axis, then determine 
the angle of the grating lobe closest to the axis. 

a) No. Sin !( ) =
m"
d

 and for m = 1, ! = Sin
4
3

"
#$

%
&'

, that is, the angle is imaginary and there will be 

no grating lobes for zero steering.  In fact, there are no grating lobes for zero steering when the 
interelement spacing is less than one wavelength. 
b) Where ! 1  is the angle for the first nodal surface,  

 

2!1 = 2Sin"1 n#
Nd

$
%&

'
()

= 2Sin"1 1i#
50i0.75#

$
%&

'
()

= 3.06û 

c) Sin !( ) = Sin !o( ) ±
m"

d
 where ! o = 75o  

! = Sin"1 0.9659±1.3333( ) , where we choose the minus sign because the closest grating lobe will 

appear on the negative !  side.  Thus, ! = " 21.5o  
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6. The main lobe of a linear array (a line array) is scanned between +60˚ and -40˚.  The array has 
40 equally spaced elements, and operates in sea water (c = 1500 m/s; ! = 1026kg / m3; 13˚C) at 
a frequency of 1 kHz with an output temporal-average acoustic power of 10 W.  Determine the 
center-to-center spacing of the elements so that there is only one narrowest major lobe, that is, 
only one major lobe, no grating lobes, and main lobe as narrow as possible. 

The directional factor of the steered linear array is H !( ) =
1
N

Sin
N
2

kd Sin! " Sin! o( )#
$%

&
'(

Sin
1
2

kd Sin! " Sin! o( )#
$%

&
'(

 

Numerator zeros: Sin
N

2
kd Sin! " Sin!

o( )#
$%

&
'(

= 0  =>  N
2

kd Sin! " Sin!o( ) = n#  

! = "90
o  when n = -N+1 for large N 

 

N
2

2!
"

#
$%

&
'(

d Sin ) 90o( )
) 1

! "# $#
) Sin* o

#

$
%
%

&

'
(
(
= ) N +1( ) !  

!
d
=

N
N " 1

1+ Sin#o( ) =
40
39

1+ Sin 60o( )( ) = 1.914 

d =
!

1.914
=

1.5m
1.914

= 0.784m  

If ! o = " 40o  were used (and this would be incorrect) 

 

N
2

2!
"

#
$%

&
'(

d Sin 90o( )
1

! "# $#
) Sin ) 40o( )

) 0.643
! "# $#

#

$
%
%

&

'
(
(

= N ) 1( )!  

d =
N !1

N
"

1.643
=

39
40

1.5m
1.643

= 0.890m  

 
 
EXTRA: Try these problems. They will not be graded but the answers will be provided. 
 
 
E1. Problem 7.8.6 in Kinsler et al. 

Sin! =
1

N "1
   (A) 

For large N, !" =
1
N

   (B) 

To obtain a rough estimate of the 20% value, let’s keep terms up to third-order, and solve for N. 

Thus, expand Sin!  and 
  

� 

1

N !1
: 

Sin! = ! "
!

3

3!
+ ...     and     

1
N ! 1

=
1
N

1+
1
N

+
1

N2 + ...
"
#$

%
&'  
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Then, from Sin! = ! "
! 3

3!
, 

! = Sin! +
! 3

3!
=

1
N " 1

+
! 3

3!
=
1

N
+
1

N
2
+
1

N
3
+

! 3

3!
=
1

N
+
1

N
2
+
1

N
3
+
1

3!

1

N
3

=
1
N

+
1

N 2 +
7
6

1
N 3  

For ! " #!
!

< 0.2  

1

N
+
1

N
2
+
7

6

1

N
3

!
"#

$
%& '

1

N

!
"#

$
%&

1

N
+
1

N
2
+
7

6

1

N
3

= 0.2  

Rearranging yields 
1
N

+
1

N2 +
7
6

1
N3

!
"#

$
%&

'
1
N

!
"#

$
%&

= 0.2
1
N

+
1

N2 +
7
6

1
N 3

!
"#

$
%&  

1
N 2 +

7
6

1
N 3 = 0.2

1
N

+
1

N2 +
7
6

1
N3

!
"#

$
%& 

N 2
! 4N !

14
3

= 0  

N = 4.9  
To check this quick estimate, use N = 5 
The error between (A) and (B) is 20.8% (about 20%) 
The directivity D is given by 

 D =
!
2"

   and   DI = 10log
!
2"

#
$%

&
'(  

Calculating DI in terms of the two approximations for !  gives (for N = 5) 

 DI = 10log
!

2Sin"1 1
N " 1

#
$%

&
'(

#

$

%
%
%

&

'

(
(
(
= 7.94 

and 

 D !I =10log
" N
2

#
$%

&
'(
= 8.95 

The error between them is: 

 DI %( ) =
7.94 ! 8.95

7.94
" 100 = 12.7%  

 
 
E2. An underwater linear array has 30 elements equally spaced at d =1.5! , where !  is the 
wavelength at its operating frequency. (a) Are there any grating lobes? If yes, determine the 
angular location of the first grating lobe. (b) Determine the angular width (to the nulls) of the main 
lobe of the array. (c) If the main beam of the array is steered 25û off the array axis, then determine 
the angle of the grating lobe closest to the axis. 
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a) Yes. Sin !( ) =
m"
d

 and for m = 1, ! = Sin
2
3

"
#$

%
&'

= 41.8û 

b) Where !
1

 is the angle for the first nodal surface,  

 
2! 1 = 2Sin" 1 n#

Nd
$
%&

'
()

= 2Sin" 1 1i#
30i1.5#

$
%&

'
()

= 2.55û 

c) Sin !( ) = Sin !
o( ) ±

m"
d

 where !o = 25o  

! = Sin" 1
0.4226 ± 0.6667( ) , where we choose the minus sign because the closest grating lobe will 

appear on the negative !  side.  Thus, ! = " 14.1o  
 
 


